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lzatlon. Thi. thesis 1. divided into s1x 
''-.. 

ohapter•• The second chapter outlines aome ot the proDertie8 

of an axiomatic system. The third cbapter presents a finite 

ven point geometry. In the fourth cbaDter we Inve8tl~at 

a finite nine poInt geometl'y.· The firth ohapter presenta • 

finite ten poInt geometry, and the sixth cha~ter summarize. 

tbe material of the thesis. 



_ 

OF AN 

In _ velopment 

lome tel'lU that 

keep the er of t I 



these tel' ally B 

Inte~nretatlon in which the axioms seem to be plausIble. 

It i. not the pUrDoee ot this 8tudv to introduce an 

enlive ~eometry, but rather to use al few undefIned te 

a8 possIble and see how tar tne v.eometry can be develoDed or 

to what the undetlned terms will lead. In th1. thesis, 

point, 11ne, and inc1dence will be taken aa undefIned t.~. 

be conceDt ot p1cturing a point as the ideali 

I1mlt of smaller and .~aller dots is about as good an Inter

pretation as can be gIven to • point. Rowever, the conceDt 
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lylna on two lInes 1s call t I etlan. The word 

"onft wl11 be uled to mean r j01n en refer1!'lng to 

olnts. or lntereection when ferrin. to 11nea. A.w1ll be 

.een later, thIs wIll tend t clear U' aome confusIon that 

d "lntersectlou •rIses from the use or the 

•lat 

.id.e havln2 U 

• 

l.:t, 

-.80, 

that 

it Is not neoee-

wa.1JS 

latIons between ~ne 

ua11y oa11 

,a180 nece. 

a rew &0 ted d e, penaen~, ana that they 

to have 

1t of 

er, 1nyolve onlbeyj 1t 

1.c 

• set f anoml ~ald to be con.le t 1f no two 

or th tvo theol"em(IJ 10 

dcuu.oc from t OUl.rBJ: Inc 1 tional 

_ 

.eral11 assumed t nlvftPlu. 1s subject 

that «ove t ot .3 Under thu5 tI0D, a 

set or ax10ms t c ,scIence d to 

• 1t 1.oul 

tcconalstent 

%lom., 1.e., by rlDo~OK cal v 

InterDretatlon of laments d reletlo of th 

3 eel' , • .ill-, • I1ta 
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8cience sucb that the statemente of the science are valld tor 

tat1",...... 

A set of axioms i8 said to be lndependent of no one of 

the axioms can be deduced from any coabination or ~he other 

axioms. In other words, If an a~om Is removed trom the set 

of axiom., tnere ls then no way in whioh it cnn be obt 

from toe remalnlng aX10~•• 

A set of axioms 1. .aldto be categorical it tbe~e ia 

e••entially only one system for which the axiom8 are valid. 

In otber worde, 1f al~ the concrete reDPesentatlons of a 8et 

or axioms may be shown to be sImply Isomorphic, then the set 

or axioms is said to be categorical. 

ther orooerty which a eet of axIoms maYor may not 

have i8 the property or duallty. prInoiple of duality 

(in two neions) means that e tnItion r ina 

.1~nlricant, and 8.e1"y theo Inl true when the two 

pairs or concepts point and , and j01n and interaect10n 

Interctlanp.eet w r in a theorem, axiom. or 

definition. SInce the word to mean eltner join 

or lntersection, this make. t - or the dual or f1 

theorem, axiom. or defin1.tl ler. 
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w each letteJ" r e.ent•• Dolnt d each 00111.' 

~nrR.ente • line, we lee that 0 a e all satisfied• 
and therefore our _yet doe. posee•• roperty ot beln 



--

eonais t. t 10 at thl o at t are 

Indep nt, ause it would be tmDos.lble to taio ot 

t ot an • 
Bow l.t u. ee. It the t 0 •••S8.. the Droperty of 

duallt'y. 0 of dol thl. e a. t r tne 

dual ot every axiom. This ia t we will DOW use. 

will denote the dual ot letter D folloved by 

the nu.mar or t it II the dual. Tbu., t 

dual of the flr.t axiom woul denoted D.l. This dual is 

stated and proved In the next paragraph. 

D.l. Two llne. dete oint. Thla i.s just • 

tatement or A.3. and It. t Is thereby eltabllshed. 

•2. Two linea determine at moet one po1nt. By A.3 • 

we know they have at least one po1nt 1n eommOD. It we aS8 

that they have a leeond point 1n common then, by A.2., we 

two linea are the same line. Since tht. 18 a 

contrad1ction, we know that our dual mult be t ..,w.v .. 

'.3. Any two points have at leaet one l1ne 1n common. 

1. 1. just a restatement ot A.l. and theretore ttl proot 1s 

8~8D118h.d. 

D.b. There exi.'t a at least one polnt! We know by 

A.h. that there exlsts a 11ne and by A.S. we know that there 

are at leaat thr.e points on thl. line. Tnererore, we knOW 

that there muet exlst at leaet three poInts, and thu. our 

a1 muet be true. 
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Beto~e we DrOye o~r next dual, It would be lptu1 to 

l.ntroduce s otation. 'r U2tlOut the ne two chapt 

we will UBe a1nSt1e dl~lt8 to denote pointe. Allo, ve wll1 

denote a I1ne by llst! the three Dolnts that be10nK on it. 

'Th~1 the 1inl loh i8 on the polnts 1, 2, d 3 would b. 

denoted 123. 

D.S. There exist at least t 1 I on a Dolnt. 

A.4. we ow ttle late a 1108, d by A.5. and A.1. we 

know this 11ne contains t e an e polnts, la1 

ointe 1, 2, and 3. 'Then, J..6. thel' lats at 

lealt one othe~ point, a oint 4, not on thls line. 

Pointe 1 and dete De a 11 by A.l. In a 11ke nel', 

pointe 2 and 4. and a180 polnts J and det ine 11nea bI 

A.1. Th tore, point 4 ha. at least three I1nes on it. In 

the	 • :manner we can prove that any polnt not on I1ne 123 

at 1••at th 11nes on it. Choo.ina An7 point on 11ne 

123. say point 1, ve ow that It at 1eaat one 11ne on 

It. However, poInte 3 and 4 det • line by A.l. and we 

w bY A.5. and A.1. tnat this 11ne 8 • tbird point, .ay 

point 5, on it. Then points 1 and 5 determine a 11ne by A.l. 

Also, polnts 1 and 4 det~~ne a line by A.I. Thus, point 1 

baa at leaat three linea on It,.' In ,a ~1k. manner, we CaD 

prove tbat 8Bch ot the otber tvo polnts on lin. 123 ~al at 

lealt three I1ne. on it. '1'h~a, alnce eve!'7 point on I1ne12.3 
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the imnllcat10n imDl tb.st ~t o the poInts on 

I1ne 123 t o dl t lIne. ble 18 a 

cont lction or A.2. e 0 aasumotlon that t 

aN !'our linee on polnt 4 18 lse. In a 11. annel' tor 

number areater t t e r any polnt n lIne 123, 

lead o a 0 radict10n. 

Int not on 11 123 we know that It 18 

on no t lInea. Look! at the po1nte on l1n 

123, let us .a that • or t Inte. 8ay point 1, 18 

n 01' more dl atlnct neat 3 and poInt tel'

''1 A.l., and by .l.5. d A.7. o 

In8 a tilt oInt, 5. T 

lInes on Dolnt 1 eacb t line 345, A.3. 1. 

