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0 

1.1 Introduction. In th dB.y and age 0 

e-and more t 
, 

in 
.
 

cnanges haye caused tion to be direct 

to our nresont system 0 

thematic. fUld science 

condary 8obools. There i9 nt that our 

17 to thJ 

our 

nt to fit th 
I 

present educat1u~~ 

needs of 0 oh~ln,g; ti , but at , __"re is no 

etton of how "much the 

Until this• 

need to brin2 our 

ther into line with oeda of our times by 

roper17 p entlnR tb. rally aocepted Dro~ams of 

raIl)' 

is a, tsol 

1 

i 

ogrAlft1l 

tI'ob1 

t 

ra aRO. 

1.2 Statement.£!:!!l! problem~~- -Many ot the teachers 

tics in our hl~h schools have had little01" S 

or no tro tion tc­ ot o-oal1 o Sneots 

of t tics that ar 

or this the.i. is choo1 t r ot 

tinsr. to the theo of 

urpose 

mathematics 



1.3 ..- ....- ....- ...... .2! !l!! study. During the school 

ar	 ot 1957-58. tber re 1,037 teacbar th8P1atlca 

lc h Bohoo or Kana.I. l 1rst fear algebr 

:ti'WZot by 692 teacherill. PI 80met a8 tauP:bt by 

461 teacher.. Seoond '1 • taumt byZ79 

teaoher.. Tr • only 79 teacner. and 

o~ld	 '1 on1,. 71 It.aCr:lera. 2 

Durtna the 1957-58 .~hQQl year, ~1xt7-tbree per cent 

ot all enrolled t e w enrolled 

in first Tear a1 r"". cent ot all tenth 

2Ib1d., p. 17·. 
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11 geometry. Seventeen 

Uuaullo 01 in 

• n DOl' t of t Itth 1U.."B.ua 

e enrolled trigonometry or 801i4 

is o~.th18 t1on, it waS decided to 

t be used .a aupple­

to aUUQ'O~ our. All I, P 

Solid G.c.etry, and AlaibPa. II. 

1.4 o In ma.nl' me.r- ---=:=­
t are students uperior abilities, .~ are 

.pable of do r 11 beyond that wbic~ would be 

e cted the cIa .1 a Ie. Tbe t her of t:les 

ttt th1 

lnter­students t nrenared able 

t t'1.i9 time, ot aenerallyta into a 

.'thematic.. This can be done suc­

cessfnlly only if the teacher bal adequate knowledge of tbe 

included 1n 

UDJect matter involved. 

inr ,1;cIf 

detall in Chapter It. 

offerings 

, , 



4 
1.$ ~VVio ................
 material Dresent in 

II 1s ua.a"" 

in -­
81. 1. a180, givon to~ tne 

lona1 Council ot Teachers ot Mat~«matlc 

the Commission on Matbematics of t 

rd.S 

1 of Chapter. III. 1'1, aJid V has b 

loa textbook. 1n the general areas ot 
{ 

theory of oets, topology. and non-Euclidean geometry. S 

or the mat"ri.l bas e.l8~ been oondensed frOJ'l sueh boon of 

cal ~terest as R1ddlos in Mathematios bv Borthrop,6 

orlC: 

YorK: 

nce 
York, 

e Exam­

~atbematl0. (New.. ). 

( 

, 



$ 

~·1"t'tHI"',t !!f. 001.8nCO 18 Matheaiatics' b..-­1, 

,• 

ll!.!. Teaoher"" _V __~y_. .merioanll 

are .e BpaTOlopedia ..... ~v-.u.o.& .._ 

~"''''''1 bave tor toob.n1cal 

lntsroretat • 

1.6 QrJlaQi.-.ation .2! !h! theel_. Cbapter II places 

the problem 1n the proper perlpeot1ve. Modern trends in 

the teaching or mat~ezat1c. are discussed, and some of t 

prop~s&l. mad. by the C~1.alon on Mathematics nre 

presented. 

Chanter III Dr.sent. the rttndamental ideal of setu. 

The more cammon ~~ol. u••d in vorkln~ with seta are intro­, 
dueed, anti. t~8 meanlngs of tbe aJllbo1s ar..xnla1ned. Some 

• 

J. ~.dOA, 

"I Scbool," 

rt Robb1na. 

na~nema~10. 4eacDer, 

~ i.! 
pre.a, 194].). 

Ita I'lace in 
OctOber, 

. 
yand intuition," Sclentltio 

AJIler 

12 . lQlopedia Briv.uu.~a lO~T," Chicage, 1956, 
yo1. 22. 

~ologrn (Rew York~ 

, 1950), vol. 18. 
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188S deal1n~ with seta are suggested to bel~ fix t 

concec~ ana uee or aO~B in -
- - n1;. aaae 0'" the b~lIlc oon08l)l;B 0 

t01:)olon-.· ScaG of the .b'istpr1~al1J' tamaustOpological 

1r1Dlpl~icat1on~ are d.1aou~~o~. ~~e ques­

tions and eXDer~ta are p'~opo.ed to broaden the 

t1ma.late ~tei-eat In topol0tu, • 
. 

Ohanter V indioatea bow D9a~olid.an ge~etrY hal 

tics. A finite 

baaed on twenty-five P91Pt.. 1s deacribed. 

CbaDter VI .ummarl&•• the'~t.rial of the precedl 

chapter. and indicates the n.ed for tuPther atudy or modern 

ma.t ug.u-" ..."'•• 



CBAPT~ II 

2.1 Introduotion. In order to nut the material or 

tbis study in its proper ~erSpectlv., it 18 helpfUl to c 

sider tbe role that mod.-m ..thematic. i. !llay1ng in our 

cultUre. For many y-.r' mathemat~c. baa played 8 major 

nart 1n the app11c~tion and d.v.IQ~!Dt of the fields of 

pb78ica, engin.ering, 6Dd teohnology. More recent17, the 

use of lUtt1ellat1"cal m.ettloda bas be.n exnanded 1n the at'Dli­

cations to several areas, industrial planning, 

m.edioine, biochemistry, i08, .cciolo~y, philosophy, 

nd l1ngui8tlca.1 

2.2 propo The major ditfer­

1n the allt.bra t and the n~n~.ed algebra, 
oj' the ""rl~n"'A o 1 ir~.r.nce8 or cont 

of vi wl11 be shifted• 
from the lll!inlpula 11l1'Ab~ to a thorough 

LEM 

.. 
-Mathematics for tbe Future," 

• 
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rsta.nd1ng or thl fundament ide d basic 0113183. 3 

to aoo01lll) 18, the 4 langWlge of 

tbe tneo seta will be used l~ebP8., as 

alao 10 ~b••auen~ scb.ool thM ­

l'.18tloa. 

e t co t, in som. 

nal)~eJ'l III. 18 .1eauin~ar,. loaely related to 

1 to a varlet,. of 

r ~g~ua~ tblDK,ng. It 

18 i conerota or 

matheaat • 

2.3 Proposed cbange• .!El geoaetrx. The Commie.lon 

on Mathematics of the College Entrance E%amlnatlon Board 

haa prop01 ad cbanges in gecaetr,4 wh1ch, It adopted, wl11 

, .9,2- £.ll., py:. 43-4. 

