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CHAPTER I 

THE THESIS 

/1.1 Introduction to the tnesis. Ten years ago the 

traditional secondary mathematics teacher was very content 

and hapPYJ he was watching electronic computers solve 

astounding thematical problems for industry; he was read

ing newspapers concerning atomic energy which was replacing 

npower and improving production at a tremendous rate; and 

he was watching some of his own graduate students earn names 

for themselves in this n ra of electronic computers and 

atomic enorgy. 

NOVl, 1961, that teacher finds himself in a 

revolution of mathematics brought on byt (1) the atomic 

era; (2) the broad variety of mathematical models and 

situations in which they are used, (3) an increasing 

recognition of an attempt to deal with the group behavior 

characteristics of the modern world; and (4) the rapid 

development of the computing machine. l 

What is the traditional secondary mathematics teacher 

to do about the revolution of mathematics? 

lReport of the Secondary-School Curriculum Committee 
of the National Council of Teachers of l.~thematlcs, -The 
Secondary Mathematics Curriculum," Mathematics Teacher,
May, 1959, p. 393. ' 
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1.2 Purpose of 1h! thesis. The purpose of this 

thesis is twofold: first, it will give some reasons why 

the great revolution in mathematics and suggested solutions 

to this problem of a changel and second, it contains supple

mentary material based on parts of these changes that a 

traditional junior high school teacher could initiate in his 

athematics cla • 

1.3 L!mltations £L.the thesis. The ewphasis of this 

thesis 1s on tho seventh, eighth, and ninth gra levels. 

The supolements rials found in chapters IV through 

VIII have been carefully selected, and the chapters contain 

only material that i ie to the dirt nt experimental 

progra carried on at the pr nt t However, classes as• 

low as the fifth gr hiah as the twelfth grade have 

been knO\'m to use y of the ide available in the 

following chapters. 

1.4 Organization of remainder of !h! thesis. 

Chapter II lists many of the reasons for a revolution in 

mathematics. One list of reasons wa ade by the U.S. 

Department of Health, Education, and Ifare;2 Dr. G. Baley 

2Report of the conference held March 17-19, 1960, at 
the U.S. Office of E cation on "Inservice Education of 
Teachers of Secondary School Mathematics," U.S. Department
of Health, Educ~tion, and Welfare, Office of Education, 
ashington 25, D. C. 
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Price,. Executive Secretary, Conference Board of the 

~tathematical Sciences,3 states same of the ~easons as he 

sees them. 

Chapter III attempts to answer some of the more 

important questions that are being a d by many of todays 

traditional mathematics tea~hers. Dr. Kenneth E. Brown, 

Specialist for Mathematics, U.S. Department of Health, 

Education, and Vlelfare;4 Dr. Eugene Ferguson, Head of the 

thematics Department, Newton High School, Newtonville, 

ssaehusetts;5 and The Secondary-School Curriculum 

CommitteeO write in general about the situation. 

Chapter IV presents the properties of numbers and 

operations. Definitions for such t s commutativ~. 

associative, closure, and distributive will be presented. 

A method of constructing the numbers will also be outlined. 

3Dr • G. Baley Price, Professor of Mathematics, 
University of K.ansas and Executive Se.cretary of the Confer
ence Board of the Mathematical Sciences, in an address 
-Progress in Mathematics and its Implications for the 
Secondary School," December 1, 1960, to the Regional
Orientation Conference in Mathematics held at Topeka, Kansas., 

4Kenneth E. Brown, "Projects to Improye School lAathe
tics," Aids for Mathematics Education, (U.S. Department of 

Health, EducatIon. and Welfare--Offlce of Education-
shington 25, D.C., July, 1960). 

5Dr. W. Eugene Ferguson, Head, Department of Mathe
matics, Newton High School, Newtonville, lJassachusetts, in 
an address "Implementing the New M~athematics Program in Your 
School," December I, 1960, to the Regional Orientation 
Conference in Mathematics held at Topeka, Kansas. 

6The Secondary-School Curriculum Committee, £2. £li. 
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Qlapter V and Chapter VI give the reader a way to 

visualize numbers both large and small. the word concept 

ill also be defined. 

pter VII presents the numbe~ li~e. Elementary 

teachers that'use the number lino realize it explains 

properties of nUmbers better than any other tool. 

pter VIII explains how systems of numeration are 

used. The study of these systems (bases six, five, four, 

and two) enables the studont to understand more effectively 

our own decimal sYGtem (base ten). BasG two is the system 

on which the eloctronic computers rat~. 

Chanter IX summarizes the terial already given. 

Answers to the probl In tho thesis are found in Chapter X 

and a bibliography follows Chapter X. 

1.5 Instructions.Q!1 ~ to .Y.!.t !h!. supPlementary 

material. this thesis deals with the content rather than 

the phl1.osophy or technique of teaching mat atics. Th 

teacher may adopt th terial to the interests and needs 

of the studonts. 

This author uses th ntary matqrial in his 

txaditional classroom. It is done on Friday of each week. 

The problems do not require completion in class, but are 

given to the students for ext credit. 

ojost of the sections in the supplementary caterial 

are labeled for a certain Friday of the school year. Each 
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of t r-ections a. y u o o roblems. A 

~nglc section tak rom ten thirty nut to oresent. 

The sex of questions after ch section takes from five 

to sixty n to c lete. \ 

The traditional teacner may ct only the chapters 

he desires to usc in th and in any seQUence. 

t:!ost of the material has b ganiz t cnce it 

ay appear in the newer cont or ooks. 

The emphasis of the s lementary material in these 

chapters is on tnc numners. 



CHAPTER II 

THE REASONS FOR REVOLUTION IN MATHEMATICS 

\2.1 _In~~o_d-'Jc_'lion !2. !.h!!. chapt_e*. Mathematics is 

Uthe fastest growing most rapidly changing of the sciences." 

It does rely on the "time tested validity" of the traditional 

subject content to give it the strength it needs to keep 

abreast with modern times. l Electronic computers and space 

missiles are only a f of the by-products of scientific 

knowle of the 20th century; this is accredited to the 

revolutionary advance in both the development and the use 

of mathematics. 2 

2.2 a list £i reasons. In a short report of the 

conference at the U.S. Office of Education on "Inservice 

Education of Teachers of Secondary School thematics." held 

rch 17-19, 1960. the following list of reasons was 

published for changes brought about by the recognition of 

a need for better mathematics. 3 

(1) The subject matter of mathematics is growing in 
both the area of advanced mathematics and elementary

thematics. 

lllli,•• p. 389. 

2The report on "Inservice Education of Teachers of 
Secondary School Math tics," ~. £!i•• p. 2. 

3Ibid., p. 2. 
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(2) Mathematics is being called on to meet a wi 
variety of needs of which a few years ago people did not 
dream existed. 

(3) The emphasis in mathe~tics is changin
significantly. It is moving a~ay from human computation 
to an understanding and construction of s~ollc 
representation of factors that relate to scientific or 
social situations. 

(4) To give better understanding of the subject, ne~ 
athematical language and symbolism are being introduced. 

(5) There 1s a need for ,a jointly planned program 
between secondary mattematics and college mathematics. 

(6) There is mathematics being taught in high schools 
that is obsolete and should be replaced by more signifi
cant subject matter. 

(7) A number of experimental classrooms in the modern 
curriculum have demonstrated the advantages of teaching 
new topics in junior and senior high school mathematics 
courses. 

(8) Several national groups of mathematics educators 
have made extensive and detailed studies of possible 
curricul~~ changes with specific recommendations. 

2.3 Report ~ ~. G. Baley. Price. Dr. G. Baley 

Price, in an address to t - gional Orientation Conference 

1n ~~thematlcs, December I, 1960, presented three main 

reasons for the need of a modern revolution in the 

thematics curriculum: 

(1) I.2. keep Ye. !n. research study. A mathematics book 

used until 75 years ago was adapted from Euclid's writings. 

Euclid lived about 300 B.C. Research teams have improved 

this to the degree of addina three d1mensions--the field of 

solid geometry, the field of topology, the field of 
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non-Euclid geometry and other flel of modern geometry. 

Dr. Price, in acquiring his doct~al degree, did not hav 

to study " tract Algebra," "Topology," "Probability and 

Statistics," "Lebesaue sure," "lalbert Space$," and 

"Functional Analysis"; as t "Ac~a~arch t had not put 

this material into tho college curriculum. ow, these are 

gainIng status for anyone obtaining a doctoral degree and 

in so cases a master's degree in mat tics. 

So of the ortant subjects that have developed 

of the t eory of games during the war years 

from the research teams and are very ortant to the 

progress of modern cat tics are: 

{a} Probability !n& Statistics. 

(b) Theor* gf Games (strategy). The first widespread 
use was 
between 1944 and 1945. 

(c) Linear programina,. This should, in the opinions
of many, be taught in a vanced algebra. 

(d) Operation Research. This again developed during
the war years and was introduced first in England. It 
undertakes to supply quantatative data to aid in making
decisions. Some examples of early use of the metho 
of operational research werez in the accuracy of a new 
bomb sight in an airplane, and the accuracy of the 
firing of a new type gun. 

(e) ~allty Control. This was started in 1929 in the 
field 0 economics. Until World War II this was not 
very effective or put to use. It provides means by
vhich industry would determine the inefficiency in 
producing quality merchandise from an assembly line. 

{2} To keep Ye. !!!!.h !h!. Automation Revolution. This 

is the concept of machines replacing manpower, even to the 
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extent of chine controlling chin So examples arez• 

Automatic pilots on an airplane, telephone hookups, missiles 

guided by el,ectronic compute~s, aJd computers to control 

other machines. tics that 1s ne d in thi 

field of study is as follows: 

(a) to eliminate the trial d error method of 
building a good product. 

(b) to eliminate inductive methods of reasoning and 
replace with deductive metho of reasoninqJ 

(c) to decide deductively how a chine will perfor
before building it. 

"'..,.... """ .... ,., '" .2.!:. u..a.v"""""" ..... .... w..};1~ 'iiIl'''''~''''''"' 

digit ---e_w_rs. the Bible stated the value of w was equal 

to thr "3. n An Engliitunan named Shanks spent twenty years 

working out the value of ~ to 707 decimal places. Later it 

was discovered that he a mist on the 52Bth digit. An 

electronic computer in 1943 able to find the value of w 

to 2,000 decimal places in 20 hours time. The machine was 

called -Enlac." Later, achine did the same problem in 13 

inutes to 3,000 decimal places. Recently (1957) a mach!n 

carried the value of w to 10,000 dec 1 plac The elec• 
tronic computer, which was loped to a large deQree sinc 

~orld War II, has been known to reach speeds of tens of 

thousands of operations per second with high rellability.4 

4Dr• G. Baley Price, ~. £!l. 
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These cnines have tended to reduce the need for 

i-skilled and unskilled workers; thus the need for 

professional and managerial Skill\ to improve the plant, 

product, and proc to run tne chines will be in 

great demand in th diate future; and prof ional and 

managerial skills will continue these trends at an 
5accelerated pace.

2.4 ~ report !h!i summarizes ~ revolution. 

The biologist is applying mathematical theory.to the 
study of inheritance; industry is using mathematics in 
cheduling production and distribution. the social 

scientist is using ideas from modern statistics; the 
psychologist is using mathematics of game theory. In 
fact, the logic of mathematical models shows promise as 
the basis for developing teaching machines for all ar 
of knowledge. The new uses of mathematics require less 
manipulation of formulas and equations but greater
understanding of the structure of mathematics and mathe

tical systems. There is less emphasis on human compu
tation than on computation by cachines, and more emphasi 
on the construction of mathematical models and symbolic 
representation of ideas and relationships. Because of 
these new uses, mathematics is being firmly woven into 
the fabric of the national culture. The role of mathe
matics is not only to grind out answers to enslneering

roblems, but to produce mathematical models (proto
types) that forecast the outcome of social trends and 
even the behaviorial changes of the group. Such 
important new uses and interpretations of mathematics 
~equire that students have a prograc with a greater
depth than the classical program designed for the 19th 
century education. The demands of society require a 
thorough revision of o~ present secondary school 

thematics curriculum. 

Orhe Mathematics .......... Teacher, y, 1959, ~. £!i., p. 391 •
 

6The report on "Inservice Education of Teachers of 
Secondary School ~~thematics," ~. £!i., p. 2. 
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CHAPTER III 

ANSWERS TO QUESTIONS COtJCERND'Ki
 

THE REVOLtlfION IN MATHEMATICS
 

3.1 Introduction. Both lay opinion and profe5~ional 

opinion :oressed quit concern over the curricul 

content and teaching practices which characterize the moaern 

mathematics program in schools of our nation. l The serious 

nat of a modern mathematics proor xe found by ques

tions which teachers and inistxators are asking. Section 

3.2 will aive so tions which have b asked, in turn, 

section 3.3 will give some answers to th estions. The 

questions ar up by the author of this thesis. 