111lD118. ith t to or on 11 345 
or that two or 

lect 1 345 In tbe 

this lamllc on lead to a letion and • we oan 

concludo t O\U' ·""'"+-:100 that tou!" o:r mON 

ove, twe 

l' 

r-

s ot 

1 11 

I1ne. on Dolnt 1 18 Ise. In a 11 o rove 

that 1n1n 01 n lIne 123 on tour or 

more lines. Thus, linee eyer" point Dot on ~lne 12) and al.o 

alnce eveI']'" Doint on I1ne 123 cannot be' on more than tnt" 

lInes, we can conclude that OUI' dual 1s true. 

have now proved the dual. or all seven at our 

a~ioma and we can conclude that thls axiomatic 811t 
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be p arty of 1ty. ow tnat have our 

ert1e., we are dy 

to veloD and prove 80 bbeoreme. .l theo will 

denot by t lette r T tollow 

u1o~ d ve lnvestla:at 

the number of the 

tb.eo~ s. the first tneo tll be denote_d T .1.• 
T.l. o Doi det ne e a only 'one 11 • By 

J. ..l. we t t int8 termine a line, and A.2. we 

ow t nat two inta det t most 11ne. 'rna o , 
w. c onc1ude that two Dointll d one d only on. 

e.
 

T.2~ T distinct I1ne8 det
 

11ne. and t we IV our theo 

one and only one
 

olnt. A• .3 .W, tbat t linea det
 at lea 

one poInt. If we t a•• t the two 11nes have a 

second polnt in 0 have ,~ ~.1. that tnese two l1nea 

are the .ame line. Thls 18 a contradiction, and the t 

lines must have only one point 1n common. Tbul, we know that 

our theorem 1_ true. 

T.3. Every l1ne contain. th::ree and onl.,. three points. 

By .1• .5. we know that there exIst at least three Ilo1nts on a 

line. By A.1. we know that there are no mON tban toree 

point. on a 11ne._ Oombining these two, we ~ow that every 

1,1ne contaln_exactly three points, and tbu.. our theorem 1_ 

t1"UG. 

oint 1. t only three llu.•• 

By n.5. we ow that there exist at lea t e l1nea on a 

T. 4te 





14 
point 1, wh1ch i. a poLnt not on thee tbJ.:rd l1ne., Tbererore, 

we have proved our tneorgw. 

•7. ~here exIst at least seven points • By A.,u. we 

ow there exists at leact one 11ne and by T.3., we KnOW ~nlS 

I1ne contatn. exactly three points, say poInt. I., 2, and 3,' 

By ~.6. we know tbere 1. at least one other polnt, say Doint 

4, not on tnI'. line. Points 1 and 4 determine a 11ne by A.l. 

and this I1ne contalna a third point bY T.J., Tbt. point 

not be any of tbe existing points by T.2. Let us call this 

po,lnt 5.- PoInt! 2 and 4 determine a line by A.1. and tbi. 

lIne contains a third point by T.3. Tht. point cannot 

of tll. existing points b1 T.2. Let us call this point 6. 

Points 3 and 4 a1ao determine a l1ne by A.1. and this lin 

containa a third point bY T.3. Thl. point cannot be any at 

the exl.t~ points by T.2. Let us call tht. poInt 7. We 

have now shown that there must exist at least seven points 

d tl1eo 8 t • 

T.~. e e t 1 nes., By A.4. we 

y T.3. we know tbat 

t , gQJ poInts I, 2, and 

3. By A..6. we know there i. at 1 ot~er point. a 

point 4, not on this 11ne. Point 1 int 4 det
 

ne A.l. this line containa
 d Doint bY T.3. 

This poInt cannot be any or t olnts by T.2. Let 

U8 call thi. int 5. PoInt 2 d lnt h determine a l1ne 
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IS
 
n this 11 conta! 

oint cannot be any 01" 'tbe, e Let \1S 

lnt 6. Polnt 3 and lIne 

ltb. alt 

" tht&! line COnwUJ.UB 1. 

tnt c t be any of t 

b 

u. 
7. LlstlDJl t 11nea we havalo ra., tind 

V8 be 11 123, 1It5, 2 , 347. ao that we have at 

1 

call tn1 

, 1nt 1 and point•
 

a 11ne by .1..1. an
 line must oontain a 

t point by T.3. By T.2. we w that this point cannot 

b an of the cotot. 2, 3, ~, r 5 linee allot t heee pointl 

oint 1 o~ point 6. Tht, 

1e o t int 7 to be on thil 

11 d tb.~ _1Ye8' 7 for our fifth l1u~. 

Usi In, t t t 3 Bnd point 6 must a1ao 

a ne and tn T.3. this line must a180 eODtaln 

thl t. T.l. we thia point cannot be 

of tbe inta , 2, , 11 or theae polnts are 

al""AA~'" on a lther Doint 3 or point 6. Tni 

1ea..el of t I n t. onlY the point 5 to be on thll 

lIne, and thue • line 356 tor our s1xth I1ne. 

ine11Y, usln.a A_.l. point 2 and po1nt S, we know that 

thes. two points must a line and b7 T.3. thts 

lIne muet contain a thi T.2. we know that tbl1 

poInt cannot be any 0 point. 1, 3, 4, or 6. This leave. 
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know t 

ow t 

con u. 

ou:r 2eomet:r~. 
'I 
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T reader. will r ber t lier 1n this paDer 

tnere w r 1 exhibit Or this aet or axl • 

That was the mod
B

el 8CDEFG 
ODEFGA 
EFGABC 

wnere eae ted a point and each col 

represented a 11 ow letne. us aee if tb1. aet or ax10m. 

1. cate~orlc.l. B lettlnp. the letter A and tbe number 1 

1'epresent tne 88 pOLD~ and likewise tor the pairs Band 2, 

o and 4, D and 3, Band 6, F 7, G and 5, we see that 

these two model. 1 hie and, for at leaat theee two 

coneNt. model'., our axioms OaD be said to be c8te~orlc.l. 

So rar we have been able to determin& 1t 8 point was 

on a I1ne only by liating allot the point,. belonaiu to each 

line. Then, by Inapect10n, we were able to tell it a IPec-

Irio point was on a aDecitic line. Bow, tnstead ot !"euY"B_ 

aentina poInt. by numbers, let us represent them by 

omO~eneou. coordi or D r trlpl•• (Xl' %2' %3) 

SUbject to tae roll condition•• 

A. It 18 a modular Systa_. 

B. (k,xll kx2, kX.3) = (Xl' %2' %,) when k, o. 
C. TheH 1. no point oorre.ponding to (0, 0, 0). 

The totality or points (Xl' x2. %3) su.cb that 

Ul%l+ 112%2'+ U'%3= 0, where at lea,at one Uj (j = 1, 2, ) 1,. 

ltt.re,nt trom aero, 1e called a line &n.d 1. indlcated by 

[Ul , U2• Uil. 'Wb.en k 'I 0, we write CUll U2, 0'3] = 
[kul' kU2' kU3] • 
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w let ua oons1der the poss1ble points and lines fro 

the modula~ system Mod 2. In tn!s sYstem we have available 

the numerals 1 and 0 to be placeholdere in nwnber triples. 

LlstinR all possible combinationa, we bave (0. 0, 0), 

(0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0), (1, 0, 1), 

(1, 1, 0), and (1, 1, 1) 88 all the p08elbll1tles" Count! 

, we see that there are elRnt of these co~lnatloD•• 

However, one o~ our restrictions is that there 1. no po1nt 

corre8Dondlna to (0, 0, 0), so that we bave exactly seven 

point•• Similarly, there are exactly seven I1nes, which may 

be written: [0, 0, lJ, [0, 1, 0], rO, 1, JJ, [1, 0, 0], 

[1, 0, 1), [1, 1, OJ ,and [1, 1, 1]. 