Matbematics of thOl) College Entra.nce 
• ~., pp. 2~-e. 



, 
plane 

111 b 

9 

• 

tics, 

trle ideas and a 

a ODaJ.D 

Th.e 1'0 - • 

lon or congruenoe 

or six or eight 

ean tbeOrg••h 

iYeD to t t ot ~eo-

• synthetic metbods were 

2.4 SUJIIiIan. There vill be lIom8 ... jor ehanges in 

the teach1n2 of high 8choo1 mathematic. if the praoo'ed 

cha~e 'in emvtt'a.la 18 adO'Dted. It baa been freQuent17 

stated th.at the present programs fo:, the study Qt mathe­

ties	 in our 8oo~ndary schools are inadequate for th
 

6
,t culture. It 1s generally aocepted 

t the maln bcdy ot sUbject matt5r which ~II been stud1ed 

try wbic 

meth.oda 

rmerly 

e used 

, • oit., p. 44. 

61\;)14., p. 24.. 
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the ~a8t 1s still useful. and only such. tooics should be 

el1m1nated as now serve no aT-'parently userul p~ ..., ........... 

t1c. to the t.ach~ or ttl 

can not be broUg~t about without some dlf't1cult i88. On 

serious proble. 1. tbe preparation of teachers fer lnatnlc­

tlon in material which will be part or tbe revi.ed 

mathematios pro~am. ODe recent report by the National 

Counoil of Teaohers of Matb...tios sta~••z 

our high aohool te&Oh~rs should understa~ the role ot 

modern ..thematie. 10 our Boient/irio oufture. 'the te~, 

"modern ..tbe.at10.,· 11 u••d to d8.1.mate the content and 

oiDta of .1." of the Pfopo••4 new cour•••• Thoudl this 

odern math_tic. 11 not un1T.reall,. taught 1n our seoond­

ary schools 1!~C1a". the C!'P",b1e-' stlld8Jit. in our olass rooms. 
ld be ~lven the .Onportun{ty to explore t~.s. new fields 

a. rnr as ~,tme ~nd ab111ty will allow. 



~ao~r 

11 

The charutes in our mathematic not yet 

erystelized, text books to r t chtl.n.ges not 

ava1lable at the t r this wr1ttn~, t of 1959. 

ssion onThe tics ~lven consideration to the 

followtn~ uropoa.la. 

deduotive 
try. 

501 AALUAIl' • 

laolJd upon the 
properties a8 functions 

•••ned emphaal.a. solution or 

'ea.ed. amy)ha.ls be placed upon proba­
ce as a tT08 of tb1Ilklng 

ion or the 
001 

,etrJ' 
l8la in t 

1n 

College Entrance 
~~hematlo. (lew Yorks 
2 *­ - trance Examination 



ntu1ants 
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-level COUl'S8, 
be regarded as a 

for advanced 

A.9A~~h- procoaal.itl ara 

or op c.lou~u be t t as a high 

coool • 

1'0008&11 t 81Ro1.tlc to the teaohers 

cneA. nrODoaala a~. adopted, it 

wlll be neo..' take course. 1n 

'fhe C; OBiIa1as ed 

in aeoo1'dano. the nrcno.ala o~ the C ion 

on Mathemati 

1.Kath'eutl baa taaan algnltl­

oant ~t~. in the dlreetiOn tb. OomDl1ssion on 

t .J:R.•.l.... ~er81tT, Rev Haven, 
~ 

ne 23 to luly lA, 1958, the vorked 

out tentative cour.~ out .M-ade. nine twelve.• 
This 1 to it. work in 10n 

from lune 21 t AUKUst 22, 1959, at der, Colorado. 

I 



c III 

?EffiORY 

es language has been 

d, man baa been tnl.lllit~ in 

3.1 ~. As r 

or sets. To 

ill his one think of the colleotive 

in the l.­ ties , • n or cattle. "flock" Qr 
nf' bees, or ThE!' wor • 

h&rd, ~look, .warm, and f1 e u••d to giye the ntal 

Plany th '~~le. eober~nt set. 

t 1s an imdefined ooncont 'v.j1c~ lNl1' b. associated 

with a colloct1on of object. 01' er-tltl••• 2 Thertl may be an 

element or inter.at in sets of tb~e in non~th.t.tloal , 
8lt~tlcns, Inch •• 'football players, bowling plns, class 

~ 

..~'"'on 2.f. ~ 
,c., 19$8),

Its Place 
£!l!£. October, 
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otticer., d 80 ODe In t , o r, 

o t oit is 

eO.i.l~ctl0 of' matbemnt , h as sot:J of 

numbers 0:' t. OUltS. 

3.2 §!1 notations. The 01 ot a Bet e 

u8Ually th.e u 11 letters, aueh a8, 

a, b. c. etc. C tel lettera will used to identify the 

sete, t elve8. h.e a 1, E , 18 used to deelF;C&te the 

, " ,.II 8 l1'lmtber ,r "1s leme~t of.-' ~o indicate 

tbc.t x '.s o~ !let ", one ...~ t_, 015, 

x E A. i o m.at1bGl' c·f filet A.. one
 

auld write. x ¢ A.
 

A t
 581;, is, a . I1n:ited ber 

of members desi t all its .a-....}:,crs. 