3.2 A list ~ questions. 

(1) What ~s wrong with traditional mathematics 
courses? 

(2) What will b orne of the major chang in the 
curriculum? 

(3 ) the books and periodicals one may
read. so liar with the newer ideas in 
mathematics? 

(4) Vfuat college courses should one t~ke 50 he may
study the newer id~a5 in mathematics? 

(5) How can one set UP such ogram in his own 
school system? 

lIh! Mathematics Teacher, ¥, 19 , .Q£• .ill., p. 3 • 
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(6) What projects are in pro s to rove school 
mathematics? \ 

3.3 Answers to !ill! list of questions !!1 section 3,2. 

(1) !1.h!i.!!. wrong !!llh traditional mathematics 

courses? The mathematics program for gra ven, eight, 

and nine has caus concern among both tors and parents 

for many years. Lack of interest in mathematics and science 

among students in senior high school and college may be due 

largely to unsatisfactory experienc ile in junior high 

school. 

Traditional courses at this level, teachers often 

report, offer little challenge to the upper 50 per cent of 

the students, and the lower r cent usually lose interest 

because emphasis is placed on drill. w programs in 

mathematics for th grades are red to aive basic 

instruction for everyone. 2 

Perhaps the most striking criticism that can be made 
of the present program in high schools is tgat it fails 
to capture the imagination of the students. 

(2) ~~ .2!. !.9.!!!!. gi !.h!. major changes !!l !h!. 
curriculum? There is a great need for helping the student 

obtain knowledge of such mathematical concept functions 

21E.!.9.., p • 403. 

3E• J. Cogan, "A Now Approach to Mathematics,- Ih
thecatics leacher, lAay. 1947, P. 347. 
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and relations. Set theory (elemontary) provides the 

terminology for describing models. nts need to understand 

the nature of his world results in a demand for an early 

introduction of probability ~ vw_w_ww_v~ 

curriculum. The power of the electronic computers in solving 

linear equations has brouaht about th velopment of linear 

__.---a on the el vel. 

nted demands for cathematicians, their 
nd more intensive training program, and 

athematical requirements of our technological 
to pose a very difficult curriculum problem 

s the thoughtful attention of those whose 
is to provide the most effectiv~ program in 
through-out secondary schools. 

Objectives that call for understanding of concepts and 

principl are being emphasized more than ever before. Highly 
, wvral, and specific terms such a 

converse hav n defined and students have been "drilled· 

in stating the definitions. Today, th~re is increasing 

concern with a broader t of concept indicated by such 

terms as structure, r~lation. and mathematical system. 

The content or subject-matter is being broadened and 

goneralized by giving clo ttention to concepti which have 

until the present been largely "ignored." 

There is more emohasis upon giving studonts certain 

types of learnin eriences that serve not only to 

4The Mathematics T,,_v.._.. y, 1959, ~. cit., p. 393. 
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/mathe~atics, but also to 

ir appreciatio... 

ly favored fo~ thi 

,......~ ... __ V~ • ....,~ 0101 .2!!..

.&'- .... w... ...'""'IW .... ~ in 

,.,.._ ....._~_ ... _,.._? A list of some of the better booKs an 

periodicals may be found in the bibliography of this thesis • 

. (4) What college courses should ~ take §.2. h£. max 

The Secondary School~__A ....~.... __ ""_? 

tt states:Curricul 

) 

f currant c 
in gra 

Emohasis is on the teacher to work for a mastQr t 

degree. Teacner thematic6 at t venth and eighth 

, uld have at least eighteengra 1 ls, as a 

5Ib!d., p. 397. 

6Ibid.,pp. 414-415. 
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ster hours, Includi 

o 

ter hours of calculus, in 
7courses selected from th as.

(5) ow can one set u..........- -.....-. ---- .........

school s~steo? Each school must devcloo its own orOQram and 

since each school is "unique" in some respects, each prog~a 

~ill vary to some dQgree in spite of a groat many 

larities in the current mathematics progr~m. 

There is no ono mathern~tical curriculum that wor. 

for all schools, since there are factors such as: Schools 

varying in size; the percentage of college capable students 

varies from school to school; the teachers have varied 

amounts of credited training in mathematics, and community 

interest varies. 8 

Dr. Ferguson explains eight basic steps necessary to 
n 

install the curront mathematics into a school system. 

itlon by the school Oouthorities of the need 
thematics program. 

(b) Adequate preparation of teache.r,s 1n the mathe
atics that 1s now being taught for the first time 1 
econdary school$. . 

(c) Selection of a ne~ program. 

(d) Selection of students for tbe pro9ram. 

7lill•• p. 414.
 

Dr. W. Eugene Ferguson, ~. cit.
 

l!?!9..
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members of the school system about 
plications for the mathecatic5 

n thrOj9h grade 12. 

(9) Continuation of teachor preparation for carrying
the new program to higher and lower grades. 

(h) Provisions for adequate time and comoensation for 
carrying on the new program y 

.......,........... school 

Dr. Kenneth Bro" repa a pamphlet for the 

u.s. Departmont of Health, Education, and Welfare on 

"Projects to rove School l~thematics.H The list include 

sevent coll fty-five junior an ior high 

schools that indicate an ntal ram i6 being 

carried out 1n their school t Thoy give an indication• 
of the cxocrimentation t is in proaxess to rove school 

mathematics. It is not implied that this list is exhaustive. 

A survey in 1958 of randomly selecte 1e of 4,254 

secondary schools showed that per cent ,aero conducting 

or planning a curriculum rcvisio rojoct in mathematics. 

Nine of the fifty-five high scho listed in Dr. Brown's 

repo~t are teaching algebra in th iahth arade. lO 

The major projects in Dr. report are listed 

below. The name of the scno 
. 

or1n9 agency is given 

first, followed by the name of the person who may b 

contacted for additional information. ll 

1 nneth E. Brovm, .Q.2• .m. llIbid.-
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School l.mthe~tics Study Group (S~~G), Drawer 250~, 
Yale Station, New Haven, Conn.,--Prof~ssor E. G. Begle,
Director. 

University of Illinois Committ School J.1athematics 
(UICSM), University of Il11nois, , Ill.,--Dr. Max 
Berberman, Director. 

thomatics Project, 1515 
shington 5. D.C., Dr. John 

, 
ries, Chestnut Hill 67, 

S.J., Director. 

Ball state Teachers College Experimental Program. Ball 
tate Teachers Collego, M.uncie, Ind. ,--Dr. Charles Brumfiel, 

Director. 

Developmental Project in Secondary Mathe~tic$, Southern 
Illinois University, Carb~ndalc, II1.,--Morton R. Kennex, 
Director. 

The Syracuse University "Madison Project," Syracuse
University, Syracuse, N.Y.,--Dr. Robert B. Davis, 
Director. 

University of Illinois Arithmetic Project, 1207 West 
Stoughton Ave~, U.l:bana, III.,--David A. Page, Director. 

3.4 Summary ~ Chapter 1!l. "Modern mathematies ft for 

secondary schools is composed partially of new points of view 

toward traditional topics an ~lally of the replacement 

of a few traditional topics by neW one5.12 

For many teachers of traditional ~thomatlc$ that 

nt to join tho revolution, the most urgent need is to 

nd terms mentioned in this 

chapter. 

becom~ J,; 

l~he _...... .. _ __ Y. 1959, £2- cit., p. 397.
 



vision \-'Jill in an rmental sta for an 

indefinite time. Schoo16 reshuffling their curriculums and 
/ 

confronting instructors with now~aterlal and new method, of 

approach. So textbooks are corning out with modern 

nathematlc One thi is certain; revi~lon is 

needed. Th tion 1$ how to uttack the prabl most 

ffcctively.l 

13Th'wl It~~ .., ... _ .....- .... wv • ,.._'W'... 'Y .... y, 1957, ££. £!i., p. 347.•-



CHAPTER IV
 

NAME AND PROPERTIES OF NU~ERS
 

4.1 umber. According tol ter's ~ World 

Dictionary of !h! rican Language, college edition., number 

means: 1 

A symbol or word, or a group of either of these, 
showing how many or what place 1n a sequence: 1, 2, 3, 
13, 23, 123 (one, two, three, thirteen, twenty-three, 
one hundred twenty~three) are ~alled cardinal numbers; 
1st. 2d, 3d, 4th, 24th, lOOth, 124th 11irst, second, 
third, fourth t twenty-fourth, one hundredth, one hundred 
twenty-fourth] are called ordinal numbers. The symbol
(#) 1s often used with a del!nite numeral, as in 
de$ignating grade, size, rank, position, etc. 

According to Webster's Collegiate Dictionary number 
2meansa 

The, or a total, aggregate, or amount of units. 
Abbr. ~. or no. A figure or word, or a group of 
figures or words, representing graphically an arithmetical 
sumJ a numer~ as, the number 45• 

4.2 Definitions ~ th .........tt ......... numbers. (First
 

Friday) In mathematics the term natural numbe~ is taken as 

undefined. The concept of natural nurriliers may be understood 

ore clearly if the logical structure of the natural numbers 

is postulated. 

lWebster's New World Dictlonarx of the American 
LanQuage~college edltYOnT; The World PUblISning Co.,
Cleveland and New York, 1960, p. 1007. 

'lebster's G. 8. C. rrlam 
Co., Springfield, 
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2.1 

integers, rational numbers, irrational numbers, real numbers, 

and complex numbers as followss 5 

(1) Whole numbers. Vihole numbers are the natural 

numbers with one as a successor of the clement zero (0). 

Zero is not a successor of any othe~ element in the' set 0 

whole number's. Vlhole numbers are elis_crete. Discrete used 

here means there exists a space between each two neiahboring 

members of the set of whole numbers. Webster's ~ 

Collegiate Dictionary defines it as "separates individually 

distinct. ltV Examples of whole numbers arel 0, 1, 2, 3, 4, 

5, ••• , the successor of 0 1s 1, of 6 is 71 of 24 1s ~. 

The three dots when placed at the end of a set of 

whole numbers means nand GO on endlessly" and shows that th 

• 

(2) Integers. The integers consist of all the whole 

numbe~s either positive or negative. The term negative will 

be explained in detail 1n the next section (4.3). When a 

set of InteaerG 1s v~ittenJ ••• j -3, -2, -1, 0, 1, 2, 3, 

••• , it indicates that the elements of the number system of 

integers is unlimited in both dir.ections. Examples of 1nt.eaers 
. 

are, 0, 5, -3, 1, and 467. Integers are also d!scretv. 

37.•ci ... ,.
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(3) Rational numbers. Rational numbers may b 

expressea as quotients of two whole numbers (fractions) with 

division by zero exclu DividlnQ by zero is eXPlained 1n • 

ction5.4. The system of rational numbers includes zero 

and all the positive and negative wholQ nUQbers (the integers), 
\ 

common fractions and decimal fractions (both terminating and 

repeating decimals). mixed numbers and mixed decimals. 

(a) One-fourth is eQUivalent to a terminatinq decimal 
.25. 

(b) One-third is equivalent to a repeating decimal 
J.3333 •••• 

It should be noted rational numbers are not discrete~ 

The te y u inst of the expression "not 

discrete." The term dense, as now U , that between 

any two rational numbers another rational number may ne 

found. Examples of rational numbers are: 9, 0, g, -~, -~; 

and 1. 

(4 ) s. eal nUllil)l;:L hat cannot be 

express tienta integers aid to b 

irration r<:Jil rc t roots of 

positive n rs other than perfect Ally number 

whose decimal representation is both non-termin-atinQ and 

non-re tina i n irrational number. Examples of 

irrational numbars rc I ./3.,J3 = '2Ji• ../13 (algobralc 

n rs) Tr an (transcen 1 numbers). 



(5) Real nUClbers~·. 'All rational and irrational-
numoors co~ined are called real numbers. A one-to-one 

correspondence of all the real numbers. ,can be set UP with 

the points on the nunber line. The SYstem of rea! numner 

includes zero, the positive and negatlve wno~e numoero, 

fractions and irrational numbers. Examples of real number 

re~	 5. O. ~~; ~, 43, -18, -3, 2, and ~. 

Complex numbers are the numbers 

which are \ilxitten 1n the form a + bi where "a" and "bit are 

real numbers and "1" 1s the symbol indicating ..r=r with 

i 2 = -1. A number like +31 is generally called an 

ystem includes all 

real an .umbers. 