Now it 1. sible to termine, g1ven any 11ne, 

ther a polnt 1. on thll lIne. Ohoosing for an example the 
"line [1,0, lJ, we know th.at the point (1, 0, 0) 11 not on 

thls 11ne ainee (l)(l) ... (0)(0) + (1)(0) i8 not equal t 

aero. However, the polnt (1, 0, 1) 1s on the llne [1, 0, lJ 

.lnce (1) (1) ... (0) (0) + (1) (1) Is equal to two, which ls 

equivalent to z in a d 2 Iyst In e e ,er, we• 

oan find out leh l1nes lie on ch point .Co.DlPletln,;r; all 

of the comDutatlone i 1ved, we find tbat cn 11ne i. on 

tbree Doints and each Doint ieon t e lines. In the list 

that follows t oint. list in each col are 011 th.e 11ne 

listed at tbe base at t col • 
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(1, 0, O~ (1, 0, 0) (1, 0, 0) (0, 1, 0)
(0, 1, 0 (0, 0, 1) (0, 1, 1) (0, 0, 1) 

(1, 0, 1d- (1, 1, 1~hI' I, 0t to, 1, 1d
0, 0, 1 lO, 1, 0 (0, 1, i 1, 0, 0 

(0, 1, 0) (1, 1, 0) (1, 1, 0)
(1, 0, 1) (0, 0, 1) (1, 0, 1) 
~l, 1. 11 41, 1, ~ '~O, 1, If
i, 0" 11 1, 1, Q 1, 1, 1 

Thts arrangement can be shown to be Isomorphic to 'the 

arra~ement ot the aeven letters by letting tbe letter A and 

the number triDl. (1, 0, 0) repre8ent the 8ame point. In t 

same manner, let Band (0, 1, O), C and (0, 1, 1), D and 

(1, 1, 0), E and (0, 0, 1), F and (1, 0, 1), and G and 

(1, 1, 1) eacb represent tbe same point. Thu8, tbe geometry 

of D~ber trIple8 is isomorphIc to the seven polnt geometry 

about which we he.ve been talking. Comblnl~ all of these 

representatlona and ualnR one model to demonetrate all or 
them, we have the model on ene rO~10Wln~ pa~e. 



[O'O'r] 



IV 

A WINE POINT GEO 

ow that we have lnYestlRated a seven Dolnt $:teomet....·.,y, 

let UI construct another set of axiom. and Inve~tlgate their 

pJ:'oDertl es. Once a$:taln.~ we wIll use the caDital letter A to 

denote our a~oml, D to denote the dual ot an axiom. and T to 

denote a theorem. SInce we are atartin" with anotber 8Yatew, 

we v1l1 once again start our numberlng wlth 1. 

A.~.	 There exists at least one line. 

".2. Every lIne 11 on exactly three points •. 

.1.3.	 Not all poInts are on the same line" 

A.q" Two distInct polnt. determine at mOlt one 1iug" 

A.S.	 GIven a line and a point not on lt, there exista 
a line on the given polnt whIch hal no Dolnt In 
common wIth t 

1..6.	 Given a l1ne and 8 point not on It. there exi.t. 
en 

haa no po1nt in common wIth the flrlt 11ne. 

A.7.	 Glven a polnt and a I1ne not on It, there exists 
iven I1ne vhlch 1, not on any

lx-at polnt. 

A.8.	 Olven a point and a 11ne not on lt, there exlat. 
leh 

1. not on any ltne-wlth the tlr~t point. 

Investlgating these axioms to Bee It tne 

con.latent. we look at'tne model 

GAB 
HOD 



11ne whl bas this property, and by A.6. we know there 

late not more than on8 I1ne whicb nas the property,. 

Theretore, by oomblnlng the tvo, ow that t he.r-e exist. 

exactly one 11ne wIth the propeZ'ty, and our theorem 18 true. 

'1'.2. Given a point and a 11ne not on tt, there ex1.t. 

exactly one point on the 8iven 11ne wh1ch 1. not on any line 

with the first Dolnt. BJ' A. 7. we know there e:.z:lets a polnt 

which baa this property, and by A."8. ve know that there 

exl.ts not more than one point wb has the grOper~3. 

Tberetore, by comblnln2 t tva, we 1m tnat t exIst. 

exactly one 11ne wlth tbe rty, d thu8 t thea 1. 

proved. ' 

T'.3., Gl'9'en a po1nt and a 11ne not on It, there exiat 

at least two 11nea jolnl the polnt to polntaon the line. 

By A.2. veknow that every lIne contalna three polnt., aay 

polnts 1, 2, and 3. T.2. we know ttl Iven polnt••ay 



24 
Int u, and ezactly one of t te on the line, lJay point 

3, are not joined. Since Int on the line 18 not 

t u, we can e otner two poInte 

on tl1e lIne are joIned to pOID • ~~u~~ yu~u~S 1 an 

joined, theY 11e on a 11 f join, and 

likewise polnts 2 and ~ 11e It le neoeaaa!'1 

t us a.1to ahow tbat 

t ttle t. e that t 

Inte 1, 2, and ~ are all on 

two Dclets dete~e at 

same 11ne as the 11ne det 

linll;Je SInce by .1.4. 
11ne, tb18 st then be the 

by the point 1, 2, and 3. 

o pointeA.2. 

and we can conclude that polnt 

point. Thls meane polnt 4 Is on 

contradictlon or our assumptlon. 

oInt 3 the 8 

llne 123, which 18 a 

ore, our a.sWDDtio 

that the two 1 fa1ee. Thus tne ewo 

11nes are d18tlnou, t .......... 

T.h. Given a polnt and a ot on It, tnero exist 

no more tllan two distinot 11 the point to Dointa 

on the line. To Drove tOls tneo , let u. star 

tbat ttl ot llnel jolning tne 

point to the l~e. Let us ae t there are ttlree lines 

ow tnl. leads to a t UI call t 

Iven 11ne 123 and the RIven • 4uvtt, by our a• 

tlon, there are tbree distinct 11n joln1n~ Do1nt uwlth 
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•3. Not all lines a re on tne Bame point. By A.l• 

v there exists a line. By A,)w ve know that there exists 

at least one point not on tb.ts line Ii By T.. l. we knOY that 

exlmte e%BotlY one lIne on thl. Dolnt whioh. haa no 

1nt in common wIth the first 11ne.,. 'rhu.• we bave tne 

exl~tenee of two linee which have no Doints in comma 

t our dual 1. t.w~. 

distinot lines determine at most one point. 

t two line~ determine at least two dl~tl 

ointll, whioh Is th,. same a8 aelumlnR that tney aet:ermln, 

e tb.an one Dolnt. By A.4. two distinct po,inte de,termlne 

at most one line. Therefore, our two distinot l1n88 muet 

tbe same line. Thi., bowever. 1s a oontl'adictlon and we oan 

conclude that our aesumntloD 1s talBe and that our dual 1 

true. 

Instead ot writing out the duals ot the lest fou.r 

axioM. it will be lIutl'lo1ent to point out to the It.Bder that 

the dual ot A.5. III A.1. and that the dual of A.6. 1. A.S. 

hus theol'Oot of eacb ot theee dual. would be a triv,lal 

exercise. Before proving any more theorems, let ue detine 

an,:)ther term. 'l'vo I1nes will be called para~lel 1f and only 

if theY have no point 1n common. Aa w1l1 be 8een a little 

later, th1s will make the v~lt1na and DrDvlnR of 80me or our 

heopema a littleealler, 



·6,. Given a lIne and a point not on it, exactly two 

oints on the lIne are joined to the flret point. By T.5. we 

'-ow that there are exaotly two distinct lines on the ooint 

joined to polnts on the I1ne. By A.4. ve know·that two 

i.tinct pointe determine at most one line. Therefore, at 

least two polnts on tne line must be joined to the original 

01 A.2. ve know that there.. @re exaotly three Dolnts• 
On the lIne and by T.2. we know that there 1s exact~y one 

oint on thi8 11n8 which Is not Joined to the original point. 