This method or d••lgnat is called tne roster 

method, or the .An eXample c 'inlte 

Bet is t, A, of 

inolusive, A.- {I, 2, 3, ~). et, E, woole 
• 

elo~ent8 

are t~••~uarea of tbe tour el~ent. ot A, is 

S = [1, 4. ~. 161. Ohanging thd o~der or the alemont. 

doae not chana. ~he set. Fo~ examPle, th~ set d coUl6 a1ao 

be des1RnAted b~ 4 • {4, 2, 1, 3l. and the set a m1~t be 

D c {9, 1, Ih, 4}. In the follow1ng mate~lal, 
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Ir tit'ic , L 't tB will be des1~t h 

the ".I.tmle.Il 1n nuaerlcal 0 • 

It be that tho aa.her 1 ta of finite 

aet 1s 80 large tt~t it 1. Dot convenient to identify them 

all, 1ndlYl~l).y, as t n(')tA~l xample,• 
eOD.i4.~ first tUNl llWIlbere • 

.it w01l1d be most to use the ro.ter notation, 

tndloattn~ eaoh of 8lIlOntl. Toe list1 

of tho .le.ant. coul conqe~••d Into the 

oODYenf!nt' and aUGen 1'1' 01, {I, 2. 3, ;, •• , lOO}. 

j, I.t ...,. &lilo be by de.crlb1n~ tho condition. 

which 1 i the ...mA~" .et. For 0 1e, the 

8t of o!litlTe {nteJr..}"! could be des1gnated 

by tne ~. 1s the Bet of 

naturn1 numh&~. 1 'te~ 

tbe a8 -such 

that." • "'t .let of all 

ts a, the first seven natural 

• • tlr9t on~ hQndred 
- -. ­na :e d•• l2nated b-. t~o IJaoal 

(11 : aE ~ t 100). This Method of renresentatlon or a 

set 1s ion notation or the get-b~11de~ 

-~~"(~n. 

A set y nave an infinite number of elements. 

r e~l., the 8et or all tural numbers bas an infinite 



Answer. (-2, 51, or {x: x2 - 3% - 10 = oj. 

ala" be 

17 

rand 0 < a <. 1),rational n 

xlatlnc between two or ~ore seta 

The set of theae con~~n elementa 1s called• 

y represent either finite or infinite sets, Rnd 

Answer. {a: a is 

diagr 

the other. (2) So~e ot the elementa ot A 

use ot 'circles to provide graph1c representations of sets. 

Theae figures are Venn di8gr8~••3 The circles 1n e Venn 

or {SI • =min, m < n, m,n relQt1vely prime, m,n E a). 

Exercise £. Dealgn~te the aet of numbers x which 

satisty the equation x2 - 3x - 10 =O. 

3.3 ~ Di8gr8~S. Certain relations or sets will 

be introduced pictorially 1n ligures. These figures make 

elements ot 

illustrate the relation 

by their re18tlve pOlitions. Figures ).1, ).2. 3.3, and 

3.4 are Venn dlagra~. 

.3John G. Kemeny, J. Leurie 
1honmson, Introduc tion to F1nl te __.. _~_. _ 
Clit~s, New Jeraey: Prentioe-Hall, = ••• 

3.4 Relations between~. There sre three 

relations which may exist between t.o sets, A 8D""I __ • 

(1) All element. of A May be the same a8 some, but not all, 

ot the elements or B. In this case, A is a proper subset 
f 

ot B. Or the element. ot A and B are identical, 1n which 

case each ot the sets, A and B, is aaid to be 8 subset ot 

and McShane, ~. ill., pp. 39-40. 
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ls, 

ta 

• 

suoset 

eta 

of 

• 

1'1 

laments of A 

8Q oe ~~~re~~ted 

the ~e~ber8 of A 

ts of 

h 

8 :: fT.! 0 < X < 5J 

A C B, rend, A is a 

'j 

12. 

fen (}t the t 

been 1ndlcated. it 

or ano'tb.er set J 

set. Thus, the 

1 

(3 ) 

t 

• 

1e"s t:-liln 10 1& 

be :lot A 

3~t_ 

f. 2 ;: o} 

t 

e 

of A 

1 

{I, .~). It 

set 1s 

Ie (X! x2 -

lement 

in 'the let B. 

o 

Sub.ets. A 

lrely different 

O:llt1v9 

AS 

terseetlon of sets A and 

X 1& a r~l numDt)r. 

b 

3.5 

here is n 

11 

set ,of noal1; tv 

or t. 

is l' 

then the I: lr 

defined 

are 

by the 

proper sublet of B. 

3.6 .In.teraectlon of two set3. It may be ~hat, as--­
in the oa.. above, two sats may'. have 110m. members in common. 

The sst 01 el.~.nt. oammon te the t.o .It., A and B, is 

called the intera.etl~:'), o~A.-=and B, and i~ reoresented by 

the a~ol A n ~. Por exaJ1Ple, the two r1n~te sets, 

A : fl, 4) and B ={4, 7J, havo the element lJ. 11:. c~on. 

J~ oo~on el~.nt8. in this ca~e, the element 4, 
1s c~ll~d the 1nter~ootion of ~ ~~ u. 
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e dad port 3.2 r nts the­

torsectl of t~e two sets Dlctorlally.
 

3.7 co pt of th ion of 

tvo sets may be thought of aa of botht e1 
i~ 

ta into one single set. J A U B, indicates the 

ion of the two aeta, A , and incl' all of'
 

rs or A md B. /;..
 o~leo liit 1v':; ::'s the 

follOw ....ur•• or th~ Jet A ; (1, 5, 6, 9) 

onf! the aet B ={3, 5, 6, 7, '1, 12}. The 8et :lnulca:ed by 

A U B 1s the set {l, 3, 5, !', 1-", 9, 12}. 

The shaded port1 r tne Vonn d1a~arns in l-1gure 

3.3 illu3tr3te t r
 

ubaet • .ilen A inter t ,
 en &4 do Lot 

-interaeet. 

contains all3. 

el'D&n~9 al ~O·I;, or 

Il a 

t 0:·1 the 
I 

plane. 065­

ily all .u..a.c::.ut be ccn­

t be
 

ivon . to lin!
 

• t i~. 

lemonts intwidad 

for stu lett\}r ~s f'Nlt!1.!8 ntly \.tiled tor th• 



gS0 0 OI~ I ~ 

2'"( D! 

¢:euv 

n 

auv
 

Yl,
 

V=8U'V
 

n
 



Yl 

8= 8 n V
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2) 

I" oet. The universe lch the 91ements 0 

s t 1 1 be indieated or c19arly l1ed. 

,relative complement 9.! .! 

set. The c lemont or a given Bet consIsts of all of the-
e ots of the universe t not contaln~d in the given 

set. A,. a non-matnematica.l e 1e,, 1£ t set of all the 

residents ot Kansas oonstitutes the universe, U, d the set 

of all the residents ot WIohita Identiflea a set A., then the 

comrlement of A consist. of all the residenta ot Kansas who 

are not residents of Wicbita. The complem6nt of A 18 
,oJ

usually indicated b1 tbe 87Jlbol -A, or A. The cOMPlement 

of A is shown .~anbically by tbe shaded portion of Pigure 

3.4. 