4.3 ":\"""'''-' v """' .... "". Ii"" ~ ... ""'".... .., ......... ow (F Friday)
 

(1)	 Which 1lovJin 1 numbers? 

7	 7 5 .8 .v6 • • • + '2J1 
(2)	 Which of following are 1n rs? 

-5 Jr'f 7/8 -81 ../-5 11 ,J4 .875 .1 

(3)	 Which of the fo11o\'/1ng aro non-positive integers? 

16 -3/5 .40 J63 -1 11 89 -62 J=7. 
(4 ) Which of the following are non-negative integers? 

-5/6 ~ -29 .9 -2./3 0 53 -167 

(5 )	 Which of the following are ,rational numbers? 

.632 -4 3/8 Jr3 1 52 -189 4 + J'1 



(6)	 ~fuich of the followinq are irrational numbers?
 

12 -8 ../23 0 -.45 -134 J-=2lj 11/15
 

(7)	 Which of the following 3l'e .real numbers?
 

3/7 -.3 64i -./7 0 ..1-5 -187 .897
 

(8)	 Which of the following are complex numbers? 

• .,77 •• ,... -'.)/7 0 3 + 7..r=5 ..I -2___1,000 
(9 )	 Which of the following are imaginary numbers? 

• .,2	 0 23 ,J04 2 + J5 1/11 .r=9 -1/ 

(10 )	 Write all the one-digit natural numbe~o. 

(11)	 Write all the one-digit 1ntQgerQ. 

(12)	 at is tnc SUCCeSSOI of l3? o ? ot 1,9991 

of 19,099? 

(13 )	 Write four different names or numerical ways of 

expressing 9. 

4.4	 Constructing the number systems. (Second Friday) 

• Lester E. Laird. Associate Professor of ~~thQmatics. 

Kansas State Teachers College, Emporia, Kansas, addressed the 

1960 Summer Workshop in High School Mathemat~cs at Kansan 

State Teachers College, Emporia, Kansas. on the subject 

"Constructing the Number Svstem."7 Most of the information 

given 1n this section will be credited to his address. 

7La!xd, .Q..2.. ill.. 
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Each of the number syst described 1n the last 

section con$ists of set of numbers, basic binary opera

tions of addition and multiplication (subtraction i$ the 

inverse operation of addition and division is the inverse 

operation of multiplication), and properties concerning 

these numbers and operations. 

hen adding 5 and 3, this is operating on two 

numbers at one time. This is called a binary operation. 

ultiplying 8 by 4, subtracting 7 from 9, and dividing 6 by 

3 are binary operations. 

A thing is said to be unique when it 1s the one and 

only one. When two numbers are added together the sum is a 

unique number because there should be the same answer every 

time the given numbers are added together. What is the 

unique sum of 27 and 15? The answer is 42. What is the 

unique product of 6 by 9? The answer is 54. 

Closure, with respect to any operation, means there 

exists an answer that is a uniQue member of the set under 

discussion. Is the set of natural numbers cl d wit 

respect to addition an Itiplication? The answer is ~, 

becau the s or l"\T'onur.'t: f t ural n IS is also a 

::natural n ere E.x lEU 2 + , ~e 2, 4, and 6 are 

all natural nUmbers. Is the t of oda n .rs cIa under 

8Stein, 2E. cit., P. 7.
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o 

addition? The answer is n2, because two odd numbers when 

added together will give a sum that is even. Example: 7 + 

3 :: 10, where the sum (10) is not an Odd number. 

The six basic postulates of the set of natural numbers 

are; 

.. ith 

commutative property
change in the 

fect the sum (or 

(a) In addition if RaN and "b" each represent a 
natural number then for all "a" and for all IIb tl • 

a + b =b + a. 

(b) In multiplication if "aN and MbO each 
represent a natural number then: a X b =b X a 
or ab :: ba. 

soc1ative property is 
in pairs without 
or the product (when 

," "b,hand- "c" each 
r then (a + b) + c = a +r 

( 

(b) In multiplication if Ita " ub," and lIc" each 
are natural numbers then (a X b~ X c = a X (b X c) :: 
a X b X c. 

(4) l~ultipllcative identity (unity). There exists an 
element~u) such that for every element at Q X (u) :: 
(u) X a = a. In the case of natural numbers th 
multiplicative identity (unity) is one (1). 

(5) Cancellation~. If (a) and (b) are elements 
of the set then c X laJ=c X (b) implies (a) = (b); or 
c + (a) =c + (b) then (a) :: (b). 
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::: ab + aCJ and Xc::: 

Notice this system lacks additive l~ntlty (0). 

multiplicative inverse (fraction) and additive inverse 

(negative number). 

It 1s quite common today to use these properties and 

the multiplicative identity as postulates ~ather than the 

more basic and difficult Peano postulat • 

en the additive identity (zero) is joined to th 

set of natural n r'6, new sYstem is formed called !h! 
rs. 

There exists an element (z) 
t al a + (z) ::: (z) + a ::: a. 

a Dostulate concerninQ'neaative numbers i 

added to the above SOy ...... '" :;I"'''' were for • 

The ts that satisfio& these eiaht 

postulates, m up what is call ~ ...-;o-c- domain. 

The next postulate 1s th nver 

(fraction). V/hen it 1s added t 19ht postulates already 

ivon formed. 

(9) ,.•~,,, "" • .., 'W \11'4" ~ "'-'. If product of two
nUmber' ie, . i (  ct called t 
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ultiplicative inverse of the other. There exists an 
element (l/a) such that when multiplied times its 
inverse (a) the result i$ one. Example: (lIa) x (a) ; 
1, 6 is the inverse of (~6) such that 6 x (1/6) =1, or 
273 is the inverse to 3/2 such that Zl3 x 3/2 = 1. . 
Sometimes the multiplicative ~nverse 1/8 16 also called 
the recipr,ocal of 8. 

Any set with two operations for which all these nine 

postulates are true i field. 

A diaaram showina relationships of systems of complex 

numbers which have n disc d 16 as follows: 

Pur Imaginary 

comPlex! Transcendental 
'mho .... eIrrationalNumbe~s\ 

Algebraic<
Real Num e 

Intcaers 
b r< 

~ Rational NumberS~Fraction. 

The integers can still broken 

~Natural Numbers 

InteQerS~Neqative Natural Numbers 

Zero 

(a) add 5 and 4. (b) subtxact 15 fro • 
(c) divide 25 by 5. 
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(2) ition?Which of the following are closed under 

~nLeOers (c) Rational numbers(~) Natural nunbcrs 

(3) Which of the follo~ino. are closed under subtraction? 

(a) Natural nu~bers (b) In}egers (c) Roal numbers 

(4) Which of the following ~reclosed under multiplication? 

tional numbers(a) Whole numbers (b) Integers (c) 

(5) Which of the following arC closed under division? 

al number(a) Natural n~~ars (b) Integcrs (c) 

(6) If the numbers 1, 2, 3, 4, 5, 6, 7, S,and 9 form a set, 

is this set of numbers closed under the operation ofJ 

(a) A~dition? (b) Subtraction? (c) MUltiplication? 

(7) If the set of numbers consists of all even integers, is 

this set of numbers closed under the operation of: 

(a) Addition? (b) Subtraction? (c) Division? 

(8) of three addends first in a downn adding a col 

direction and check by adding in an up direction, what 

two properties are used? 

(9) Docs the commutative property hold true when baking a 

cake? 

(10 ) What is ancthQr name for the additive identity? 
. 

(11 ) Vfuat is another name for the multiplicative inverse? 

(12) What is tho additive inverso of: (a) 147 (b) -5? 

{c) ~? (d) -~? (Q) .757 (f) -.3333••• ? 



30 

(13) t is the multiplicative inverse of: (a) 14? 

(b) -5? (c) 4/5? (d) -7/87 (e) 1/8? 

(f) l? 

(14 )	 at 1s the inverse operat~on ofl (a) Addition? 

(b) Subtraction?	 (c) Multiplication? 

(15)	 If the numner~ v. v. , J and 1 to set, is this 

t of numbers clo u the 0 tion 0.£: 

(a) Addition? (b) btraction? (c) MUltiplication 

(16)	 The set of numb~rs in .roblem 15 cannot be closed 

under the operation of division. Why? 

(17) multiDlicative identity 1 is usod when 

ehancling ira,etion 3/9 to its lowest term. 

(18) multiolicative identity 1 is used when 

dividinQ tho fraction !( by kl. (J~.~) 



CHAPTER V 

CONCEPTS OF LARGE NUABERS 

"'-" 
5.1 Definitions £i concept. Before going into the 

chapter it would be wise to understand what 1s to be achieved 

first. If concept is defined it will be easier to under

stand what the author is trying to accomplish in this 

chapter. 

The following are different definitions of the word 

conceptc 

(l) Psychologist definition. A so-called general
notion or hIghly schematIzed idea, formerly iupposed to 
emprise (undertake) all the attributes common to the 
individuals th~t make up a class; distinguished both 
from the fantasm or image and from the percept, which 
are indivIdual and concrete, while the concept is 
general and re~atively abstract•. 

(2) Philosophy definition. An idea, as distinguished
from a percept; esp., as orIg., and idea representing
the meaning of a universal term and comprehending the 
essential attributes of a class of logical species, no.. , 
chieflr' an idea that includes all that is character
istica'ly associated with, or suggestedbY'2a term;
also, a mental image of an action or thing. 

(3) L19iC definition. Concept is the synonym most 
frequent y used for simpl pprehension, regarded as the 
product of an act. Simpl apprehension is an act by 

lFunk !n& Wagnall's New Standard Dictiona5*' funk & 
\'/agnalls-company, New York and London, 1942, p.7. 

~Vebster's ~ International Dictionary, ... .._ 
edition, G. & C. -Merrian Company, SprIngfield, -
p. 552. 
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which the mind grasps the general meaning of an 0bject
3without affirming or denying anything about it. 

(4) Brief definitioflQ. Any notion in which elements 
are combined Into the Id of an object.4 A thought; an 
opinion. 5 

Concept is used often in a modern mathematics classJ 

e,ithe!' by the teachor or in the textbook. 

The concept of large numbers aids students in 

learning about some of the follow1ngz 

(1) Astronomy; 

(a)	 mass of the planets and stars, 

(b)	 distances of the planets and ~tars, 

(c)	 time in terms of the creation of the stars 
and planets. 

(2) Money; 

(a)	 compound interest, 

(b)	 National debt (need the author say more?). 

(3) Biology; 

(a)	 combinations of heredity, 

(b)	 reproduction of flies, rabbits, fish, and 
bacteria. 

3Dr. Raymond J. li1cCall, Basic Logic, aarnes 8. Noble,
Inc., New York, 1961, p. 6. 

4~ and Wagnall's ~ Standard Dictionary, ~. £!i., 
p.	 547. 

rnational Dictionary, £2. oit., 
p. 552. 

5 
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(4 ) Mathematics; 

(a) tangent and cotingent curves, 

(b) limits, 

(e) recreations in mathematics. 

This list is just a few of the things used with 

large numbers. 

5.2 Powers £! t~o~. (Third Friday) The 

expression (2n ) is used in most of the problems listed 

below. The "n" is called the exponent of 2. The exponent 

An" mean& the number of times that 2 is Itten as a factor 

in obtaining the value of 2 to the nth power. The list of 

application of finit.1ons used to explain the :exponents of 

2 follow; 

20 = 1 

21 = 2 

22 = 2·2 = 4 

23 =2·2·2= 4-2 = 8 

~ = 2·2·2-2 =8·2 =16 

2n 2- = 2n- 3-2 

20 1 - = 2n- 2·2 

2n = 2n- l ·2 

Here is a very popular problem concerning the powers 

of two; Farmer Jones has a bushel of wheat and a checker 

board. Like a curious mathematician, he takes a grain of 

wheat and puts it on the first square of the checkerboard. 
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two grains on the second, foux on the third) and so on by
 

doubling the number of grains on the preceding square. In
 

figure 5.2 is a diagram of the cBecker board. Notice how 

the numbers keep doubling. Before findinQ the answer to the 

number of grains that F r Jones will put on the last 

square, let the students guess the number. 

• -- -.-8 ~6 32 ~4 ~88 

256 
2° 21 t22 ~3 zl 25 26 27 

28 • •• 

• • •~6l ~62 ~63 

FIGURE 5.2 

FARMER JONES' 

CHECKER BOAl'W 

In figure 5.2 the numbers have been replaced by the 

correiponding powers of two (2). Let "n ll stand for the num

ber of the square. Since the first square has one grain, 

one (1) cannot cor'respond to 2n if n stands for 1 as 21 = 2. 