From thl. we oan oonclude that no more than two of the points 

the 11ne oan be joined to the original polnt. B:v combin

lng the establt.hed taota thet at lea.t two and at the a 

time DO more tban two points or the line a~e joined to t 



.u. 'If two llnes are parallel to e. thelr-dilno, tney 

are oarallel to eaoh other. Let U8 IItart bY' •••umina that 

ttle two Itnes wbloh aPe parallel to the third are not Dsral

leI to eacb othe~. Then by the derlnltlon or parallel 

11ne8, these two l1neD cust have a point in oommon, 

point X. Then', slnoe each o~ the two 11nes on polnt X 1. 

lle1 to the third l1ne, Do1nt X bse two 11ne8 on it which 

have no point 1n oammon with the thIrd line. Tb.1e Is a 

contradiction of '1'.1. Since ou~ assumptIon leads us to a 

ontr801ction, we oan a••ilme that it 18 talle and that ou 

theorem 1. true. 
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two l1el lines det 

exactly aix linea. Let ua at 

T. 7 • 

our two parallel 

linea 123 d 1156, T •. 5. tbere 8re 

exactly two linea 0 oi 1 j01 

iveloY • 

t 1 to points ·on 

lin 56. In th nner, t exactly two lines on 

point 2 and two lines on point 3 j01 theae Dolnt8 to 

pointe on line 456. ow, add! we aee tbat each ot t 

t lnte on line 123 i8 on exactly t e Iln.es an 

can no mo 11nel on Dolnte 1, 2, d 

be ve six lin•• can b o , 
th v • 

t 1 tb.eore 1.18 define 

The 1'1 t w111 define will 

axagon is t 'J.Il.LD.,uby t h Ix 

ra1lel 11 a i jolnl t e 

aob or t 81 lnts vertex and 

each 0 .lx lines b a .1 • Ah 

denoted bY' list! the a1 oint c it. ce. I 

tb.e Ol"der on t procee·dl around t 

p tel" ot th ne.xagon 00Ll1 ted 

123456 If tbi8 va. c t 

vertic ot It as 1.1 Droceeded neT".:Lmet • On, 

ahou1d note 654321 1. just another n tor the hex, 

12345u. 

Th. n term w e lnt t In i8 ooposite aides 

of a he ce t r will probably all" have an 
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Intultl idea of w this t s, probably the easlest 

it 1. to tell how to t ·the ODDos1 

s1des of a hexaKo starti n a.ny .1 bet n vel'tlces or 
a hex 

way to d 

nd ceedi arou: t p ter, count1n~ each 

vertex 88 p tnro it, .1de between and on the 

third and fourth tl l' ltd pOlite the alde rro~ 

whtch you It d. r an a le, consider the 

123456. To:rl t aide opposite aide 12, start on that 

,.1 _ nd the t count log each yertex a. 

ould p888 tOT"onanou pas. tnrou'lD it. flrst ver 

in one C88e Id b lnt 2, t Id be t 

point 3, the third 'weul e t lnt n fourth would• 
be the point 5. bus, the Ii oslte Ilde 12 uld tn.e 

eida on t oInt. a 5. In tn cond csse, the :rirst 

vertex yaa would pas. tbrough would be the point 1, tne 

second would be the Doint 6, the thIrd the poInt 5. and the 

rourth the point 4. Therefore. the sIde opposite alde 12 

would be the line OD the pointa 5 and 4. Since accordina t 

A.4" two poInts determine at most one ~lne., this aIde 18 the 

aame aa the stde obtaIned In the first caee. We will now ue. 

theee definitlons and prove same additional tneo~ma• . 
T.IO. The opDoslte aides or a hexa~on intersect In a 

poInt. Let U8 call the two parallel. llnea 123 and 456, aDd 

conslder the hexa~n 1$3426 which they determine. By our 

definition of opposite aldes we know the side opposite tae 
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side 15 18 tbe aide 2u • A.2. that 1 

1. side 2h has a third point 

the Dolnt 1, which 1. not 

llnea on it, theae bel 

whicb 1. the alde 34 at t 

t 

1 

I1n 

olnt 7.. C 

Int 4 
7, 45v, 

1 

e on 

line 

e 

1~ wethe line whlcb 1s tne 81 

and :3 11 1s dlction 

or A.4." t r. 

exactly three 11nea n on an: 

oInt 1or the three l1nea on _ 

11 not joined to point 4. by 'l.2. 81'8 tly ,one 

point an a 11ne Dot joined to 

conclude tbat point 7 on 1 

owever, oo1nt 1 1s alPHRov 

line 123, the l1ne wh1ch i. t 

the l1ne whiob 18 the slde 15 

tbat there are exactly t 

conclude that Dolnt 1 Is on i 

n Do1nt 1. 81 

poi tt, ,y A.2. t cannot on I 

11ne. Loo 6, 1t 1 to 

the polnt 1s also .101n to ene 

oint 2 t 26 o:f t tl8JUlgOU. 

Tbereto _ 6 1 to two Dolnt. ot 

the 11ne 2117, we w .2. t t Dolnt 7 cannot be joined 

1 
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.12. Tha three poInts determIned by the lnter.eotton 

t the opposIte sides or a nezagon are all on the lame lIne. 

Let UI consIder the two par&11el I1nee 123 and 456. which 

determine tne haDRon 153426. By T.10. w. know that the 

lInes which are tbe opposite sid.a 1, and 24. 16 and 34, and 

26 and 35 each have a poInt 1n oommon, and by T.11. we 

that each ot theae poInts 18 dl8tinct. Let the point 1 11. 

on the 11nea which are t h.e aides 1$ and 24 or the hexagon, 

the Dotnt 6 lIe on the line8 which are the aides 16 and 34 ot 

the hexa~on, and the point 9 lIe on the lInea which are the 

Ildes 26 and 35 of the hexagon. ListIng allot the 1tDes 

which we have 10 far,' we aee that we have the lInes 123, 4..56, 

157, 247, 31l8, 168, 269, and 359. Now lookl~ at tb..- Dolnt. 

7 and the lin. 348, we 8ee that point ) lion the lInea 123, 

348, and 359. Since point 7 18 not on any of these 11nea, 

we can oonclude that potnt 3 18 Dot joined to point 7. By 

T.Z. we know that only one poInt on a lIne Is not joined to 

a poInt not on that line. SInce point ) il not Joined 

lnt 7. then poInts 4 end 8 on the lIne 346 must be joined 

to the Dolnt 7. Of oourse, we already know that the Dolnte 

q and 7 11. on the line 247. Howeyer, pointe 7 and 8 do Dot 

118 on any or the eJt1stlnR lInea. and there muat be Got 

11ne joinl~ these two points. By A.2. we know that the line 

joinIng the point 7 to the point 8 ·must have another pol-nt, 

eay point X. on it. Thi. gives us tbe lIne 78x. Nov, 
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looklna at the point 7 and the l1ne 359, ve remember that it 

haB already been 'shown that the Dolnt 3 18 not joined to 

polnt 1. BY T.2. ve know that only one Doint OD a line 11 

Dot joined to a polnt not on that line. Slnce the polnt 7 II 

'ot joined to tbe point 3 on the 11ne 359, then it must be 

joined to the polnte 5 and 9. We already know thatf 

Ints 1: and 5 are on tbe l1ne l51~ However, none of the 

I1nea which we bave 11stea a8 exlsting 10 far bave the polnt8 

1 and 9 on them. Tberefore, there mult be another I1ne which 

joins the point 7 to the polnt 9. By A.2, we know that every 

line hal exactly three :Doin-te on it, and thul there mUllt be 

another polnt, say point Y, on tbl. lIne. Tbi. Rlvel UI t 

11ne 79Y. Now eitner the lInea 19Y and 1Bx are the eame line 

or they are not. A8sume that the two I1neB are distinct. 

Tbe~ the poInt 7 baB tbe tour line. 157, 2q7, 791, and 7 

on It. Thi8 1e • contradiction ot D.2. Therefo~, the two 

lines 79Y and 78X must be tna se.me I1ne.. Sinee by A.2. we 

know that every line has e~ctly three Dolnts on It, the 

three Doints on this l1ne must be toe Dolnta 7, 8, and 9. 

bese three nointe are also tne intersections of the oODos1te 

sldea or our hexagon. and thuB we have proved that our 

theorem 1. true • 

•13, There ex1.t etl n1 pointa. B7 £.1. we 

know there ex'18tl at least line, d by A,.2. we know that 
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ezact1J three poInte. say points 1. 2, and 3, on 

it. By T.7. we know that tbere is at least one line pus11el 

to line 123, and by A.2. we know tbat there are exactly three 

olnts, lay points 4. 5. and 6, on it. By the definition ot 

a hexa20n we know that tbese six points determine a heX8~on. 