If U i8 taken to be the set {2, 3, ~, 53. and A ia 

the set {J, 41, then the oomole.ment of A 1s the set {2, 5J. 
Symbolically, this would be written i = [2, 5). 

If A and B are seta, the set of elementa 10 A tnst 

are not elamente of B is called the relative complement 

or ti 1n '1'bi lation may be indioat bv the SJDlbol• 
.

•A () -B. or This latter symbol shoul not be associ.. 

ated wit D 10 ubtraotion. 

3.10 Ordered pairs. A 1 or elements. such as a 

, lch the fir8t the second element 

rate 1 tltlcat1ons, 1s oalled ordered pair 





2$ 

oin 

th< 

s 

C3r or the 

isontal line 

raph 1n Carte 

irs 

~a the 

tb 

01nts of 

ttl 

01 (a, b). Ordere 

t 

pair, (x, Y), identifies t 

hrowrh the Doint renresentlr. 

t 

tea. The ~rdA~9d 

x on the hox'izontal axis 0 

r 

d is reureaente 

coo 

through the point represent~ the number y on the vertical 

where the vertical line 

n' 

axis. Thus, it l1Uiy be 

assocl!lted with int onnumDer pair, (x, Y), Is a 

the horisontal axia, whlle t onCl ls ~ssociat ·· .. th a 

point on tbe Yerti~al • 

It A and B are two seta, then the set of all ordered 

pairs. (a, b), v'11cb. can be torme om the elements of the 

two sets, a being an el.ent the set A and b an element 

ot the set B, i8 called the Oartesian ~roduct ot A and B 

and 1s written AX B. It ia orten convenient to use a 

s 1e set A as the source ot a Cartesi roauct, A XA. 

3.11 Use or ••t. 111 stud v':4 ...... v ... v~ J:!l.tvo 
...--., - ...-- - -----­

variable.. The concept or seta ~erm1t8 a MUch wider variety 

ot hs to be introduc into high scbool work. Since 

loous 121" set of all point. that satisty a Iv. con-

Itlon, and only those points, it Is quite natural that the 

set concept b sed to study the .et cr points ot locus. 

If X and yare variables replaceable b lements of 

the set, R. of real DUmbers, then the 901ution set ot the 
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eouatioD, Y =x - 1, 1s (x. y): 7 =x - 1}: and the solu­

tion set of the tnequality, ,., x - I, 1s {(x, y h y ~ x - lJ, 

where x (; Rand y € R. 

hieal renresentation of ~he solution set of 

the equation,. • x - 1 oonsists of all nolnts w~ieh 11e on 

certa1.n stral~ht line, as 1ndlc!ltad in F1gu.re 3.6. The 

graphical representation of tbe solution set or tho inequal­

it,. 7 ? x - 1 18 Q balt nlano of ~oint. w~lch 11es above tne 

line of the equat lon, 7' =1:.~ 1. '!'bi8 balt' plane of points 

cons lata ot the shaded nortiou4 o~ the inoomplete graph in 

19ure 3.6. 

It x and 7' represent reel variables, and x - 7 =2 

nd 2% • Y =~ are equationa involving these Tarl~ble_, 

then there are ordered naira of real numbers tor which botb 

statements are true .~tan.ously. The solution set or 

ttLese equations istb.e set, (2, 0) , consisting or one 

ordered Da1r element, (2, 0), which oorresponrla to the point 

o£ 1nterseetion of the two lines re"resentlng t~1ese equatlons. 

hat 1s the solution set of the pair of 

tiona, 2Z • Y - 2 • 0 ar-d 3x. 7 • 7 • 0' , 

WUUDIDBtlon 
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newer. «-9 7 20». 

Exerei . t is the inter t ion of the two--
of {(x, y) s x .. '1 - 3 = OJ {(x, ,.> i x .. y " 5 = OJ? 

Answer. t6 
liar eirel of tbe oQuation, 

x2 • '12 =4, is the set 0 on l;i1e ·circle whose 

coordinates 8atis~ the The solution set or t 

1neq~11t7, x2 • ,z ~ 4, % ~ R and ,. ~ R, 1s the 

of P01nf,S on 1tbin the circle. Tb!s is 

illustrated by the shaded port of Fi~. 3.7. 

The nrecedi infinite sets of points. 

Thes8 8aualOiona b. I' ••nted graphically even 

the uniTers. 18 f1nite. Itmlted numbor of points. 

or ezamole, it u = t-2, -1, 0, 1, 2}, then there are only 

finite number or distinct O~d8~8d nH~5 whose first and 

second numbers are selected the set U. The number of 

oints which e de81~~ed by the ordered naira of U 1s 

the CQrteal roduct U X U, and is the set {(x, 7»), where 

x € U and 7 € U. 

Solution sets of 1nequnl1tiea. As illustrated 

in Figure 3.6, the 801ution .et of the tnequality, 

y ( x - 1, corresponda to the half plane of point:! repre­

sent1n2 the ordered pairs of U X u. Consider the solution 

set of the three tneQualities, 7 ) x- 1, y ~ -x • 1, and 

3.:12 ---­
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< 2. ~ne locus of each lolution set is a half plane ot 

po~t8. The question may be raised, 1s there a set of 

points .n1oh 1s common to the three loci, or 10 thore a set 

of opdored nalra Which are common to the three solution setsY 

e ~et ot Do1ntl of each solution set of tbe inequalities 

will be oalled A, 5, and C, r. etlvely. It the solution 

seta, A, a, and 0, o1nt in c 'n, theTe 1s a non­

6mDty solution set for the t inequalities. In othe~ 

worda • A B ~ c 1 _­
The solution seta of tvo inequalities mayor may not 

have a set 0 oint. common to both sets. Consider the 

olution sets of the inequalitleA, '7 '? X+, 1 and x '> 2. 

The aolutlon let or 7 > x '. 1 1s r .ent by a If plane 

of notnts to the riaht or the line formed by the grapb or 
the equation, -'1 : :It .. 1. The solution set of x. "? 2 18 repre­

.ented by a half pI cf points to tho rl~ht of the graph 

of the eQuation, z = 2. of the solutl~n set Which 

8otlstle3 both inequa11ties n ts of the Dolnto on the 

rl~ht or the ~Dh or the tlon :.It = 2 and a'bove the I1"raph 

or the e t10n '1 • x 1. oint., on th lines are not 

Includ • b. t solution t 1s 

ented by 11 eU&Qod ar f Vi 3.11. 

let 
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1.04t7 1s one 

of th 

4..1 "YPI.JaUS­

"elODJIlerit 

t n nlaoe al t enturv. 