If the formula 2n- 1 is used for the number of grains on each 

square the n Vlill correspond to the number of that square as 

shown in figure 5.2. The first square (n :: 1) contains a 
1number of wheat obtained by the use of the formula 2n- = 

21-1 =20 =I grain of wheat; the second square (n = 2) 
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contains 2n- l =22- 1 =21 =1grains of wheat; the third 
l 1 22square (n =3) contains 2n- =23- = = 4 grains of 

lwheat; and finally the last square (n =64) contains 2n- = 
264-1 = 263 =9,223,372,036,854,775,808. 

This number (9,223,372,036,854,775,808) of grains of 

wheat is so large it would take the world's wheat production 

for the next nine hundred and twenty-three years; assuming 

5,000,000 grains of wheat per bushel and the world produc
6tion of wheat averaging about 2,000,000,000 bushels a year.

This answer was for the last square alone. 

While on this problem, how many grains of wheat would 

it take to put o.n ill. the squares of the board? Notice on 

the third square the answer is four which is one more than 

the sum of the first two squares (3); on the fifth square 

there are 16 grains of wheat which is one more than the sum 

of the first four squares (15). Empirically the process 

shows the last square to hold one more than the sum of that 

on the other 63 squares. Since the last square has 263 then 

the 63 other squares have 263 -, 1. The sum of the grains on 

=264all the squares is 263 + 263 - 1 =2.263 - 1 - 1. 2~1 

- 1 =18,446,744,073,709,551,615. To make a "general formula 

for finding the number of grains on a certain number of 

6George Gamow, Ono, Two, Three,~,Infinity, A Mentor 
Book, published by The AmerIcan LIbrary, 1959, p. 20. 
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lsquares. If the last	 square\has 2n- then the sum of the 

lremaining terms is 2n- -11 therefore, the sum of all the 

l l lterms 1s 2n- + 2n- -1 =2·2n- - 1 =20 - 1. 

The natural numbers have a property which is 

essential for many portions of mathematics. Thi$ property 

enables one to use a process called "Mathematical Induction" 

in proving theorems about natural numbers. To see whether 

the formula 2n - 1 can be proven correct by using the method 

known as mathematical induction, the following two steps 

must be performed. 7 

(1)	 Verify the statement for 0 = 1. 

n = 1, 2n - 1 = 21 - 1 = 2 - 1 = 1, which is true. 

(2) Assume the statement for n =k, and on this basis 

prove it for n = k + 1. 

1 + 2 + 4 + 8 + ••• +	 2n~1 =2n - 1, let k = nl 

1 + 2 + 4 + 8 + ••• +	 2k- 1 = 2k - 1, add 2k to 

both sides, 

1 + 2 + 4 + 8 + ••• +	 2k-1 + 2k = 2k - 1 + 2k 

1 + 2 + 4 + a + ••• +	 2k-1 + 2k = 2·2k - 1, finally; 

1 + 2 + 4 + 8 + ••• +	 2k- 1 + 2k = 2k+l - 1, hence 

the formula is true for n =k + 1. This is ~he form the first 

statement would take on if n s replaced by k + 1, since 

n - 1 would be equal tQ k. 

7C. B. Allendoerfer and C. O. Oakley, Fundamentals gi
Freshman Ma.thematics, McGraw-Hill Book Co., New York, 1959, 
p.	 32. . 
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Therefore, by mathematical induction the formula 

2n - 1 is equal to the sum of all the powers of 2 up to 

2n- l • 

If Farmer Jones was using a bushel of wheat in putting 

the grains on the board it would take twenty-two squares to 

use all the grain in his bushel basket. 

Problems dealing with compound interest work on th 

same principle. If a man had invested a penny in stock 

about °B.C.-A.D. and that stock increased in value at a 

rate equal to 6% compounded annually, that stock would be 

worth now (1961) about $429,450,000,000,000,000,000,000,000, 

000,000,000,000,000,000,000.00. The formula for the amount 

of principle after the principle (A) has been invested at a 

rate (r) for (n) number of years compounded annually is 

A(l + r)n. Instead of two (2) as the base in this problem 

1.06 is the base. If the world population were about 

3 billion then that money could be given to each of the 

people in this world with each person getting about 

$143,000,000,000,000,000,000,000,000,000,000,000,000. If 

.~ grain of sand on this earth cost $1.00, this amount 

(143 undeci11ion dollars) would more than pay for all the 

sand. 
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5.3 Powers 9i.~, probl (Third Friday)• 

(l)	 Jack. a very fine golfer lil(cs to take side bets with 

anyone who plays with him. bets l¢ on the first 

hole, 2¢ on t cond, 4¢ on the third, and keeps 

doubling the bet. If he plays two rounds of golf (18 

holes), what amount of money will each golfer have at 

take on the 18th hole? Remember to use the formul. 

2n- l , 

(2)	 If Jack had won on each hole, how much did he win? 

(3)	 Bill, hearing about Farmer Jones and the wheat proble-lil, 

decided to work 1n his dad's grocery store for thirty 

days. Each day his father would double his wages 

starting the first day at l¢. If his father agreed to 

the proposition how much wQuld the father have to pay 

111	 for tho last day's wages alone? 

(4)	 In problem thr (3) how much were Bill's wages for all 

30 days? 

(5)	 Zeus, father 'of the Olympian Gods in Greek mythology, 

ovms ten-quadrillion planets that he wants to sell as it 

1s nearly inventory time and he does not Vlant to count 

these again. These are on sale for ono-trillion dollars 

apiece. A smart mathematician asks if he may help Zeus 

for ~ hundred days clean some of those planets up and 

get them ready for t~c great sale. The mathematician 

will start to work for l¢ the first day and double his 
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aQes each day after that. us thinking this would be 

cheap ges, agrees to the propo~ition. ~, the 

mathematician is able to buy all the planets; but what 

is the bill he handed Z~us for his wages? 

(6)	 After the mathematician bought all the planets, 1n 

problem five (5) how much money did he have left to 

live on? 

5.4 ! million. (Fourth Friday) A million seems 

small when talking about the public national debt (285 

billion dollars in 1959), but try to visualize a million. 

It will take a bigger and better imagination than you 

think. 

If a person had to walk a million steps starting at 

the eastern edge of Kansas walking west, how far would he 

get across the State? It would take abo~t 426 miles to 

walk acros.s the State of Kansas. One million steps (pro

vlding one walking step takes 1 yard) would equal about 568 

miles. The answer 1s: The' person would walk clear across 

the State of Kansas and still have about 140 miles to walk. 

To vi6~alize a million by walking 568 miles is too 

hard on one's feet, so try writing a million strokes with a 

pencil. If you make one stroke a second it would take about 

278 hours, or 11 days and 14 hours of nonstop writing. 

(There are 3,600 seconds in an hourJ then there are 
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1,000,000/3,600 hours in a million seconds. This is equal 

to about 278 hours.) ith 'th1slinformation, by counting a 

star p second, ho loog would it take Zeus to count his 

quadrillion stars? The answer is about 32 billion years. 

providing of course for non$top counting. The best estimates 

of the age of the earth range from 3 to 10 billion years old. 

so Zous would still be counting. 

It is said that the word Mmillion" is just a little 

core than four hundred years old. About eight years after 

Columbus discovered America, it first appeared in Italy, 

(about 1500 A.D.). Since then only ab~ut 242 million 

Inutes have elap , there being about 526,000 minutes in 

a year. 9 

5.5	 Questions about ~ million. (Fourth Friday) 

(1)	 A thimble of water weighs about a gram. What would b 

the weight of a ter in pounds 

units? (453.6 grams equal a pound.) 

(2)	 A million days is equal to how 'many years? 

(3)	 A mosquito is about 3/8 inch long. How big would this 

mosquito be one million tim enlarged? . 

8Aaron Bakst, ..._ .........__ .._........ gic and Mastery,D.
Van Nostrand Co., 250 YorK:3, N. Y., 1941,£2	 -' 

p.	 52. 

9~., pp. 5l-5Z. 
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(4)	 A man smokes, on the average, a pack of cigarottes a 

day (a pack contains 20 cigarettes). How many years 

would it take him to smoke a million cigarettes? 

5.6 Dividing.ex~. (Fifth Friday) Teachers have 

been asked by their students, -Why can't zero be divided 

into a number?" The teachers usually become irritated 

espe'cially 1f they don't know why themselv~s. 

It can be proven that division by zero is impossible 

by using the axioms and two postulates: any number t1mes 

zero 15 equal to zero (X-O = 0) and zero does not equal one 

(0 # 1). Assume 1/0 ::: XI . 

1/0 ::: X (assume) 

(1/0)·0 = X·O (equals may be multiplied by equals 

and	 the products are equal) 

1 =X·O, but X-O =° (postulate) 

1 =° (is a contradiction to postulate, 1 ~ 0) 

If lIo =X, X does not exist and 1/0 is meaningless_ 

This is also true of any integer divided by zero and shows 

why zero was not allowed as a denominator in the definition 

of rational numbers. 

Consider what happens to the fraction l/X as X 

approaches 0. Substitute some values for XI X = 5, X :: 2, 

X = 1, X = 1/2, X =lIlO, X =1/1,000, and X ::: 1I1,000,OOO. 
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Notice what happens to the value of the fraction l/x as X 

approac zero, 

let X =5, then l/X = 1/5 :: .200; 

let X =2, then l/X =1/2 =: .500; 

let X c:" 1, then I/X c 1/1 =1,00 

let X = 1/2, then l/X:: 1/(1/2)= 2.00; 

let X :: 1/10. then l/x :: 1/(1/10) =10; 

let X =1/1.000, then l/X =l/(~/l,OOO) :: 1,0001 

let X = 1/1.000,000, then l/X =1/(1/1,000.000) = 
1,000,000. 

The smaller X becomes the larger the value of the 

fraction (L/X) gets. Choosin ller and ller values of 

X, the successive valuos of l!x get larger and larger. As X 

approaches 0. l/x increa indefinitely. 

Now a new term involving the Vlo,rd ,infinity may be 

introduced at this time. By "lim l/X =~ is meant th 
~o 

limit of l/X as X approaches ° is infinity. 

Webster's inity 

a5: 10 

(1) Tho quality of being infinite; also, that which 
infinitel unlimited extent of time, space, or quantitYJ
eternity; boundlessnoos. (2) An indefinitely great nun
ber or arnou.nt. (3) Math. An infinite denoted by InClIO'. 

geomotry; that region-o! a line, plane, or space, which 
1$ infinitely distant f~om the finite region regarded. 

1
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bster's ~ ollegiate __...._",..__ , fine s infinite 
< 

as:ll 

(1) ~lithout limite of any kind; undetermined or 
indeterminate. (2) ~lthout end, boundless. immeasurable. 
(3) Indefinitely large, extensive, or numerousJ hence, 
vast; immense, also, inexhaustible. (4) Math. Greater 
than any assignable quantity of the S<lrne 'EIn'd or 
equivalent to some proper part of itself. 

If zero was divided into a number then 1 :: 2. Axioms 

and number properties will be used to prove 1 =2 as follo 

a := b (given) 

aa == ab (equals may be multiplied by equals and the pt'OQucts 

will be equal) 

a2 = ab (aa = a2 by defin1t~ion) 

a2 - b2 =ab - b2 (equals may be subtracted by equals and 

the differences will be equql) 

since a2 - b2 :: a2 - ab + ab - b2 (additive identity: -ab + 

b =0 arid X + 0 =X) 

2 b2then a - = a(a - b) + b(a - b) (distributive property) 

and a2 - b2 = (a - b)(a + b) (distr'ibutive property) 

therefore (a - b)(a + b) =ab - b2 (equals may be substituted 

for equals) 

(a - b)(a + b) Q b(a - b) (distributive propertYI ab - b2 :: 

b(a - b) 

llIbid.-
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(a - b)(a + b)/(a - ) ,= (a - b)/(a - b)" (equals may 

ivided by equals 

and the quotients 

1) 

a + b = b (unity element. a-XiX = a-I =a) 

b + b = b (equals may be substituted for equals: a = b) 

= h (b + b = 2b by definition) 

bib = bib (equals may be divided by equals and the 

quotients are equal) 

therefore 2 = 1. (Unity element: a-Xix = a.l =a) 

The fallacy of th1s proof is that both sides of the 

equation were divided by O. Since a = b then a - b =0 and 

(a - b)(a + b)/(a - b) = b(a • b)/(a - b). 
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CHAPTER VI 

CONCEPTS OF Sr.lALL NUMBERS 

6.1 Introduction_ How small is small? The breadth 

ofa hair is about three ..·thousandtho of an inch. Industries 

pride thsn$elves in the fact that some parts are measured to 

a ton-thousandth of Qn inch. These small quantities 

cntioned arc large in size compared to garmo, molecules, 

atoms and electrons. 

un·til the microscope invented man had no 

~uspicion of the e~lstence of ct i and even the most 

powerful croscot>e arc inadeauate to tee certain
 
1viru • 

It is pOSS1blc to answer the question, "How small 

is small? II An attempt will be made to use a conc'ept to 

dwell in the land of th all., th ller, and the 

~allest (if it 16 possible). 