8ay nexagon 153426. By 1.10. we know that the opD081te aldes 

of a hexaRoD 1ntersect 1n • point, and by T.11. w. know that 

the point. ot Intersection for ch pair or opposlte sldes 

of a hexaaon are dl.tlnct~ Slnce there are three palrs ot 

QDDosite atdes In a bexa~on, thls gives UB three more polnts, 

8ay po1nts 7, 6, and 9, wbere point 1 18 on the lines whlch 

are the side,s 15 and 24,-' point 8 1. on the 11nes which 

the Bide. 34 and 16, and point 9", ,18 on ttl. 11nes wblch ar 

the sIdes 35 and 26. By T.. 12. we know that the thNe polnt. 

7, 8, and 9 are allan tbe same 11ne. Lookina at what we 

e 80 far, we Bee we have the nine polnt. 1, 2, 3, 4, 5, 6, 

7, 8, and 9 and the nlne 11nes 123, 456, 157, 247~ 348, 16u. 

359, 269, and 789. We no~ know that there exilts at least 

nl'ne Dolnt •• Let us show that we cannot have marte, tban n1 

po1nts by aS8uming that there 18, a tenth po1nt, say po1nt o. 

D.3. we know tha't there lDUet be at least one 11ne which 

oint 0 is not OD, 881 line 123. By T.6. exactly two Dolnta 

on ltD. 123 are joined to the point o. However, ever,y Dolnt 

on line 123 11 already on three I1nos. Dtle to thia fact, 

joining poInt 0 to any poInt on the 11ne 123 would cause that 
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point to b four 11n on it. 1. is a cont~adlctiQn ot 

D.2. hereto ur a88 tion must talse. Since we 

tlave own that t 8t 1eaat nl olnt. and a180 

that t can be no more than nine Dolnts, we 0 conclude 

that our theo whlcb stat t tbere are ctl,. nine 

points is troe. 

1'.111. There e%let exactly n1 11nee. By A.1. we 

ow that t 1 least 0 line, and by A.2. we 

kn.ow tbat t re exactly tnre poInts 1, 2, 

and 3, on it. T.7. that the~ 1s at 1 tone 

11ne parallel to 11ne 123, and by A.2. we know that tllere are 

exactly tbree points, say pointe 4, S. and 6, on It. By T.9. 

we know that tbese 81x Doint. determine exactly .ix llnea, 

and by the definition ot a b.xa~on we know that these s1x 

11ne8 ape the aid.s of the bexap.on. Let us call thls the 

aexagon 15'3426. T.IO. ve know that the opposIte aides of 

a hexa~on Inter.ect in a point, b1 T.ll. we know that tbe 

points ot Inter Ion are distinct. Since there three 

pairs of opposite sides In a he~gon. bhl. ilyee us tb~. 

Rave ao tar, we eee that ve h t nlne I1nes 123, !,S6, 
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359, 151, 247, 348, 168, 269, and 189,. Thus we know that 

t. be at leaet nine linos. Let U8 now .how there can 

be DO more than nine lInes by 8.J!lsum1ng tbat a tenth 11 

ext.te. We know by A.2. that theN are enotl,. three poInt., 

lay polnt, X, Y, and Z, on tbl, line. By A•.3. we know tl1at 

there 18 at lea.t one polnt, .ay point 1. wbich 1, no~ on 

thl. lIne. By T.5. we know tbat polnt 1 Is joined to ezactly 

two Doints on line XYZ. Rowever, poInt 1 1, already on three 

lln.a. and joining it to anl of tbe polnts on l1ne XYZ would 

cauee there to be more than three l1nea on point 1. Ttl1. 1. 

a contradIctIon ot D.2., and we CBn conclude that our 

assumptlon 18 ralse. trheretore,._8Ince we know that there 

exist at least nloe 11nes and at the same t1me that 

oannot be anY more thBn nlne I1nea, we can conclude that 

tb,ere must be exactly' nIne 11nee and that our theorem 1. 

true. 

!.15. There are no more than two dl.t1not lIn•• 

parallel to a tbird I1ne. Let U8 start by aSllumlMthat 

there e thri 11ne8, which 1, the I as laylna that there 

are more than two l1nes l1e1 to our g1ven line. By A.2. 

know t ba.tour J( 1van l.1ne lIon ctll tt: olnts. a
 

the points 1, 2, and 3. Let ua call the three linea parallel
 

to lIne 123 lIne a, I1ne b, and line c. By T.a. we ow that
 

lIne a d 11 b cannot baye a in common. In t • 
manner, ve CBn Inow that the 11 na lIne 0, and l1ne a 
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d l1n c c 'V no point1n re, w e 

co lud t t linea a, , d c nave no polnts In 

CODnon. fj1 A.2. we know l1ne a t on exactly tnree 

points, line b must be on oint_. and line c 

at be on e~ctly three points. these three lines 

ve no pointe 1n common, t at be a total of nine 

olnts on thew. lu the three point. on 

line 123 to 1 Is 1s a contra

diction of In Is HCL"fHOre ralse and 

our ttl.orem 

1n p 11e1 

8 at 

.15 we kn 

a11e1 

t1y two 

use 

will 

.. It l.zot 

wn 

fo •• 

i st t 

inter ctlon of t 
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A T 

In the last t~10 o h us to 

reo%' nt points an oups of numbers to repr nt 11n • 
In t g tr hlcn we out to Inve~t12Bte 

olng to use cap1tal letters t Dolnte. A Itne 

will elther be reoresented by a of let 18t1 the 

olnts on the 11ne or by a 1 c 1 r. A18o, beroN 

setilng up our axiomatio .yst it wl1l c !"1 to 

define two terma. The8e t • pol d Dola%'. 

A polnt P 18 called a pole of a line If and only 1t 

polnt P 1. not join to any point on line p by a line. 

A I1ne p 18 lIed a poLer of a point P it and onl 

if 11ne does not t any 11ne on point P In a polnt. 

The reader wll1 note the u of the same letter to 

denot be pole of a 11ne or the polar ot a point. Thi. 

pract1ce wlll be continued tnrouRoout tbl. chaot 'tth the• 
two additional t • and t different notation, w now 

ready to Bet our 10matlc 8y • 
A.l.	 A point 1. on a Ii r only if the llne 1. 

on the polnt • 

least one line..l.2. 

A.).	 There exactly t:rlt'eA distinct points on every
11ne. 

A.4.	 Every llne has exactly one pole. 
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A.S.	 Ever, poInt bas exactly one polar. 

A.6.	 Ir a polnt P 1s not on 11ne x, but Is joined to 
a point on lIne x by a lIne m, then poInt P Is 
joined to exactly one other point on 11ne x 
a line n distinct £rom 11ne m. 

Invest1~atl~ to see it these axioms are consistent, 

we look at the model 

BODEFGHII 
I B J A C 

DIFAGB 

where once In tbe letters rep ent lnta d the col • 
represent 11nes and .ee that 0 8atlatied. 

Inspection will also show us t our a a are independent. 

!;'etOH trying to prove the duals of our axIoms, let us Drove 

some theorems that will make the proving of our duals easIer. 

T.l. A point P 18 a pole or a lIne p 1f and only It 

the 11ne D 1s a polar or the point P. SInce this 1s an it 

and only it theorem, the proof must be dIvided into two 

partee To prove a point 1s a Dole of a l1ne !f the I1ne 18 

a polar ot the point, we assume t~e lIne 1s not ~ polar of 

the polnt .. Thon by our det1n1 tlon of a polar, the Doint and 

olnt on the lIne are joined by a lIne. This Implies that 
) 

the Doint 1s not tbe pole of the line. Slnce ttl!1I 111 a 

contradiction of our condition we oan conclucre that our 

assumpt10n was 1'81e8" and tbat 1£ a poi_nt le a pole or a line 

the line 1. a polar of the Dolnt. The second part ot our 

proof reade, if a 11ne 11 a polar of a point, then the Dolnt 

1. a Dole of the line. Once a~ain we aSliume tbat the Dolnt 



'1.2.	 Ii" a Int P ls t to two points on a 

~int 18 1 ne Once aga1n, we• 

1n polnt 1s no a pole of line Pr ~.L'nen 

oint l' 1. joined to 80' oInt, on I1n8 p by t 

de/lnlt1 of a pole. olnt P n • two Doss1bl11tles. 