BS Bel"nha.l"d ;amann, ~ Canter. and 

Henri Folncare, contributed 

olog7 in thel~ re 

n 

'1'00010 n. thoUgh 

be1n« ConC A1'"nAd 

lob
 

",wntL.Lll@;,
to eta - .-....-.00. 
tearing. 2 For this 

to as a -l"I1bber abeetA 

of ~eat tmoortance have b 

th_tic8. 

I­
I Wilder, :Y, YOlopedl,! 

Brltanniea 
Lou1-s

oJ 1956), XXII, 

D. 

ell 
• 304. 



r 

36 

ve 

curve 

e 

the set of 

d nei 

curve has 

the basic 

oommo:l bu ... 

distinot points 

Figure 4.1 

does not crosB itself. 

eonsi~ts of two 

SG'Parate 

e clo 

are 

Curve Theorem. 

ltD the 8innle closed 

oints in 

tollows. Any "' 1'1 .... 

t 

boundary of the two regions. 

be t~cu2ht ot as an1 line 

'rem, eve 

lch have no Dolnt in CO!~lM.on 

s~18 c10aed curve, 1s divided into 

d 

outsid.­

t 

10 . 

o1.nts 

any point in co 

the curve. The entire Euclidean plane, exclusive 

o 

4.2 !!l!. y",....... '-A ... ., - ........ ~ .. a.... "'..., ... v~.. 

w_-.an u.·., 1htl plane ~ exactlx m 0 ...­

e curve 1s 

then"-Ama 

or the uointa ~f t 

Accordinll t 

simple closed curve, and tIle other the exterior. the latter 

tng defined as the .et which includes ~olnts at infinity_ 

ot whioh 

two seta 

points 

an ainsid~" 

curve. One of tbese set. 1s called the interior of the 

A .~ple arc in a 

which joins two Dolnts of th 

The notion of "betweenness" or 

of a simple arc is tun~ental 

illustrates a simple arc. 

A .tmnle closed-curve in 

ImDle arcs wnich have thei 

no ints in co D. Figu .2 is an illustration 

of a simple closed curve. 

(C 
Company 

erve, 
Ma.ssachusett.~ 

1955), P. 

etrz 
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It could bo mentioned hero that it 18 not alwaY8 

obvious whether a g"iven po1nt 1s in the 1nt 

lor of a s1nple closed curve. Fo~ example, consider­

able attention .ould be necessary t~ ~soide trAt, the ~o1nt 

4.3, 1s actually in tbe &xter1~r or the ind1­

d polno~. 

If two points are 80 oituated in the Dla.ne that one 

helolas to the interior of t~...e !I1..--.mle ~.losod cur". a.nd the 

other to tbe exterior, they are la1d to be on opposite sides 

of the simple close4 e~e. A very 1mCortant theoremS of 

OlO~Y wbicb 18 not .~.11y proYod, call~d the Jordan Curve 

Theorem. statcl!l that it twu poin:t"s, P end ~J 11e cn oP'!)osite 

side. of a s~l. closed curve, 0, then any 31mpla are, PQ, 

jo1nlng the8e two points, ,,111 haye &t 1.....st one po~t in 

co~on with the bound4ry, o. Tao relatlTe nos1tlons of two 

points and a 8imple clos curve •• d.s~rlbed &oove is 

illustrated by Fl~re 4.4. 
An el""'..n"A'I""O' exerol.. in topology ropo••d 

as follows. 01 the c1~ol. C, d tn. pulnt f in3i~e tn. 
ai-rele, the point \,t, outside the circle, and the point R on 

the clrGle; if thi. circl e to b. d1storted by some 

continuo tranafo tlon, tretCtuDg. and contrae­

tiona in 8everal dlrections. tbe "upu.uKlca1 Dr ~-ti8S or 

SIbid•• p. 295. (This is an equiv~lent statement 0 
Jordan's Curve Theorem to that ~lven on pa~e 36.) 
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t of as tha 

of E.L second 

rally ('.:mc~rnod 

o 

Jt on~ set can be 

e tOl'~ologictl.ll,. 

be 

t 

oint sets. 

7 

only one ~1~9nt 

cl~ole is illustrated by th 

the circle in F1g\1re 4.5• 

to ~me 

a~y ~eometrlc figure 

Point set topology 18 

.......,.-.-.. t1on 0 

4.3 
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the f1gure are uneh.c.ngad.· 'lb.e curve C 1s distorted into a 

.~~le closed eurve CI, and the points P, Q, and R 

tran8form~d into points pt, QI_ and Rt, respectively. Aa 

p 1s 1n~1de c. eo P' ~1l1 be inside Ct. Aa Q 1s outside 0, 

80 Q' 1s outs1de Cf • A8 R 1s on C,s 0 R I is on C1 • Th 

A one-t~-one corr 

topological distortion o~ 

set, ~nd converse17.7 Two wo1nt 

topolol?1cal 

18 n ~o1nt 

uivalent if the~e 1s a one-to-one e~r-roapondeno~ between 

ich 10 conttnuou~ both w~ys. Two ;ets ~y be 1 
r 

A .
one-to-one correspondenee thoU«h no amount of stretohing 

or bend1nv will take one onto the other. Th1s may be illus­

trated by two sets of two tangent Bphorea in which tbe 

s1tuation Which ex1sts 

with topological equ1valence 

, 
Modern Mathemat1ea, 
- - . of ~e&Cher8 

made to corre8DO 
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ch 

An 

s 

t~ent,r 

t1 

,t of topology 

ulvaler..t f.lg­

t 

deto 

R.~.trie fl~e. 

ttt 

oqlcally equivalent 

o 

,u 

'Caire or 

1e are all topologically 

tiou such as str9tchfng, 

t breaking or tear1ng~ each 

unt of stretching or ben 

ically equivalent e 

illustrated in Fiv.ure 4.6 and 

B. 

b 

8
• 

ot 

Ie closed curve. 

to coincide 

.QUare, and 

exorcise for the bv~~ 

in the 

r 

A slmnle clo••d ourve Is t 

other s 

o 

,uld be to t lnd 

·11 'tak\] A onto 

interest 

spherea are ta~~ent internally in the 

to 

could be Made to colDClde with the other. S~e T~ol~gi-

cally equtvalent rlgure. 