6.2 Th~ exponents £[ ten. (Sixth Friday) In 

section 5.2 by definition, 2·2 =22, 2-2·2 = 23 , 2·2-2-2 = 
24 , etc. The powers of ten work on the same order: 10-10 = 
102 , 10-10.10 =103 • etc. The number above the base ten is 

called t.he expone!!.1(indicator)_ Example: aX is called the 

IBakst, ~_ cit., p. 65_
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, "a" i called the .2. II .... II' 15 called t 

xponent. T of ten follow. 

10,000 is 

1,000 is 

100 is. 

1nct written1 to 

qual to 10.10.10 and written as 103 , 

1 to 10.10 and written as 102 , 

• 

10 is equal to 10 and written as 101 , 

1 1& equal to 1 and written as 10? 

m section 5.2, 20 = 1 by definition. Why 1s 2° = 

1 rather than equal to a? One basic law of exponents 1s 

needed to show why xO =1 1s necessary 1n order to be 

~on$istentl xa. Xb =Xa+b• Examples 22.23 = (2.2)(2.2.2) 

:: 22+3 = 25• Th '9UWtmt follo 

If Xa • Xb ='Xa+b is to be true for the exponent 

zero, then 

XO • Xn =Xo+n =Xn (definition and addit1v 

identity), then 

n nxO • X =X , and tncn 

XO • Xn/Xn = Xn/Xn (eaual y divided by equals 

no the quotients are equal), 

whereby 

XO :: 1. 

An additional er now is added t set of 

numbers which may be used as exponents, zero. ~lth this 

finition, lOv =1. atch the oatterna 
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10,000 is written ago ....v,
1,000 is written as 103, 

100 is v~itten as 102 , 

10 1s writton as 101 , 

1 is written as 100 , 

.<1 (1/10) is writton as 10? 

can dcc_imal fractions bo expressed by the exponents 

of 107 1/10 =10? The additive inverse property will be 

useful in obtainina a consist definition for this typ 

of exponent: 

1/10 c 107 (What is th Iue of th onent?) 

onsiderl 

(1/10).101 =1 (multip1icativG inverse propertys 

1/10 19 the multiplicative inverse 

10), that is: 

(1/10).101 = 1,,0 1s may be substitut or 

a1si 100 = 1) Tnus: 

10?101 = 100 (equals may be substituted for equa1$: 

107 = 1/10), or 

107+1 = 100 (equals may be substitut~ for equals: 

107.10 = 101+1 ), and 

7 + .1 =l 0, therefore? =::1 (additive 'inverse property). 

Therefore for consistenc~i 1/10 = 10-1• 
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A~ additional definition now 1s a to the system 

6.3 questions ~ the exponents ~~. (Sixth 

Friday) 

(1 ) 100,000,000. =10? (?) = 
(2) 100·1,000 =102-103 =101 (?) = 
(3) 1/100 = 10? (?) = 

6.4 Scientific not............. (Seventh Friday)
 

2.42 100 = 2., 102 , t ression 2.42 X 102 is called 

the scientific notation for 242. Scientific notation saveG 

va1ting time and space when it comes to numbers like: The 

total nUQber of atoms in the universe (measurod as far as the 

largest telescope can penetrate) is 300,000,000,000,000,000, 

OOO,OOO,OOO,OOO,OOO,OOO,OCO,OOO,OOO,OOO,OOO,OOO,OOO,OO0,000, 

000,000,000,000, in scientific notation this nULmer waul 
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2be written 3 X 1074 • A small n r like .00006 in 

scientific notation 1s 6 X 10-5• 

The rule for scientific nutation i$:3 

Count the number of places the decimal point must be 
moved to produce a number between 1 and 10. This number
 
of places is the exponent of the base 10. It 1s posi

tive 1f the decimal point is moved to the left,
 
neoutive if the decimal point is moved to the right.
 

Some examples:
 

2,876 = 2.876 X 103
 

2,000,000,000 = 2 X 109
 

983.78 = 9.8378 X 102 

.666 = 6.66 X 10-1
 

3
.00567 = 5.67 X 10..


5
.00001 =1 X 10.. 

6.5 Questions ~ scientific notation. (Seventh 

Friday) 

(1) 100 =10? (?) =_.. 

(2) 1000 X 10,000 X 1,000,000 = 101 (1) = ___ 

(3) 26,000,000 = 2.6 X 101 (1) = ___ 

(4) 5,826,000 = 5.826 X 10? (?) = _. 

(5) 1/1,000,000 = 10? (?) = . ,- . 

2aamow, .sm.. ill., p. 16. 

3virgi1 s. ~~11ory & Kenneth C. Skeen, Second Algebra,
Benj. H. Sanborn & Co., Chicago, 1952, P. 330. 
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(6)	 Complete: The scientific notation for .0>367 i... ~ __ . 

(7)	 Complete: The scientific notation for 36.000 1~ __ 

(8)	 LllO,OOO. 1/1,000 = 10-4 .10-3 = 10-7 = 1/? (?) = -
(9)	 The distance across the Milky Way is 1.,000,000,000,000, 

000,000 miles. This distance is also QX!Jressed by 

10? miles. (?) =---
6.6 Powers of two. (Eighth Friday) If an exponent 

of the base 2 is decreased then the expr ion decreases in 

values 

22 =	 4 

21 =	 2 

20 =1 

2-1 =1/2 = .5 

2-2 =1/4 = .25 

2-3 = 1/8 = .125 

2-4 = 1/16 = .06 

In section 5.2 Farmer Jonea continued doubling the 

number of grains of wheat on the, squares of hlschecker 

board until he found himself \'lith some very large numoers. 

This ~ection shows how numbers may be very s~ll using 

negative exponents of two. 

Farmer Jones finishes reading his county newspaper, 

fascinated by the wheat problem and its doubling, he decides 

to do just the opposite by cutting the newspaper in half (~). 



oapax. 

After the first cut 2-1 (352) = (~2)(352) ~ 176 sq. In. 

loft of the paper. 

Aft'er the iecond cut 2"'~(352) = (1/4) (352) ::: 88 iq. in. 1s 

left of the paper. 

After the third cut 2-v(35~) = (1/8)(352) =44 sq. In. 1s 

left of the pap • 

After the fourth cut 2-4 (352) = (1/16)(352) =22 sq. In. is 

l~ft of the paper. 

After the "n"th cut 2-n (352) = (1/2n ) (352) sq. in. i6 what 

is left of the paper. 

The formula for the remainder of the newspaper after 

Un" cuts (2-n )(352:sq. in.). If Farmer Jones finally Qave 

up cutting after the 20th time, the area would be 

.0003366160 • In. (about t size of a perlo It • ") By• 
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substituting 20 for OJ the formula yiel (l/:i2V ) (.352 • 

in.} = .(1/1 ,048,576 ).{352 sq. in.) - •vu~uuu~~S(3S2) .= 

.0003366160 sq. in. This is the quare .01752 

inches on a siug. 

course the period at the end of this scntone 

would be a giant compared to the ero&s section 

(.0000000000000001068 or 1.068 X 10-16 Sq. in. on 

a two-dimensional surface). The period would cover about 

3.160,000,000,000 (3.16 X 1012 ) t~es the area of the water 

olecule. 

If Farmer Jones were able to cut the newspaper by 

halves 90 times he would find the ~emainder of the pap 

about the size oi a water molecule. The water molecule 15 

a giant compared to the hydrogen nucleus. Atoms may oe 

regarded as nliniature solar systems in which the electrons 

play the role of the planets and t_~ pOnd$ to 

the sun.4 

It is difficult to compare units of tter. The 

following size 6ch is SUCil an attemot the next 

object 16 about 250,000 times lar in diameter than the 

preceding one: 5 

Nucleus--Atom--A of dust--An average home--The 
rth's sphere--T system--The distance to the 

Galaxy.Polar Stars--The r.ll1 

4Baskt, p. 77. ..!.Q.!9.., p • 78• 
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Th~s same scheme could be set UP ns a sequence 0 

proportions: The electron is to the atom as the atom is to 

a speck of dust; the atom 1s to a speck of dust as the speck 

of dU$t is to an average nomeJ e~c. 

(1) 

(2) 

6.7 Problems SID. ih!t po

Which 1s larger in value? 

(e) 2/22 (d) 222 

Which 18 larger in value? 

(c) 2222 (d) '"l2 

wers ~ ~. 

(a) 222 

(e) 22 X 2 

(a) 2,222 (b) 2222 

(Eighth Friday) 

(b) 222 

(3)	 Write the largest number using five two's. 

(4)	 Farmer Jones newspaper Is about .0082 in. thick. He 

cuts the paper in half and puts one pile on top the 

other to obtain a stack of paper twic thick 

(.0164 in.). he then cuts these two pieces in half and 

stacks the four pieces together mak1ng a stack .038 in. 

thick. If Farmer Jones were able to cut his paper in 

this manner 50 times, what would be the total thickness 

10. miles of the pile of papers? ~lintl 2~O = 
1,125,899,906,842,624 and one 11e =63,360 inches. 

(0) ilich is smaller in value? (a) 2/22 . (b) 2/(2)2 

(c) 2-22 (d) '"l-22 
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T l'iVlllOCn, LINE 

7.1 Introduction. The line contains an infinite 

number of points. l The nunbex of points on a .il.!:l! segment 

(a line with def inite length) is the continuur.1 (C) and the 

number of elements in the set all 1 numbers is also 

VI 

the continuum. ith thi~ reasoning a number line was 

developed to -to-one correspondence of the points 

on a l1ne with the el ts in th t of real nu~ers. 

A line tha-t l1a ts points labeled with numbers i 

called a number line. 2 

Some objectives of the use of the nunher line in the 

classroom are: 

(1) To strengthen a person's ntal tma9~. thereby
developing the ability to comput mentally. 

(2) To aid 1n detormining th orde~ of relative siz 
of numbers. 

(3) To make the real numbers more ,ningful. 

(4) To make the four operations I addition, subtraction 
multiplication, and division more understandable. 

lWayne Peterson, itA Cas in Point," I.h.! Arlthmeti9 
Teacher, Vol. 8, no. 1, Januar 1961, P. 12. 

2eteln,~. £!i., p. 59S. 

obert B. Ashlock, "The Number Line in the, Primary 
Grades," The Arithmetic Teacher, Vol. 8, no. 2, February 1961, 
p. 75. 

4peterson, .2J2..ill,., p. lL. 
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(Ninth Fridav) To construct t~e whole number9 • 

onto tho number line, mark a" starting point 110 11 on a: straight 

line and establish a unit of length that will allow mar~ing 

ott the points cOIrcsponding to tho whole numners: 

0 1 2 3 4 5 6 7 8• 

. . II II 

+2: 
unit

: 1 : 
The method of adding two units (binary operation) is 

as follows: 

(1) In the figure above add 3 and 2: Start with the 
point that corresponds to 3 (representing 3 units from 
0) and add 2 units. The addition of 2 is shown by the 
arrow and the su~ is seen to be 5. A circle 1s drawn 
around the answer. 