Bltber it 18 on li or lt i8 t rt1na: witb 

the Pint DG881b111ty, w w D1 ",). that there mu8t be a 

third Dolnt, 881 point Y, 11ne p. Ttlen polnt P 11 joined 

to ooint Y, slnce t aame 11ne. Thl. contra

'diets 0 88 lon, all the first of our C88e8 th 

stobllshed. If olnt P 18 not on line p, we 

al w lt 1 ct to one Doint on l1ne p. 

He A.6. olnt P st be connl!tct to a 

second lnt on 11ne p. nls contradicts ou 8S tlou, 

and .s we bave craved It r cases, our ttleo at 

bet • 

•3. a poln ot; j than 0 line. 

t 

A e t t 1"' A and	 B, cll 



44 
determine two 01' mOre 11n... Then there are at leallt tv 

linea on tbeae two p01nte by our assumptlon, say 11n•• m and 

n. .By A.4. we know that 11ne m hall· a d11t1nct pole, lay 

polnt M. HoveveJ', .lnce po1nt M ls not joined to polnte .l 

and B of 11ne n, 1t mult be a pole at 11ne n b,. T.2'1 Tnen, 

by T.l. 11ne8 m and n are polar. of polnt M. Slnce lIne. 

and D are d1,t1nct, this i' a contradlct1on ot A.5. T 

tON, 81nce our assumpt10n leadllUB to a contradiot10n, It 

8t be tal•• , and thua our theorem 18 ~r~v. 

T.4. It. point P 18 a pole of line p, BDd a point Q 

18 a Dole at 11ne q, and i,r polnt P .1s 'on line q, then polnt 

Q 1. on 11ne p. W. know .t'rom our hypotbesee that poInt P 1. 

on 11ne a. From A.3. ve know that there exl.t exactly tvo 

more point. on 11ne q, lIa,. polnt. A and B. Al.o trom our 

bypotb.e••• , we know that polnt P 1s a Dole of Ilne D. '1'nerB. 

tore by A.4. polnt .l oannot be a pole ot 11ne .,. 

point A 1. joined to .ome poInt on 11ne p, lay point X, by 

ou:r detinition ot the Dole ot a 11ne. Also, by .1.6.• point .l 

1, joined to one more polnt on 11ne 'P, 8ay polnt Y. ~ A.3. 

we know there 1s a tblrd polnt on 11ne p, sa.Y' polnt Z. Slnce 

oint A ls already joined to two poInte other than Z on line 

p, we Know by A.6. that point A 18 not jolned to poInt ~. 

From our derlnitlon ot tb.e pole or a line we know that polnt 

P 1. not jolned to point z. ~hu. by T.2. ve know that point 

Z must be • Dole ot line q. BJ A.4. we know that every line 
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baa exactl1 one pol. and polnt Z 11lU..t be the same Dolnt aa 

the point Q. Since point Z is on 11ne P. we oan conclud 

that Doint Q 18 on line p, and we bave ~roved our theo~~~. 

'l.S. If polnte A, 8, and C are on 11ne 1, th 

polare at pointe A, B, and C are on point L whicb 1. the Dole 

or l1ne 1. B7 our hypothes1. we know that point,. Ai B, and C 

are on line 1 and also that polnt L 1. the pole of line 1. 

hen by T.4. we know t~at the polar or point A ls OD polnt L. 

Ina like manner, we can prove that tne polar of polnt Band 

the polar of point C are also on point L. Therefore, we can 

conclude that the polars or points A, B, end C are ell on 

oint L~ and that our'theorem 1. true. 

Now we are ready to write and Drove the duals of our 

a.x10Dl8 11 However, before we can wrIte the dual. we mU8t 

determine what the dual or a pole and the dual or 8 polar la. 

If one writes the dual of the definition of 8 Dole, he will 

di8cover that It 1s the definition ot • Dolar. Tnu8 we caD 

conclu that these two warde • • dual ot each other, and 

we can w wrIte and prov r d e. 

D.l. A line 1_ a .Dolnt it' on17 1f tne lnt 1. 

on t 11ne. Th18 1. Ju~t a tat nt of A.l., a: thereby 

we know that it Is t • 
~1 1 olnt. A_.2. weD.2. 

w t e t A• .3. we t 

tber r, C1ily olnts on e l1.ne. llhe ore, 
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.1.1. '1 pol etl 1 • nee thl 

1~ statement .5. , 1t 1a t 1"\18 • 

.5. B olQ. Is 18 

exact l' t of AI'IlI' sneed.. no er proof. 

0.6. If' a 11 a polnt , t ts a 

ltoe on X on a lnt ctly one othel" 

I1ne on Dolnt on a int II diRtl t fro oint e• 
know that Doint 15 no n 1.i p also that t 01.nt 

1s j01n to point 1 111 on 11 '7 0 'ur•
 
tion. our definItion ot j01n, tne t at 

11e on so .y .11 8. ore, by A.6. Int 1s 

,jolned to o oint another 11ne, 

'8ay l1ne t, dl lnet r llne II. Let us call this tb oint 

& olnt N ct 0 would e a• 
ntradl of T.3. , o e 1 that 0 

:ual 1. U,L-I"U;J'. 

'v 1iI' ru ual.lI of all ou ",tIo , 
we can eoncl that 0 t propert1 ot'•
 

l itl_, fore vi theorem.. , let us de fin 

aCldltlo 1 te .. h vl1:L De a 

trlan~le. A trian~le c lets of t lnts not all on t.
 
11n t 11 not all on the 8 olnt aueh that 

each of th 18 on ctl o 11 and each of' t 

11n 1 n exactly two lnte. e called 

vel"tlce 11 call ides. ,A tr1 Ie wl11 oe 



t three vertices In nRren sell. hus, th 

h vert1o. ttl, DUJ.lll"S A, , d Q would 

ot (ABC). A trl le Ie 1 b ative t • 
oint C 11' d only 1~ ita ~h~99 vertlc•• t three 

l1nes On Dolnt 0, wttb e~actly one yertex on each lIne. A 

tri le Is ld to b t 8 lIne c it d 1,. 

It Its e 111 are on e inta on lIne c, wlth 

atl,. one e1de on ch DOlnt. 

T.6. If two di.tInct pointe not j01ned by a line. 

ttten ch l1e8 on tbe Dol of t tner. t QB call the 

two inct t. lnt P Int na the lIne hlcb 

8 lars 0 o 1 lIne a, respect! y. 

Let first 1111' t 1nt Q 1. on 11n bY' a a no: that 

it 115 not, and that 18 &tlsUD1Ption 1 8 to a contradIctIon. 

our hVDoth • we IW oInt P 111 a Dole or 11ne p. 

A.q. poInt Q cannot be a pole of lIne • Then, '1 the 

init lon of Dole, Int Q et joined to so oInt, $8y 

nolnt H, lIne b7 a lIne, 11 ~. By T.2. we c 

concl that lnt P 1. a Dole ot l1ne x, e It 1. not 

joIned to e1 oInt R 0 18 lIne. Stnce 

poInt Q 115 on lIne ~ and poInt Q 1. not on l!ne p, then lIn 

x and line p are two dletinct lInes. By T.l. line x i8 a 

polar of point P and 11ne p 18 8 polar of point P. Thi. 

1ves U8 two distinct 11nes which are polara or the I 

poInt. ThIs 18 a oontradle~lon of A.5, 'J.'tlU.., we can 
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clude that Dolnt 1. on 1_1ne In nner, we• 
caD e that lnt P 18 on 11 Ther-e1'oN. we have• 
proved that our theorem 1. true. 

T.l. Every point ha.8 eu 1y t tt-l 1e8 por-.,ec

tlve from It. By D.2. we know t t tnere en.t. at· 1 t one 

point, say Dolnt P. that re e ctl,. 

three l1ne8, ••y 11nea a, n 'Dolnt p. By A.3. we 

know that lIne a baa two at te on tt,s.y polnts D and 

B. Slnc~ po1nt D 18 on lIne a, Dd line b 81' 

joined at polnt P, then by A.6. olnt D muet be 

joined to exactly one other point, lnt Ii' on 11ne b. 