Figure 4.7. 

urea .hleb cannot be deformed onto .~oh other by anT 

tonologlcal tr8n8ro~tion. 

as tbe cirole, 

ivalent, tor. by 

kneading. or bending, but wit 

4.4. .!!!!. ..........=0,.".­ Although 

~K ,in topologJ apneared about the 

centurYJ Eu1er9 bad oubllsiHtd the 

1e 

-
9C ourant and HO 

• ~. cit., 
or S~CtlnClfr 

1953, p. 471;
(Xew Yo 

the first 

1'!iddle ot tb 

.1st~ 

Mathematic.•• 
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first tonologicnl tudy on reeord nearly one hundred vears 

l~ ~en~rally referred to aD theV .l.1"_~ 

n idgea on! berg Problem." The nroblen lIeems to bave 

t town of Konl«sber2:, GerllUU:l7, where there 

weI' lJri connecti~ both banks of the river preRel 

two in the ri~er, a8 indicat in Figure 4..8. 

Ons the ls1anr1. vas eoted with ancb. bank of the river 

by two bridge., and the ctO$I" island wa. connected with each 

bank o~ the river b7 8 1 .. A 81ng18 bridge con­

nected t The oitl.ena ot Y-onlglberg were fond 

of tald.DJt Sunday Vklka. ond .an1 attempted to cross all 

seven in ., wi~hout orosling the sarno ,ridge 

twice. It 117 gre .01' n ore eyident that this was 

no elementary problem, as all attempts met !'11th failure. 

In hill solution of the problem, Euler replaced tho 

original figure with a leI', topologioally fJqulvalent 

flgu.r.~ .a sbo ,in Figure 4.9. Tne nroblsm wal then 

reduced to that of IItarti~ at any point or the figure 

and trQcin~ each arc ot the curve precisely once, ~ltbout 

lOskinning sny arc or r.trac~ the .aMe aro. 

foints A and renre.ent point. on tbe tW0 91des or 
the river, oint. C and D represent point. on tbe 

.l~e!er..... O'Dolo tor Seoondary Sohools," 
.2£. cit., p. 475 
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even nlJlllt)er 02 lines l'l'om 

traced. Oontinuinst fztom the 
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numoer or odd 

the Dztoblem, no line 

it 18 permissible to oross 
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e ~itb two odd vertic__ , 

onal. ~e are to trace the 

line, and we 

the tracing 

ced line. 
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cone 

le!'t 
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Meanwhile, t 

case ot 
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QIHI'U.. v~d 
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number of 
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vertex, t 

nlY one 
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Euler• 
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ll.\llar 01 

rtex, if we wi.a. 
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1" of linea concurI' 

at thi 

at 1 

ex a.long 0 

odd mnaber of 

tnt 1s 

lob 

in.rt: point is not at an odd vertex, the 

at a 

such QS a square and its 

figure without retracing 
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1s trece-_, 
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vertex is reached, ther 

this vertex that have not 

vertices. 

be traoea 

at the verti 
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untrac.ea. 

,_ liD.1. nec.avertex. 

0-­ oed. AlIO, the start ,t 1s 

one of t 1 t nClirt.g po1n 111 be the 

in1Dg odd vertex. 

ce :l.t :l.s necessary to be~1nat one odd vertex 

and end at another odd vertex, it follows that it will 

nece.aary to half as _ ......­ rate s tf:lere are 

dd verticel, 

odd verti at leaat tvo tri~8 to• 
traver.e e' line out' retrac refore, the• 

brIdges cannot be crol.ed in 0 thout recr0881Dg 

at leaat one brIdg.~ll 

It 1s tnteresting to not t a solution ot the 

problem would be Doasibi. if one t br1dgearr to 

D or from D to 1:' were r her brldg A to 

c. Alao, the addition of an e1 br1~8 wou rmlt the 

uroolam to be solyed. In 81thor cas8, the figure would have 

only two odd verticea, and could be traversed in one trip • 

. 
4.5 IS! Moebius Strip. A sheet of peper ha 

ides. It is impossible to get ~om one sido to the other 

I,ut first cross1DJt an e&te. 

llIbi~. 



ry str ra-oer, Ii ,e 

bes W1do.t or mot , 
cylt 

r oolored ell, color inside c f • 

01" the strip.Also, col 

0\0' taICe c r Dflner of the 8 length. 

ting theIf twist, 
t.-10 ends t..,~v"...v.... aa in 

color~ anr ~lace on t surface, and color tho
 

dge of tho str1~ as
 t~e 3urface of the 

d 8t~in dUfer race or the ~1rst strip' 

the se- have any property difter­

ent trom the first -tri' y Burtaces does the second 

strip have' The to of stri'D is the 

12~oeb1u8 strip, rita inv or, A. P • Y.oeblus. 

The str1l> ho.I been tound to have other t:lecU11ar properties ~ 

a8 v1l1 be, found the follow1n? exoertments. 

t 1. Begin coloring one ed,:r;e ot the Moebius-
strip, and continue until the starting point has been 

7 edges does the strip have' Row does the 

length of one edge of a Mpeb1us strip comnare with tbe 

length of one edge of tbe two sided surface' 

12l1orthron, S!. ~. ~ p. 71. 
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§!per1ment ~. it lssors. eutt the 

c ,us stri~. 11 

b • r :.rl11 be 

obta J..ntJU OD this cutt r t ,terlor of each 

strip. Co dgeo 11'. Do the two stri' 

to ·..-.....·ie.' 

- trip o~ paper of' convenient 

length anc1c width 811 has been sugg••ted be.tore. t~nd give on 

end of tbe strip two baIt tviail betor. 

to«etber. Ooler the interior surtace ot this strip. Color 

one ec:!ge of the strip. What will b. the result of cu~~1ng 

this striD down the centert How do the 'results o~ thil 

8xper~ent dlrrer rrom those of-Experiment 21 

be carrIed on 

ith yery intriguing results. It 1s 8~e.ted that a n 

bar of exoerSment8 be nerformed with strip. oonst:ruoted 

with twlat. 'differing 1n number from those of the preceding 

ta. Intuition will be found to be of little value 

in ~redicting the results of such .xper~ents. In the.e 

ents, it 1s a4visable to seleot str1'Os of pD.):)er lon, 

, in proportion to the width, to pe~1t the desired 

ot twists without undue entanalement or tearing. 