(2) Add 27 and 3: Start with the point that 
corresponds t,o 27 (representing 27 units from 0) and 
add 3 units. The diagram below shows the answer to 
be 30; 

26 27 28 29 30 31 32 
. . . . . II 

~. 1 •• , e ~ 

+~J .. 
(3) Add 5 and 0; start with the point that 

corresponds to 5 and add 0 units. The sum of course 
will show no change from the starting point 51 

3 4 5 6 7 

7.2 1E.:! to 

• ~

L+0 



(a)( b) ,::; =a",,_ 

/ 5 

xe attempting to illustra~ ltiolication 

G t er lin definition must b~ given: 

(a )(b) means a re a is the n r 0 b is added_ 

Example: (3)(2) means 2 + 2 + 2. Th.;; of the thxe 

twos is eix_ In a 

The method of multiplying two numbers 16 as follows: 

(1) Multiply, (3) X (2) is l11ustrated--the 3 
stands for 3 steps. each step 2 units long: 

o 1 2 4 5 6 7 8 

~;~;~;/e 
• ~ 

(2) Multiply, (2) X (3) is illustrated--the 2 
stands for 2 steps, each step 3 units long: 

o 1 2 3 4 5 6 7 8 

'ez::::3~~3~e 
• ~ 

(3) Multiply. 2-3-1 is illustrated--2-3-1 = (2-3)-1 = 
2-(3-1) by the associative property and (2-3)-1 =6-1_ 
Thorefore the six stands for the number of times 1 15 
added to itself: 1 + 1 + 1 + 1 + 1 + 1 = 61 

o 1 6 7 8 

6 • --.
\17\17\1/\1/\1/\1/
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iday)7.3 

_th a numb~x' line lik UC.J.UI't/ + 3 

(exomplo) :
 

1 5 7
 
A A A A ---..1.' 3' ,6 

(1) Add 5 d • 

(2) Add d Is this th rObl '}•
 

y?
 

(3 ) It! 4. 

(4 ) ,","u1 tip.Ly X 2 • 
(5 ) + 1 + • 

7.4 How' to ~ t'........ ""' ........=., concerned ~ signed
 

numbers. (Tenth Friday) To construct the integers onto the 

number line, mark a point 0 at about the middle of a straiQht 

line sGQment. Establish a unit of length that allows tor 

marking off the points cor~esponding to the intogers as in 

the following figure: 

-3 -2 -1 0 +1 +2 +3 
, • • • .. 

• . ~:~17· 
unit
 

The followinq probl illustra-cea:
 

(1) On the figure giv~n bove, add 2 + 1 (if no sign
1s 1n front of a number (2) it is accepted as being
positive); from the start in point "0" go 2 units to 



... 
/' 

t.	 then go 1 unit again to the right. T 
+3 representing 3 units to the rioht of 0 
• 

, (2) Add ,(-3) ... ,(+4):. ns the start is 3 
units to the left of go 4 units to the right

'na at +1 (1 uni~ 

1 .
t of 0). +1 is the suma 

-1 Q 1 
.. ..~	 e -+ 

-3 +4', .r 
(3) Add (+3) ns starting from O. 

to add the -4 golngoing 3 units to 
4 units to the 1 unit to the left 
of 0): 

-4 -3 -2 -1 o 1 2 3 4 
~ .. • 8	 • • -..f + 3 

(-2): The -3 means startina from 0 
the left, then the -2 goln
ing at -5 (5 unite to t 

...1 1 2 
. • --.. 

- ; -3· r 
t of thematics,J 

Brooklyn Technical Hi saysz 

numoers a positive or U5eo-to represent 

quantitine "'t are opoosit ch er.'1 19ned numbers 

....... 
£- --

ms of 
k-or • 



• • 6Ib1..... 
" 
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~ 

(2) Subtract -5 f~om -2. The number that must b 
added	 to -5 to get -2 on the number line shows 3 units 

veled to the right (+3). ~ is the answer: 

-6 -5 -4 _.- .. -3 -2 71 0 1 2 
( • e 

I 
-

. 

+3 

• e 

.t 
. 

. • . • • 

(3) Subtract -2 from ctded to -2 to 
get 5 on the number line 7 units traveled to the 
right (+7). ±I i 

"l,

~ ~ 

-w 

r 
..1

· 
o

· ~7 
1

• 

4 

• .i
5 6 7 

• 

(4) Subtract 4 from -1. Star-ting from the subtrahend 
(4) and going left to -1 shows on the n\mWer line that 
the distance traveled is 5 units to the left (-5).
-5 1s the answer-
 . 

-2 -1 0 1 2 3 4 5 6 
. .E	 t• 8 • • .•	 e • ,
 

-5 l
E 

7.5 ......__ .....~ ... .Q!l signed numbers. (Tenth Friday) 

1 +3 andWith a n r line like the fiaur 

-2. 

-0 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 
E. e_...	 - . . . 4 

r e +3 =1 
-2 

~ 

(1) Add +1 and +,. 

(2) Add +6 and -4. 

(3) Subtract -3 from 5. 
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(4 ) Find the number t n
- 1 gi	 -5. 

(5) Add +3, +2, ~4." -1, 0 and +~. 

(6) Add +2, +2, and +,. 

7.6 How to solve multiplication problems concerned 

~ signed numbers. (Eleventh Friday) By definition in 

section 7.2, (a)(b) = abe To multiply two Dositive sianed 

numbers, multiply their absolute values and mark the product 

positive. What does (+a)(-b) equal, +ab or -ab? o·x (x 

being an element of the integexs) stands for no x's added 

together which is O. O·x = O. With this definition 

accepted then (+s)(-b) =-abe The proof follows' 

(+a)(-b) =? (+8b or -ab) 

(+a)[(+b + (-b)] = (+a)·O (additive inverse property, 

(+b) + (-b) = 0) 

(+a)[(+b) + (-b)] = 0 (equals may be substituted for equals) 

(+a)(+b) + (+a)(-b) =0 (distrlbutlve property: 

(b + c) = ab + ae» 

(+ab) + (+a)(-b) = 0 (Definition: (+a)(+b) =+ab) 

(+ab) + (-ab) = 0 (additive inverse property) 

then (+a)(-b) = (-ab) (cancellation property) 

(+a)(-b)	 = (-b)(+a) = -ab (commutative property: 

x·y = y.x) 

Thus the rule: To multiply two signed numbers with 

unlike signs, multiply their absolute values and mark the 
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product negative. t does (-a)(-b) equal, +ab or -ab? If 

the theorem (+a)(-b) = -ab is accepted, thon (-a)(-b) equals 

+ab. The proof follo~s:
 

(-a)(-b) =? (ab or -ab)
 

(-a)[~b) + (-b)] ;:: (-a){O) (additive inverse pr.opertya
 

(+b) + (-b) =0) 

(-a)(+b) + (-a)(-b) = 0 (distributive property) 

(-ab) + (-a)(-b) =0 «-aj(+b) =-ab ) 

(-ab) + (+ab) = 0 (additive inverse property) 

then (-a)(-b) = (+ab) (cancellation property) 

Thus the rule: To multiply two negative-signed 

numbers, multiply their absolute valu nd mark the product 

positive. The method of uultiplylng two numbers on the 

number line followo: 

(1) Solve (+3)(-2). The 3 stands for the number of 
times the -2 1s to be added. (-2) + (-2) + (-2) =-61 

-7 -6 ...5 -4 -3 -2 -1 o 1 ..... .. ... ... ... .. --.e 
-2 r 

-2 J' -2 ( 

(2) Solve (-3)(+3). By the commutative property,
(-3)(+3) = (+3)(-3), letting the +3 represent the number 
of times the -3 is to be added. (-3) + (-3) + (-3) = -9: 

..10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 
. . . . . . . .e • • • • 

-3 :1 a+ 

-3 I' 
-3 1( 
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(3) Solve (-2)(-3). By the proof presented above, 
(-2)(-3) =+2·3. The +2 stands for the number of times 
+3 is to be added. (+3) + (+3) =+6: , 

-1 0 1 2 3 4 5 6 
( . . • • • 

.. 
• eJ 

+3 JJ +3
r. 

..... 

7.7 Problems ~ multiplying signed numbers. 

(Eleventh Friday) With a number line solve the following 

problems: 

(1) (-2)(+3) 

(2) (+1)(-4) 

(3) (0)(+4) 

(4) (+1)(-2)(-3)
 

Answer the following proble ith a true or false.
 

(5) (-2)(+3) = (+3)(-2)? __ 

(6) (+1)(-1)(-1) = (-1)(-1)(-1)? __ 

(7) (-1 )(+40) = (-40 )(+1) ? _ 

(8) (+1)(+2) = (-2)(-1)? __ 

7.8 Fractions u§ed ~ !h! number line. (Twelfth 

Friday) Since the interval between ay 

divided into halves, thirds, fourths, etc., the fractions 

y be represented on the number line. The halves are shown 

on the following number line. 

.. ;2 . -1 . . 0 . 1 . 2. t 

-5/2 -4/2 -3/2 -2/2 -1/2 0/2 1/2 2/2 3/2 4/2 5/2 



added to 6/4 to !Jot 15/4 
or 

64 

the set of rational nuobers many different 

fractions may t the s numner. To avoid 

confusion: T resents the rational numbcr 

~here a and b are integers and b # O. alb is considercd to 

reduced to it 10 st term. T n r 2/4 is not 

reduced to it term but its entative, 1/2, is. 

The followin alin th fractions: 

(1) Add 1 1/4 + 
equals 5/2. The co 
4 therefore 5/2 is chanQcd 
should b 
10/4 on the 

als 5/4 and 2 1/2
of 5/4 and 5/21s

number line 
then 5/4 + 
3 3/4: 

o 
"'" ~2:::::;:A 

4 

·\~4 ~ l' 
1 1/2 equals 3/2

ominator of 
3/2 is changed to 6/~. 
rked to represent th 

2 1/41 

t ~ .. 3 ~t ·+9 4 ,,' 2 ~4 • ~ . • J 
(3) Multiply 6 X (z/3). common denominator 

is 3 the number line shoul rked to represent the 
thirds. The 6 means ZI to be added 6 ~imes. 
2/3 + z/3 + 2/3 + ••• + = 12/3 = 4: 

o 52 

, 'L<~. +2/3,. +21~+213. 
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(4) Divide 6 by ~/2. Tha probl how many half 
units does it take to ke 6 unit number lin 
shows 12 steps of one- 1£ unit e is the answert 

r,. . ... . x__... . ~ . 2 . 1 • ~ ~ 

» 

7.9 Problems ~ fractions. (Twelfth Friday) With 

number line solve the following problems. 

(1) (3 1/2) + ( ..1/4) = 
(2) (-3/4) + (3 1/2) == 

(3) (3)(l/2) = 

(4) 4 .. (1/2) ::: 

(5) (1/2) .. (1/4) = 

7.10 Irrati _.._......._~=..._r~s ~ ~ i!l£. number ~. 

(Thirteenth Friday) The nu r Ii y U$ed to 

represent not only the whol integ , and rational 

n rSJ but the irrat 1 well. ampl 

To loc~tc a point on tne nt r Ii t 

corrOspondG to the ,irrational n r../2, con the 

number line a cquare with the sid, ring u length 

ona (1). The length of the diagonal 1s J2. 1th a co s 

coPY t ngth the di tIle nunWUJ; line. Use 

o as t cent na tho c.JiaQo o quaI' the radius 
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to swing an arc with t compass onto the number line as 

shown in the figure bel e Two points, + J2 and - J2 may 

be located by this procedure. 

--- ....... ' 
,/ ..... 

/ 
/ 

I \ 
\/ 

\I 
\,I r7

"

I -. ., .... 
-3 -2 ' -1 0 1 I 2 3 

-J2 +J2 

The number line 1s just partly seen because the line 

15 endless. Number.scan be compared accordinq to size by 

the farther to the right a n er is on the number line, the 

larger it i5. 7 

Decimal fractions (tenths, hundredths, and even 

thousandths) may represented on the nur.ilier line. 

Though one of the least expensive yet easily made 
visual aids, the nunilier line is one of the most useful 
in teaching primary arithmetic. By using it prope1:1y, 
we will increase the effectiveness of our teaching ~n 
the primary grades--~ in the levels which follow. 

7Stcin,oIJe ill. '. p. 5 •
 

"llod: t • c:'t., lJ. 7v.
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In oth 'lordS a ral is Q name or "urnh"'l to stand 

for n a numeration sy 1s formed. The numerution 

systom used t in this count~y i ystem of 

notation. Otner n for it are Hindu-Arabic system an 

place value syst ase t-.:;u.-
The nu system u today was not the first 

on vcloped by man. H r t that 25 

has been written in the past.

(ndenoted 10 and (l) Egyptian nn\1\11	 I denoted 1), 

(2)	 abylonian «VVV V V (~ denoted 10 and 

V denoted l), 

nso
 
bat
 

2Bask, £2. cit., pp. 4-5.
 



3et • • c • • • •
4 --~-.

Johnson and Glen", • cit. j P. 3. 



(,9 

nee tne are two hand' t 111 only be 

two pOliitions. rs on d represent the 

units; the finaers on t t t the sL,,~~. 

The sena.t'v sy ix symbol (0, 1, 2, 3, 4, and 5) 

which the fingc~ A rson could count from zero 

to thirty-five as f~110 

(1) Zero, 1 Idlna up both pal
showing no fing 

(2) One, two, three. tour, represented
by the nun'lber of rlnaers sh01 hi: hand. 