In the manner, we 0 Int D 18 joined to 

exactly one 0 r point, .ay lnt n 11n • Alao In the 

s manner, we n .how that tnt 1. joln to ctl)' 

bel' pOlnt, • lnt H, on I1ne c. W UJ.d now 11 

to show that point G and point Hare ttle lame point. Let 

do tnls by &88u.'ll1ng: tnat they are not the aame point. I NOV we 

have tbe tbree 11nes I1ne b, the 11ne joln1nJt the-

the polnt E, and the l1ne jolnlng the polnt F to the poInt H, 

allan the point F. Let us show that tbe~e are tnr 

l.tinct llnes. It ttle line ,forning the po1~t D to the point 

F 111 the same a81_I~e b, then point D 111 on 11ne band D1' 

'1'.3. we know ltne a and l1.ne b are the eam8 l1ne. Thi. 18 a 

contradictlon and tberero~e, we.know that lIne b and the line 

joining point D to the point F' are not tbe aame- line. In the 
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diltinct. Let UI aasume tn_at 11ne joln1n2 the Dolnt D to 

the point G tbe 11ne j01 e Do1nt D to the point 

are tne S line. Then point 18 joined to all t 

polnte on t • 11ne. ThIs 18 contradlc1;lqn ot ••6. and 

therefore t two t 121tlnct., In tne s 

manner, we can anow tnat the 11ne jo1ninR the Dolnt D to tn. 

oint G and tn. 11ne jolnln~ the point F to the Dolnt G .1'e 

dlstlnct. Theretore, tne po1nts D, F, and G are the vertice. 

ot • trlanp:le. To Ret the lIecond triangle persDeottve iN) 

the Dolnt P, the readel- will remember that there i. a tbiI'd 

polnt" point :8, on line a. Followlna the above DrcO 

1n will Rive us the second trlanRle Derapeotlve trom tbe 

oint P. Thul, we can 8ee that our theorem la t~~. 

T.8. If two trlangles are perspectlve from a point, 

theY are DeraDectlve from a llne. B1 D.2. we know that t 

x18ts at leaet one Do1nt, aa1 polnt p. and by D.3. we Know 

that tnere aPe exactly ttlNe I1nes" ear 11nes 8, b, and 0, 0 

oInt P. By T.7. we know tbat there are two tr1angl~a, S8Y 

(DEF) and (GBI), wIth polnts D and G on llne ., 

pointl E an-dB on I1ne b, :and points F and I on 11ne c. 

Point I i8 jolned to polnt P an~ also to po~t a, both on 

line a. Therefore, by A.5. we .know that Dolnt I 18 not 

joined to point D on line a. Allo point I ls Jolned to Dolnt 

P and to Dolnt H on I1ne band. theretore, by A.5. 

that It 18 not joined to point E. Thus, by T.2. we know that 
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pol I 1. a pole of the line joln1 olnt D to po1nt E. In 

the s ma t e oan .how that point ls a pole ot the 

11n. jolnl tbe point a to the poInt B. Let us call the 

pole ot 11ne c polnt 0 and the pola~ ot po1nt P I1n. p. Tben 

by r.s., .lnce polnt. P, F, and I on 11ne c, the 11ne p, 

the llne which join. the t G to the polnt H, and the 11ne 

wbich jolns the polnt D to e olnt K a~e all on the Doint 

C. In tbe 8ame manner, we w t 1t Int 1. th 

pole of llne b, t ttle l1ne D" tne lob joln. th 

polnt D to the poInt nd leb joina the point P 

to the polnt I are all on Dolnt Also, we can ahow that It• 

the polnt A 18 the le of 11 a, t t 11ne p, the 11 

which j01ns the polnt E to th Int P, and t I1ne whlcb 

jolns the polnt to the polnt I all on polnt A. ow 

.lnce point A, polnt S, and point C are all on 11ne p, we 

could concl that the two trla~lea are perapectlve tro 

a 11ne It these three polnt. are distinct. Let ua show that 

the" a~e diatlnct 'by aasuming that twoot the polntl!l. 8 

lnt A B,nd Doint B aroe the same polnt. T1:len we know that 

thl. poInt la on the l1ne P. the llne wblch jolnl Dolnt B to 

olnt F, the line wblch j01n. point H to polnt I, the llne 

lch jolns the polnt D to tbe point P, and the line whlc 

joins poInt G to point I. Tbu8, the point 18 on flve 

distlnct l1nes. Tb18 18 a oontradiction of D.). Therefore, 

the D01nt A and the Dolnt B cannot be the same Dolnt. In the 
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a DlIUlDer, we can prove that all t or the poInts are 

diatinct t Thu., we can conclude tbat the two t!'1an~le. are, 

per8pective from a line and that theorem 18tNe. 

T.9. There exiat exactly ten poiRta and ten line•• 

By D.2. we know that tbe~.ex18t8 at least One point, say 

point P, and b7 D.3. we know that tbere are exac~17 tnree 

11nes, eay 11nes a, b, and c, on point P. By T.7. 

that Doint P haa two trlanale., say triangle. (DBP) a, 

(GBI), perspectiye rrom it, with points D and 0 on line a, 

oints Sand H on 11ne b, and point8 F and I on lIne c. nQ 

T.8. we know that t~8 lIne which joins point D to Doint I and 

the 11ne which joIns point G to poInt H have tbe poInt C in 

common, where point 0 1s the pole or line c and 1e on the 

line P, wh1ch ie the pol or Dotnt P. Similarly. the ltne 

which jOin8 the point E to the point F and the 11ne whlch 

j01n8 the point to the coint I have the int A 1n on. 

nd 11ne which joln8 t point to t point F and t 

line wh1ch j01ns the point G to tae point I have the potnt B 

In common. We aee that we now bave tbe ten polnta A, a, c, 
D, E, F, G, H, I, and P and a180 tne ten 11nea POG, PBS, PFI, 

ABI, 00I, eRG J OF'. BD?, COE, and ABC. We now know that 

there mU8t be at lea8t ten points and ten 11nea. Let ue ahow 

that there can be no more than ten point a' by s8sumln« that 

there 18 an el~ventb point, flay point Q. SInce everyone ot 

the ten linea that we have 80 far alread1 baa th~e pointa 0 
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It, th by A.3. t poInt c t on any ot 

he A.5. point &!I onlY 0 01 ,a. 

t be jol to at one of tn. 
lInea, a , that alFllso'l t. t the ooint A be 

t oInt t 1 line ABC 1 poInt Q. T olnt 

A has the lInes ABO, A , , t 11 j oint .l 

w 

to point Q on it. 18 1. rsdlct1.on of' D.3. Tnue, we 

know that t c ot lit t polnto. Let u. 

now ,how that there can be no o~re t ten lInea by Qssum1n 

that there exists 8&.& ....'W'" .....\I~ ........ 11 q. Inee ev 

one or tne ten poInts 1s already on 1 , 18 line 

cannot be on any of the ten Dolnta. A.4 •• slnce every 

11ne baa only one pole, then at leaat ot the potnts, aay 

oint A. must be joined to line q. Thue, poInt .l baa the 

11nea ABO, ASP, AUI, and the 11ne joIning polnt A to the 11ne 

q on 1t. Thi. 1. a contradiction or D.3. AS we nave 8 

that there muat be at least ten point. and at the same t 

there cannot be more than ten points, we can conclude that 

there must be exactly ten pointe. Llkew18e, Blnce we nave 

shown that there must be at least ten linea and at th 

t1me that there cannot be. more than ten Itaes, we can 

conclude that tberemuat be exactly ten line8·. TheretQr'# , 

ve can oonclude that our theorem i8 t~ww. 