4.6 Topological curv... A s 10 01 d curve. a 

derin 4.2, divides the Dlane ichit lies 
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.to two Darts, one inSide the eurvs_ end the other outs! 

the ourvo. Thus. a.ccording to the Jordan Curve '.I .......... _..... , 

not possible to get fram the ~side of a simpl 
.	 -t", , 

;	 .' r' urve to the 'JUtslde of the: curve without crossing tae ourve 
'.. ~--=:-

at least once. Tnere are other curves, not stmole closed 

curves, Where it may be n.ce~8ary to penetrate the curve 
'-' 

re than onoe 1n oroGt' to reach Dointa outside the given 

CurTS. 'one SUOb curve m~~n~ be the ~quare w1t~ one tt1a2O­

nal. I.f the regions <oo11thln the square wbich are separated 

b~ a diagonal are labeled A and B, and if the re~lon outside 

the square is labeled U, then it is possible to 6et from aD7 

tnt in A or B to an,. point in by crolstr-g the figure at 

anyone 'D01nt if t~at 'Point 1s not on the dia.~onal. If the 

dia~onal 1s croased, a seoond cro8s~~must 3t1l1 be 

before 'any ~olDt of U can be ohed. It may be said that 

relative to the reRl0 , 18 neither 1nalde nor outside 

the eune. 13 

4.7	 Topolo~lcal surfaoe.. It 1s possible to start 

1nt in t ide 0 re proceed to any 

,t out s.lde the e e.re, penetrat the 

or re ce. lfhis is tru or &.n7 

y 

e .... c1 urfaces be t'ound 

13Ib1d., 1'. 67. 
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tace d.s~~ated by A, it 

point outside the 

tion. A topolORlcal descrin­

t it haa an 1naide and &l1 

ortlon ot the snhere at A.14 

the Interior surface of 
- -"­ - c 

f a 

tace, call 

nd 

irillof'aceY 

surtac88 cannot 

, 
trio soli 

face of a boll~w 

tho ........ hA.. 

logical 

Ul'taces. If 

lurtaoes. 

All 

ted b 

10 

anhere 

lonaor a .~l. closed 

o1nt on the inside 01' 

utslde the S"Chere by 

the exception <? 

- in 

auld still be 1mpos-ible to 

ithout 8. second 

to tn 

1n 

tion at this surtaoe ~i~t be 

utslde, except fo~the small 

.t -
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14IbId., p. 6.0. 
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d thto.t it y a"~-is that it has not 

oved that four colors are eithe~ Burficlen~ 0 

net sufficient. 

EperiJRent At- Draw a mat> of 8&veral 'oountries that 

will reauire no more than two colors. 

2- Draw a .ap of several countries that 

111 reauire no mar. than three colors. 

nt 6. Draw a man of several countries that-
will require at least tour ~irterent colors. 

~ enough, correspond roble solved 

ror surtae e complex thau the sphere. It h~s bee 

established that the torus, or doughnut, requires no more 

seven colors.16
 

It bas bee
 ed that tive colors are sutfi ­

clent for every on Q pltlne or sphere" but to tb,ia 

date, no map on a plane or a sphere haa ever been produoed 

that reauire. all five colora. 17 It has also beeu established 

that four oolors are sUfflcient ror any contain1 less 

3 co' ries, B.nd the number of colors 1s 1ndeoendent 

or t anat>es or the c triel. 18 

Robbina, What 1s ..lathe­
Press, 19IiIT; P: 247. 

for rv Schools,ft ~. sj!. 
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Tbe three utilities roblem. ccor to t4.9 .........
 
J01"1 Curve Theorem. as stated ecrller. if are 

o • s1des of s 1e cl c • 
1nts will have at least:1 81Drt>le urc con 

one '[joint in common .1 the s1mnle closed cu-~e. 

t th!'Af!l acentr1c n912hbors, on tbo s 

aide of the str , ted a ~a8 line, an electric 

line, a line dirent to the ut11it7 plants. Each 

neighbor re to allow his lin. to be crossed 01 any 

other l1ne. 

Make a 1~ t ho ,ny o£ 

t eccentric neighbors can sat1sfied by the three util1­

t1eo. 

Experiment 1. 

.. tilth all three utilities. 
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licatiotl of the Jorde.n _,Cur 

~ 

~ 

or~ant app~1ca~~on 10 tbe tbeorv of st~ed or Drinted 

circuits .19 The cireul~3 of electronic do~loes aro so 

intr1cate that it is <oft~n simpl 

rcU1~S witn some conductor of electricity tban it is to 

lay insulated wires. Such circuits cannot crOBS 1f t 

are to dve the desired' reanilts_ The que~tion ot what oir­

cuits are avaUable is an outttoi-'th of the three utilities 

probleMe 

A second problem 1nvolv~ the Jordan Curve Tneor 

i8 tbe tollowing,.20 Imagine 8 tribal chief of a primitive 

tribe who has a beautiful ~ughter. There are manY suitor 

. 0 wish to marry the daughter. In order to select the best 

n for his ~ushter, the chief propo••• ·tvo:l)roblems. 
~ 

Given a Bet of ~oint., labeled 1, 2, 3, from which 

perpendicular. are draw:J to a given "line a. and a second 

t ot Doint8, also labeled ~, 2, 3, in tne 8ame or 

ioh perpendieulo.rs ~re:i drawn to a line b, parallel to a 

The first problem is to connect the match1.rut numbers v1th 

ch do no"t 1ntsr,e~t or oross an,. line dot1ned in 

ve data. 

190, 11v1, ~. ~.* P. 127. 

2"Meaerve, Fun 1 Concepts .2! (}eom&tr;r, 2l2- oit. 
• 469. 
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1rBt, with t 

eond 



CnarJ."1:&n v
 

-_.._--­



6) 

re 

les are 

1th ·t 

Ul.'li e:umt 

,ntlcned above, 

1 

, 

wqWG.J.Q1, 

t10 

1 to the lame th 
• 

d to 

1 noatul~tas of Euclid descrt 

s. 

lled c 

• f7.eometrS 

tmA'rat:.l 

L..U~"L't 

(2) If equals oe 
1. 

, _.~ - ..... o---......~· .._l facts,. These rive 

1. 
• 

(1) To draw Go ·8tr,.1gh~ line f"rtnm any point t 
point. 

ito straight line cont1nuous17 
in 

() To duc~lbe a c1.J:'olev1th an1 oenter and 
dlst1U1Cs. 