Gsont the sixes. 
rs showing on the 

x. 

nd 

Tho senary nueber 10 ~oans "one unit of the hlaher 

order" and co.r.\,;~foIVUYQ ,,'" \.Jlw "'~ ".~I4LQ'" UUJ"",,,u. v. 

iity elcr.1cnts VJould, in ,the senary system, b 

numeral. n 12.2 (6). " This can De seen oy 

grouplng tho cloments as £01.10\'151 
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xxxxxx xxxxxx xxxxxx XXXXXX XXXXXX xxxxxXlxxxxxx xxxxxx xx
 

The fifty elements (x's) we.re grouped in sixes. The 

bexed-in group represents six-sixes or thirty-six. 

Therefore the numeral 122(6) means [(1 ~ 36) + (2 x 6) + 

(2 xl)] (10) == 36 + 12 + 2 = ,50(10). 

The six digits, O. 1. 2."3,4, and 5 In the first 

place to the left of the de~!mal point rcprc$cnt the uni 

(6° ; 1), the digits in the second place represent th 

numner of sixes (61 = 6)1 the digits in the third plao 

(,2represent t of thirty-sL. 6); the dig.its 

in the fourth place would represent the number of tv/o 

hundred sixteens (63 = 216); and so on. The six digits in 

the first 01ac_e to the right of the decimal point represent 

the number of one-sixths (6-1 =~6). the digits in th 

second place to the rloht th 1 point represent 

the number of one thirty-sixths (6-~ = ~36) Qnd so on. 

at base ten number is equivalent to 2145(6)? The 

base of the numeral 2145 is indicated by the subscript 6 

writt~n at the lower right of the numeral. If the numeral 

has no subserlot. 1t is assUI:led to bo .:1. number belon 

the decw&l system. 



(Thi
into 
ot! 

'I quotient, continuing· until ....." .... 
in these divisions will 

71 

2145(6) = [(2x216 )+(lx36 )+(4x6 )+(5xl)] (10) 2 x 216 = 532 
1 x 36 =: 36 

= 532 +, 36 + 6 + 5 4 x 6 == 6 
5 x 1 ::::I 5 

= 597(10) is the anGVJcr. 597 

It becomes a little more difficult when changina a 

base ten numeral into a base six numeral. TV10 methods are 

shown as follo 

hat is the numeral 672{lO) ivalent to in the 

base six syst 

216f672 :: 3 
648 

) 24 :: 0 
0 

6124 ::: 4 
2 

The answer is 3040(6). 1 r() = 

11 
er, then 
the bas 
tient is 

give the 
the 

tain, .Q£. cit., P. 145. 

71£h. 
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6~ = 112 with a remainder of 0 

6j!T2 = 18 ~1th a rcmaind 

6}1'8=.' 3 with a remainder of 0 

6)3= o with a remainder of 3
 

The answer is 3040(6).
 

The method of changing a nuraera1 1n the hase six to 

another base sy (other than the base ten) requires tV10 

different steps. AQain this met 1111 apply to all 

systems. Change the given base numeral to a base ten 

numeral. Then change the b ten num~ra1 to the reauired 

base numeral. The ps are illustrat follows: 

(1) Change 2513(6) to a base nine n ral. 

13(6)	 = [(2x216) + (5x36) + (lx6) + (3x1B x 216 = 432 
5 x 36 = 180 

= ~~2 + 180 + 6 + 3	 1 x 6 = 6 
3 x 1 = 

= ("'21(10) 

(2) Change 621(10) to a bas ne numeral. 

(a) Quotients mothod: 

92 - 01	 1fb2I" = 7 
1 = 9	 7 

9° = 1 9f54 = 6
 

The answer is 760(9) 
~
 

1ra- ° 
(b)	 Recainder metnooz 9 Yb2! = 69 remal 

9~ = 7 remainder 6 

9 r*7 = ° remainder 7 

The answer is 760(n,. 
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8.3 Problens ~ the .... <::1"..... 1 .... Z;oI\,ovm. (Fifteenth 

Friday)
 

(I) Write the first forty e six numerals beginning with 

• 
(2) Fill in the un!ill paces for the tables below for 

ddition and multiolication.
 

5 

+ 0 1 2 3 4 5 
0 1 2 - 5 
1 5 --ro 
2 10 
3 4 5 10 11 
4 4 10 
h 5 10 11 14.... 

1. 

ral. 

uUl~rCl.l.(3) Change 1325(6) to a base t 

(4 ) ChangE: 3962(10) to a b 

(5) Change 4132(6) to a oasa to 

8.4 Base Fivtt- -
ny t1.lles the quinary system is u 

(Fifteenth Friday) 

d by students, teachers, 

housewives, even sales , ithout thei J.lzing it. 

Jo an tor president of th thematics 

club. Jack, a fellow 8tuaen~. t track of the votes as the 

ballots were read by the sponsor. The blackboard Jack had 

kept score on, after all tho ballots were read~ looked 

aomethinQ like thisl 

John INJ f'NJ I II Mary f'NJ II 
Both John and Mary's tallies ware grouped by fives. 

John had «2x5) + (3xl» = 13 votes to Mary's «lx5) + 
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(2xl}) = 7 votes. umbers 7 cOUld nave been 

by the numerals 23(0) and 12(5). 

o snow an example of bigger numbers in the base fives 

Bill ran &gainst Fred for student council ident. Th 

final tally sheet showeds 

ill 

II'NJ I'NJ I'NJ N-w t1{J II'HJ I'NJ I 

Fred 

II'NJ I'HJ I'NJ I'NJ I'HJJ I'NJ II 

Bill won the election 36 votes to Fred's 32. The 

ymbols us In the base five system are 0. 1, 2, 3, and 4. 

The tallies grouped in fives are too many to be represented 

by a two digit numeral in the base five, therefore, a numeral 

of higher order is n d to represent five. In section 8.2 

it was sho\vn that the groups could be grouped; five of the 

seven aroup$ of fives tallied for Bill are boxed In and five 

of the six groups of fives tallied for Fred are boxed In 

representing 100(5) or 25 = fi -fives. 10(5} is the next 

lower order representing five. The final results therefore 

could be read, "BIll 1Ol0n with 121(5) votes to Fred's 112(5) 

votes." 

[( lx25) + (2x5) +(1)] = 36 I(lx25} + (lx5) + (2)] = 32 
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Addition and subtraction in numeration systems such 

the base f.ive follo'.~g.! 

(1) Add 2432(5)' 1433(5)" and 4324(5)_ 

(2)(1 )(1) , In the one's column 2 + 3 + 4 =.14(5)_ 
2 4 3 2 
1 4 3 ;3 The 14(f;:,) must be used as adding is done 
4 

I 4- 2 44 in one sYstem only. Vir'!to the 4, and 

1. 
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om the next col e nunettcd t\lontv-five is al to• 
5 twenty-five's. 5 t,,"/entY_five,s + 1 twenty-five - 4 

twenty-five'~ = 2 twenty-fivets. Writo the 2 andbrina dovin 

the remaining 1 in the one hundred ~nd twen~y-fivet5 col~~" 

The answer is 1244(5)' 

8.5 troblems ~ ~ Quinary System. (Fifteenth 

Friday) 

(l ) Write the first fifty base five numerals baginn1ng 

with O. 

(2)	 Fill in numbers for the multiplication and addition 

tables below. 

x 0 1 2 3 4 
0 
1 
2 
3 
4 -,. ,. 

~ 

+ 0 1 2 3 4 
0 
1 
2 
3 
4 ~, 

,..:1 

(3 ) Add 1034(5)' 342(5)' and 441(5)' 

(4 ) Subtract 1034(5) from 31422(5)' 

(5) Vfuat is the humeral 444(5) in the base ten? 

(6) What is the numoral 324(5) in the base four? 

ystem. (S~xteenth Friday) 

An eccentric old mathematician, when he died, left some 

unpublish rs behind. His friend:; sorting semo of them 

out came across the following statement I 

Bakst, ££. £!i., p. 9. 
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I araduated from high school when I was 101 years 

old. Four yeurs later I, 111 years old, graduated fro 

cOJ.leae. Three years later, I, q 120 year old man, mar+i 

103 year old, girl. Since the difference in our 

~Qes \.i1as onJ..y 11 years, 'we had many common interests and 

hopes. One year later my wife, now 110 years of age, had her 

first child; lator we had 11 children, 3 boys and 2 girlG. 

I had a job teaching mathematics in college and my salaxy 

was only $21.130 a month, just barely enough to support my 

famil)'. 

the mathenatician a mental case? Let.'s sees 

ly the symbols 0, i, 2, and 3 we~e used to 

represent numbers. MoreQve~, when 2 was added to 3 t 

nswer wa.s 11. The system used by the dead mathematician 

was of another system of numerJ.t.ion than the decimal system. 

In the decimal $ystem when 1 is added to 9 the answer is 10. 

In the system used by the mathematician 3 did the work of 9, 

that is 1 + 3 = 10. Just as 10 (the next higher order) is 

not a digit of the decL~al system, 4 is net a digit of tnc 

mathematician's system, four being writton as Iv. 

he mathematician therefore W~6 usin~ the quaternary 

system. The first position to the left of the decimal point 

is the unit.s place, the next olace on the left Is the four's 

position, then comos the sixteen's position, then the sixty· 

four-s position, then the two nctred fifty-six's position, 

and so on. 



Thus the puzzle may bo translated a~ follo~s: 

I graduated from high school when I was 17 years old. 

Four yea=s later I •. 21 year::; old, graduC'lted from college. 

Three years later, I, a 24 yoar old ~n, married a young, 19 

year old, girl. Since the differonce in our ~ge5 was only ~ 

years. ny interests and hopes. One year 

later my wife, now 20 yea~~ 0 , d her first child; 

later chi.l.CJr , oys d irlO;Je I h a job 

t .....thematics in coll nd my salary only $6 

y ily.a month, just barely enou 
. 

ltiplicat1or. and division in t umeration systems 

with the base four follows; 
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(1)	 MUltiply 132(4) by 201(4).
 

132
 x 1 =132 
x201 . . / x 0 = Q
'"T32	 / x ~ = 132 + 132 = o 
000 
a 

331 

The answor is 33,132(4). 

(2) U1v1uO !32~(A\ oy ~~(4). 

idcd bv 31(4) is 2 wit 

a1nder ot 11(4). Write the 2 in 

the QUotient. 2(4) x 31(4) ~ 122(4). 

122(4) divided by 31(4) .1s 1 with a 

rema~naer ot 21(4)_ Write the 1 in the 

quotient. Bring the three- dO\'m with the 21 and divide the 

213(4) by 31(4) which is equal to 3. Write the 3 in t 

quotient. The answer is 21~(4). 

.7	 ............._..._... over t
 (Sixteentn-
(Friday) 

(1) Add 321~ (4) I (4) • 

(2) Subtract Z;) (4 ) 

(3 ) ul tlp1y 31(4). 

(4 ) .1vlde 113..,v (4 ) y .uV(4 H 

(5) hange the numb ')1(4) to 'tne oas~ "'uu. 

(6) Change n ",nVt(4) to the basG· 

(7) Count tI o I inclusivo, UG1~g tne quaternary 

yo ,,"'I,de 
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.8 Basc!l(/t)-- iW............. y Systom. (Seventeenth Friday)
 

One of the simplest t imoo-.... tion systems is 

the base bJO. 9 It. use iaits 0 and 1. 

To understand any ratio ;;,Yotem, one must 

able to count. It 01" cassary to Imo\"l how to ildd or 
lOmultiply any t~o diQit r. This is one of the main 

reasons Whv the ~.uuvle to learns it 

on1 our tri ach to 1 in the multiolication and 

addition tablc~. TnesG ar own Ul tigu.n: 

t 

Q.YVe 

~
 
~Il 10(2)
 

:G evO 

BASE TWO t MUtTIP ADDITION TABLES 

Every integer can be written as a binary integer. 

Thus the binary 0 corresponds to ,the decimill O. and the 

binary unit 1 correeponds to the dccirnul unit. rhe binary 

10 m~ans none unit of higher ordor l' and corresponds to th 

decimal number two (not ten). The binary numoral luu m 

lx22 + Ox~ + Ox20 = lx4 + 0 + U =~. 

Alg 
10 raJ.a L. 