I~ the readepwill follow tbe steps uaed in prov1 

T.8,. u8ing them 88 the .tepa involved tn 8 construction, he 
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VI 

RY 

In this t.heals- we have presented ,some ot the 

lea of an axiomatic 8,stem and then Inv&etl,;c,ated three 

tries 1n the 11gbt or the.e properties. 

ch geometry hal bee~ developed to tne pOln~ vnere It WQB 

ven to be finite .• However, it did not seem feas1ble to 

t~ree point. on a 11ne. Tne zoe are many 

other axl.omatlc I,..tems InvolvlM a .ditterent number ot 

pOLDts on a line. Some of these may ule one of the .et. ot 

axioms which we have u.ad and juet Ch8IUte the axiom. or 

.x1oma deallng with the number or polnt. on the l1lle. Other' 

will uee an ontire new .et ot aA4om. and arrIve at anotner 

fin1te aeometry. 

8y w ot coccludl with the t 

aeomet,..le. that we have lnveatlnated_ let u. 1 i1.t the ano 
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followed by allot the duala and theore vh! we have 

proved	 to be true tor ch ot our sxiomatic .ysteme. 

THE SEVD ponrr GEOMETRI 

A. 1.	 Two pointe det~rm1ne 8 line. 

A. 2.	 Two point. deter~ne at moat one I1ne. 

A.	 3. Any two linea have :at leaat one po1nt 1n 
common. 

A. 4.	 There e~iatl at least one line. 

A. S.	 There exi.t at leset three p01nt. on a line. 

A. 6. Bot all points are on the .a~ line. 

A.. 7. No line i. on more than three points. 

Two 11ne. dete~1n. a point.• 1. 

D.	 2. Two lIne. determine at moat one point. 

Any two point. have at les8t one line 1n• 3. 
common. 

D. 4. The~ exists at least one polnt.
 

D, 5. Tbere exist at least three linea on a point.
 

D.	 6. Not all 11nes are on the aame point. 

No point i8 on more than three I1nell.• 7. 

T. 1 .•	 Two polnt. determine one and o~11 one line. 

T.	 2. Two distinot 11ne, determine one and on11 one 
point. 

T.	 3. Bvery line containa three and only three 
point•• 

T. 4. ary ooint 1s on t d only tore. lines. 



59 

oint. 

not on it, there 
leb 1. not 

• 5.	 There exist three Dolnte not all on the s 
11ne. 

T.	 6. Tbere exIst tbree 11nes not all on the s 
polnt. 

T. 7.	 T~ere exist at l.ast seven polnte. 

T. 8.	 lrbe~ exlst at least seven l1nee. 

T. 9. There exist no more than aeven point•• 

T.IO. Tbere exll!1t no more than seven linee. 

•11.	 T~ere exist exaotly seven point•• 

1.12.	 There exist exactly seven lin~o. 

POIRT GEOMETRY 

A. 1.	 T exists at least 11ne. 

lIn	 ctly three inte.A. 2. 

A. 3. tall lnta on t a 11ne. 

A. 4. o diatinct pot at tone llne. 

A. 5. ivan a line on 1t, tb 
xlsts a 1i 

notd 
j)olnt wbleh II n 

point in c first l1ne. 

A.	 6. Given a 11 

common
more 

it, there 
e:d.st. not tb.e gIve 
polnt wbicb ba. with. to 
first line. 

A.	 7. Given a point 
exist•• point 
on any line wi t 

A.	 8. Given. point and a line not on it, tb 
exi.t. not more than one point on the given
11ne which II not on any 11ne wIth the f1rlt 
point. 
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D. i. here e,xiats at lea,at one point. 

• 2. 'I!Y point 18 ctly three lines. 

D. 3. t all lines are on the s point. 

D. 4. Two distinct lines det b lit one point. 

not on It, there 
line wh1ch haa no 
t point. 

D. s. 

D. 6. Given a point 
ensts not mar 
line wblcb baa 

l1ne t'8 
iven 

the tlrlt 
point. 

not on it, there 
exists 

D. 1.	 Glv 
oint whIch 18 not 

on an lIne. 

D. 8. Glyen not on lt, there 
8z1st line on the given
point '1 Doint wl'th the first 
line. 

point not on it, there 
ex18t 

"f. 1. Giv 
line on the given polnt

which In common with the firat 
11ne. 

line not on tt, there 
exlst
Given a 

tnt on the given line 
lob line wltb the first point. 

T. 2. 

T.	 3. Given a point and 8 11ne not on It, there 
xlst at least two lines joining tbe point to 
ointe on the line. 

T.	 4. Given a point and a line not on tt, there exilt 
no more than two distinct lines joinlna the 
point to pointe on the line. 

T. S.	 Given a point and a line not on it, there exiat 
ctly two di.tinct lines joining the point to 

oint. on the line. 
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T.	 6. Given a 11ne and a point not on it, exactly two 
olnte on the line are joined to the flrst 
oint. 

T.	 1. Every l1ne hal at least tw~ dlet1nct llnes 
parallel to it. 

T.	 8. It two l1n08 are parallel tOB third 11ne, they 
re parallel t 

T.	 9. The six pointe on two l)ar611el 11nel d.etermine 
exactly 8ix 11nes. 

T.lO.	 The oppoElte sides of a hexagon determined by 
two parallel lines intersect in a point. 

T.ll.	 Tne pointe ro~ed by tbe InterBection of the 
opposIte sides of a hexaROD are distinct • 

•12. The three points determined by the intersection 
of the opposite aides of a hexa~on are all on 
the same line • 

•1). Tn exist exact1 1n oints. 

T.14.	 Tbere .xilt exactly nine linea. 

T.15.	 There are no more t o distinct linea 
parallel to a tbi~ line. 

T.16.	 There are exactly two distinct l1nea parallel 
to a third line. 

THE T	 POI GEOMETRY 

A.	 1. A point i8 on a 11ne if and only if the lIne ls 
on the point. 

A. 2.	 There exists at 1esst one line. 

A.	 3. Tbere are exactly three distinct points on 
every l1ne. 

A. lj.	 Every line has exactly one pole. 

A'. 5.	 Ivery point has exactly one polar. 
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A. 6. 

• 

to 
1. 

x b' 

D.	 1. A line 1. on a Bolnt if 8n~ 1,. It the Dolnt 
18 on the line. 

point.D. 2.	 T 

distinct lInes on every• 3. 

D. h.	 Every polnt has e~ctly one polar. 

D. 5.	 Every llne has exactly one pole. 

It a 11ne p 1s not on a poInt X, but 1. joined• 6. to a 11ne on X by a polnt H, then lIne p ls 
joined to exactly one other line on poInt X 
by a DoiDt W dtstinct from Bolnt M. 

'l. 1.	 A point P 1. a pole o£ a l1ne p I d onl it 
the lIne p 1. a polar of the po • 

If a polnt P 1. not joined to two p01n~s on 8• 2. 
11ne D, the point P 18 a pole or 11ne p. 

T.	 3. Two points are not JoIned by more than one 
line. 

T.	 h. It a polnt P 18 a pole of l1ne p, and a poInt
Is a pole ot lIne q, and if point P 18 on 11ne 
q, then point Q 18 onlIne p. 

If poInt. A, B, and C are on l1ne 1, then t• S. polar. or point. A, B, and C a~ on point L, 
icb 18 the pole 

If two distinct poi• 6. 
11ne, then each 11e8 on the polar or the other. 

Every poInt haa exactly two 'trianales• 7. 

T.	 8. 
-

If two triangles are perapective from a poInt, 
l1ne. 

T. 9.	 There exist e~ctly ten points and ten l~e•• 
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It 1. intereetin~ to note, in conclusion, that many of 

the theoremswhioh we~e proved 1n the rtnlte geometries are 

also true 1n an infinite geometry. For e%8lllPle. Pascal'. 

Theorem 1n tbe nine point 8eomet~ and Desargue.' Tneor 

in the ten point 280metrv are two theorems wbich are true in 

rojective geometry,. Also 1n the nIne point ~gu.w.l:1IJ.·I' 

ve the theorem which states tbat if two lines are parallel 

to a third line, then tbeT are parallel to each otner. 

Since in moat ensee we live in a finite world ratner enan an 

infinite one, 1t 1s possible that many or the ideal used 1n 

a finite IDace could be used 1n our everyday world. 
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