Prentice-Hall, 



I r , ..." 2DlbO is a binary 

numeral, ,1 diait, 00, , ""2' .,. -Ii., is either 0 I, 

then the corxQspon ecimal lnt er t It 1 ivan the 

formula: ll 

."n + b • .,n-(+ +I =	 n - n-1 - •••- b2. + b1·21 ... bO• 

tne inary numeral lOol corr ponas to r + 

2 + 2U = 16 + 4 + 1 = 21(10). 

cnaote ncarn how to add, subtract, 

nu 1 in 

not , en aiven. NO~·J ~
 

~sinal fractions
 

(I) What is tho numoral lll.ll.L( ) in the bas€ ton? 

({lx4)	 + (lx2) + 1 + (lxl/2) (lxl/4) + 

1x{1/8}} =4 + 2 + + 1/2 + 1/4 + 1/8 :: 

4 + 2 + 1 + 4/8 + + l/H = 
7 7/8 or 'l.u,,,,. 

7 7/8 or 7.875. 

(2)	 Find the numeral .6{lO) in ase tV/.... '" 

.6 (l's) :: 1.2 (l/2' 'F'nT'm:;rmtod by .1 and 

.......'/"l'
• ...,v,(1/2 1 s)= .4 (1/4'b• 

•4 (1/4'ti) = .8 (l/Q' '&int>&i<::Ant .00v, 

•	 (l/S's) ~ 1.6 (1/16's) raor t .0001, 

Ibid." P. 72. 
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co1ur:m B~ thlJ numher 3 is listp.cl h" columns B and A; ana so 

on. lt the vords ~vbG" ~nd Uno~ c0rrespnnd to digits 1 and 

; eacn arrtlngcment at th0 nu"'lbcrs in figure 8.81 match 

the arranaooent of the dioits in the binarY scale. 12 uy 

takino. the rcms backwaxd, su.! yo 5 • 1, or no, O. if t 

num.t>er ao':)cars or not in the column, the numeral in the 

cnan ...0 t.he binary syst • 

Is 13 in column C? 

Is 13 in Column A? Yes,-- is 

J , yes" co spond.,. 

n~cra1 ror 13 in se tv/o. 

8. 1""rUUJ..ermi ~ ~ ......u~.l ~l ~ .. <;om. (s teenth 

Friday) 

(1) \'lrite first t':J numer inning with 

f 

(2) rc u~ed 1n the blnarv system? 

(3 ) Perform the indicated (')De.i:'4tions~ (a) 1 + 1 + 1 =? 

(b) 1 + 10(2) + 111(2) = ? (c) 1 - 1 = 

(4 ) Iltiply: 11101(2) x 111(2) :: 7 

(5 ) ivide: 111(2)Jl11111(~\ = ? 

Irvin 
y Book, Tho NO\'I 

Signet 
• P. 77. 
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, 4 •a p. '6 • ,L '9' • 'l 'T '0 l161P 

Q+ ...8 , '+ s 1 :> ponp 'm +5 ./\T ~ '+ 'e o., 

q.	 )• '+ J.. Ate '+ a q+ '+ OT ~ ( L) 

c) A a ( ) 



CHAPTER IX 

SUMMARY AND CONCLUSION 

9.1 Summary. The junior high school mathematics 

teacher's job is a difficult one. HiG students range in 

chievement from primary livel through senior high level. in 

some cases even ahov nior high level. To keep his stu

dents interested ,the teacher must make his subject interesting 

and he must have material6 at hand for all of these ach1eve

nt levels. l Constantly the teacher is seeking new ways to 

·~dd spice" to those necessaxy phases of learning needed to 

develop skill and competency in using mathematical ideas. 2 

October 4, 1957, the Russians launched the first earth 

satellite. This 1s a date long to be remembered by every 

person engaged in operating th rican educational 

syst That day marks ,a turning point in the attitude of• 

the great body of citizens toward their schools. The 

thenatics and science teachers stand in the spotlight. 3 

Margaret F. Wil1erding, "Stimulating Interest in 
Junior High I.1athematics, II The Mathematics Teacher, Vol. 
LII, No. 3, ~~rch, 1959, .p. 197. 

2E• G1enadine Gibb, "As We Read," editorial, Ih! 
Arithmetic Teacher, Vol. 8, No.5, tAay, 1961, p. 209. 

3nay C. Maul, "Lets Look at the New l\'\athematics and 
Science Teacher," The.~~thematics. Teacher, Vol. LI, No.7, 
November, 1958, p. 531. 
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From all this turmoil the mathematics teacher has a 

chance to benefit--The results of sober thinking are 

beginning to emerge; financial aid by the government is 

helping the teacher to rCjeiVe more and better education in 

the field of mathematics, and he has an opportunity to 

co-ordinate more and closely t lementary with th 

secondary schools and 60 on through the institutions of 

highcr'cducation.4 

tcrial contained in this t is tri 

out a need for a cha in the traditional 

d th ntary material intended to De 

of value to the teacher of junior high school thematic 

who has had little or no formal training in modern 

mathematics. 

9.2 Conclusion. Most traditional juniQr high school 

mathematics teachers are looking for a sunrise in this 

mathematical turmoil. This thesis is an attempt to bring 

some of that light to them. 

4 Ibid •-



TO THE PROSL 

Section 4.3 (First Friday) 

(l )	 7, 157, 5. ./ (e) • ••• , -5/7, 0, 3 + 7J-5, 
(2)	 '"'~, -01, 11. It 1,000, -56. 

(3 )	 -40, -7, - • (9) -'. 

(4)	 0, (10) (1, 2, 3, 4, 5, 6, 7, 8, 9)• 

(5)	 .632, -4, 3/8, 1, , (11) (-9, -6, -7, -6, -5, -4, 

-189. -3, -2, -1, 0, 1, 2, 3, 4, 

(D)	 23. , 6, 7, 8, 9) 

(7) 3/7. '-.3, -7, 0, (12) 14, , 000, 19, 100. 

-187, .897. (13) '" , 81, 18/2, 3X3, IX, etc. 

Section 4.5 (Second Friday) 

(1 )	 'a' 15, 'e' -5. (9) not necessarily., ''''' 
(2)	 a, b, c. (lO) zero. 

(3)	 b, c. (11) reciprocal. 

(4 )	 a, b, c. (12) , a' -14 • ' b' +5 , ' c' -2, 

(5)	 c. 'd' +1/4, 'e' -.75, 

(6)	 , :::> * no, ' b' no. 'f' + .33vv •••• 

t c ' no. (13) I a' 1/14, ' b' -1/5, ' c' 5/4, 

(7)	 'a' yes, 'b' yes, 'd' -6/7, t e' 8, ' f' 1. 

'e' no. (14) 'a' subtraction, ,b, addi

(a)	 co~utative and tion, 'e' division. 
a5sociative propertie5. 



(15) 'a' no, , b' no, (17) 3/9xl =3 x ~3 =1/3.
9 x 3

'e' yes. 
(18) ~ x 1 =1~2 x 4 = 2/1 = 2

(16)	 cannot divide by 4 r4 x 4 

zero. / 

Section 5.3 (Third Friday) 

217(1) =$1,310.72.	 (5) 21uu_l = $12,676,509,002, 

(2) 21~ - 1 = $2,621.43.	 282,294,014,967,032,053.75. 

(3) 230 
Q $5,368,709.12. (6) $2,676.,506,002,282,294, 

(4) 23°_1 =$10,737,418.23. 014,967,032,053.75. 

Section 5.5 (Fourth Friday) 

(1) about 2,200#._	 (3 ) at or 5.92 miles. 

(2) 2,700 years.	 (4 ) ,~oo days or 137 years. 

Section 6.3 (Sixth Friday) 

(1) 8.	 (2) 5. (3) -2. 

Section 6.5 (Seventh Friday) 

(1) 2. 
., 

(4) 6.	 (7) 3.6 x 10~. 

(2) 13.	 (5) -6. (8) 107• 

(3) 7.	 (6) 3.67 x 10-2• (9) 1018• 

Section 6.7 (Eighth Friday) 
22(1 )	 (4) about 145,900,000 miles •• 

2222(2)	 (5) 2-22••
,1"\'" 

(3 ) 22 • 
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(5) 0 1	 2 The answer Is 3.
1 · +3 

-4	 .~ 
-1 l~I( +3 

~ 

(6 )=L.-..2......l "'L-.. 8 1 § e answer is 6..	 L-=~?---:i:L-..~4L~5~_-~I	 Th 

) 

Section 7.7 (Eleventh Friday) 

(1 ) -7 -6 -5 ;4 -3 -2 .-1 0	 The answer is -6.•	 e • • • rJ( 

(2)	 -~ -t -3 -2 -1 0 1 The answer is -4.• : r • 
( 

(3) (0)(+4) =0 (definition of zero, X·O = 0) 

(4)	 (+1)(-2)(-3) = [(+1)(-2)] (-3) = (-2)(-3) = (+2x3);
therefore: 

-T	 t f j 4 ~ g 7 The answer 1s 6. 
------..... \ ) 

(5)	 True. (7) True. 

(6)	 false. (8) True. 

Section 7.9 (Twelfth Friday) 

(1) (3 ~2) + (-1/4) = 14/4 + (-1/4); therefore. 

Os. l .. . 2 • os·. ~ 8 ' ·s . The answer 1s 3 1/4. 

J -1/4 -<-Jp	 • ... • 

(2)	 (-3/4) + (3 1/2) = -3/4 + 14/4; therefore: 

• .	 .1. • . 2 • • e 3 •• The answer 
-.1J: -va f +14/4 ,	 1s 2 3/4 • ... 



1 

(3) 9 . ! 8 . • . . The answer 1 • 

'--+1 'L-	 L... 
~........_2L-"",. _
(4) 0 '. 1., •	 )3 • The answer is 8. 

L:L,.L,.L..L,.LL.L. 

5	 ~ . 1. • The answer is 2. 
( )	 -f l~ ,i ~ I I 

Section 8.3 (Four.teenth Friday) 

(1)	 0, 1, 2, 3. 4, 5, 10, 11, 12, 13, 14, 15, 20, 21, 22, 

23, 24, 25, 30, 31, , ",3. 34, • 40, 41, 42, , 44, 

45, 50, 51, 52, 53, 54, 55, 100, 101, 102, 103. 

0 1 2 3 4 5 
0 1 2 3 4 5 
1 2 3 4 .U 
2 3 4 5 ) 1 
3 4 5 .0 . 2 
4 5 10 1 2 3 
5 10 11 2 3 4 

x(2) + 
00 
11 
22 
33 
44 

5 5 

0	 1 2 3 4 5 
(o	 0 0 0 

.1 2 5" 2 4 14 
3 

1 
LO 3 2C 23 

~o4 2 24 32 
5 4 4423 32 

(3)	 341{lO) (4) 3022(6) (5) 32120(4). 

Section 8.5 (Fifteenth Friday) 

(1)	 0, 1, 2, 3, 4, 10, 11, 12, 13, 14, 20, 21, 22. 23, 24, 30, 

31, 32, 33, 34, 40, 41, 42, 43, 44, 100, 101, 102. 103, 

J.().r.1., 110 .. 111, 112. 113, 114 10 120, 121, 122, 123, 1,~, 

130, 131, 132, 133. 134, 140, 141, 142, 143, 144. 

(2)	 + 
0 
1 
2 
3 
4 

0 1 2 3 4 
0 1 2 3 4 
1 2 3 4 .0 
2 3 4 .0 .1 
3 4 10 ,1 2 
4 .10 .1.1 2 .3 
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(3 ) 22(~).	 (5 ) 124 (10) • 

(4)	 ~U~.:3~ (5) • (6) 1121(4). 

Section 8.7 (Sixteenth Fridaf) 

(1)	 20,023 (4 ) • (4) 22(4) remainder 110(4). 

(2)	 121(4). (5) 2.:i,J (10) • 

(3)	 12,1OJ (4 ) • \ (6) 100110(2). 

(7)	 0,1, 2,3,10,11,12,13,20,21, 22, 2~30t 31,32, 

33, lOv, , , 10v, , ~ll, 112, 113, 120, 121, 

122, 123, 130, 131, 132, 133, 200, 201, 202, 203, 210, 

11,	 212, , 220, , , 223, 230. 231, 232, 233, 

300, 301, 30". 

Section 8.9 (Seventeenth Friday) 

(1)	 0, 1. 10, 11, 100, 101, 110, Ill, 1000, 1001, 1010, lOll, 

1100, 1101, 1110, 1111, 10000, 10001, 10010, 10011. 

(2) 0, 1. (5) 1001(2). 

(3) tat 11(2)' 'b i 1010(2)' tet o. (6) 111(2). 

(4) 11001011(2). (7) 277 (12). 
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