That all r1Jtht B.DJiles are eoual to one anoth...~ c 

t 

The fiT. CaE:!IDOn notions of Buell-:, 

stated al tollows. 2 

a8S'WID;)t 

are 

generall 



linea intersect 

oat or certain tbeor 

Beet circles 

., IlSUclld in the 

t circles 

lea is U8 • 
Thi. aSBumDtlon cannot be nro~ed f~Om an., of the l1sted 

3wolf., .sm. ill., J>. 2. 
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nntlone ~r DoatuLitea and should b 

additional postulate. q. 
,oturo of all g80metrles are s1m11ar tc: that 

of EuelineaJi geo!:!etry~ holidean geome,try is based on a set 

of assUmPtions ~~ dettnIt10nsvnlch are .compatible. 

r lcHa8 ~ or reliti.ons, sta'te 

as ~h.or..., ·mua~ be der~yed-logioall1 from what haa been 

.. The follov1ng,par~ph 

a geame'try ~, b.• 'bUl1t from a complete 8.nd 

of definitions and.nostulates, even if t 

tuition. 



66 

POJ.lJus.$ tven~y-£ive points areof t y 

eOUlt.r 

01nten colu.'n1. 

A to Y inclusive,ive letter 

a.re ft~PAnaAd in threewit l1catl • 
bio r twent7.;o. lett 

e difreren arranjtement of 

olnts will al1P.ear in precl 

the three bloCks, no in a r or colw:n more 

than onc•• o letter reoresent oint ann ears twice in 

the same bloc... 

nated by the colors, , 1" , yellow, respectively_ ' 

Aa balic assUDrOtio , let us adoot the fol1o~i 

ideal a8 t toundation tor Q:eometry.6 

oint 18ot t to Y, inclusive. 

'8'nTt9aant 

ot 

or one of 

o t 

ro 

•t 

twenty­i1;10 

11 be dealg­r 

ith t, 
ot 1 

flV 

'!'he blo 

letterst 

ointa in this-tire 

OUlt is 

(1) 

trJ. 

. ill.., n. 150., 

}, 
• C. 
},-pp • 
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lue Yellow-
ABODB AILTW AXQOR 

I J S V E B K R K I B Y 

KLl4.RO GORUD J C U S L 

PQ.BS'1' YOFIfQ VTMFD 

u'wxy MPxez .'GBWP 

5.1
 

represented in •, Iver~ the 

difterent 1 l' i~tlon. In each of 

ee bloc • 

(2)1. line ahall any row or col: in 

ot the T.m-eA S fiTe 

col' in , t t be e:metl.,.
 

linea in th1 ~eometr7. A 1 cons1ats or five points,
 

either tn a row or in CO.LUIIlIl.
 

(3) A 1 1s coIlJtrUGnt to another line 

tnt irs ooeur in roW'll, or both 111 

, nd the teDs 18 the some in 

It'. A at 18 conaldeI'"ed to between 

anY' two oint. I11m1ber ot 

steps betv8&n h.e first lcst a line s~nt 1s 

a1 o d to the rlgbt in a 1'0 

co1urr:ru first lettor or n row or col 1s considered 



6e
 

~ orfoll the 1 t lotter 0 tne ro • 

bt of a. 0 ,t1m:lCN.8r son, line be 

oint. An'1 two point deslgi1atioDs determine a distinct line 

the three blov.... 

Some eamples of oongrue!1t l1nesegments 

6.8 tollow-. In the 11ne ABODE In the red block and th 

line GOBUD in the blue block, the lin.sement AD in the 

red block 1s congruent to the line segr~nt OD in the blue 

block. Eaoh 8egmen~, AD and OD, containa threo stops, The 

segment IR (blue) 1s corigruent tl') the segment GR: (yellow), 

but III (blue) 111 not congruent to m (yellow). Each 

S8Jll'11ent, LR and RB, contains the aame number of directed 

steps, but one 1- in • 1"!OW and the other Is in a oolumn 

nel oannot be considered congruent accord1nr to the defini­

tion of congruent line segments. I_ BP corurruent to RXt 

Is D coDlU'1ient to vn Wh7t 

(40) Tvo lines are parallel If they have no poi.nt in 

common. ~he line AEODB II parallel to line UVWXY, and the 

line IVOCP ill parallel to the line ~. Can a l1ne have a 

parallel ltDe in any other block' 

he idea ot J)ar&llels used in the Iteom.try of twenty­

five a from that ot Euolidean ~.ometry 10 the 

fact that no ion 1. made of the straightness of a line. 

In Buclide ~eometrT, parallel lines are ever,.where equ~-

istant. In h geo.Met~y of twenty-five points, parallel 



69 
e ovar'V'wher urea this distance 

in s~8Da, t it measurement tne Bueli 

senae. l1lUr te t ossible 

arra.n.c:=ement or t o red block. 

-A
( 

~ I~P B •~ ~[.:::/~ --?J ----~-
_I[ r---JL '~I" \---x f -~
 
_? rr:~..- ..J s'B--;;:,J­
t"'\..~5~~1 -~
 I X ..---y-

I I 

IGURB 5.2 
'I'Ioi1l~ ..p IVE POINTS 

(S) !'wo ~1nea are it I and only it, 

there exist two potnta on 0 line such that the absolute 

distance from these two po to any Do1nt on the other 

line are eaual. The line 18 perpendioular to the line 

AFKPU and the points Band B be the pointe 

which are equidistant the line APKPU. 

It 11 interest the rerencel 

to 

0 

of tvim.~v and the 

lIe the same, 

r 10 te are iJut 

Points are still undefined 1 hey ma,. be 
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rePresented bY' 1 ra d r t te in numoer. In 

.I.~u'tHU.l.~eClDet , t extended 1n4erl­

ofntain annitel. • 

~eOlJletr 

only flve points eech. Ttli 

ot stra1Jlhtn.... There 1 

if sufficiently prolonged. 

In geomet , llel • 
_uld18tant ad wl11 not t bowever extend In this 

finite geOliet , parall 1 ..~e&l!ient with 

ell 

i 

_ u..I..u~i..........
 i lo~tng o~ line.,
 

'or .ach 1.1 18 f1n1t
 t term, distanee, 10 the 

Euclidean a • baa 1n this ~·eomet17. In finite 

gecmetl"'J, th nwnber 0 te between ra~lel Itnea 1s the 

8aJ1le at all 'Dobts on the llel 1 , alt~h a .teo i. 

not defined o the alidean 

Suu.-u'. 

A trianale in the p:eometn of twenty-flve points may 

be defined aa any trlJ)let ot points, suob a. H, L, and R. 

1dea or the triangle are the line segments det 

by tbe points, HL, U, and RH. Since line seaente lIIUSt be 

rom the linea, thems~l'Ye., and lines are' found in 

rowa and columns, the segment. must be either in rowe or in 

eolumna. The line se~ent HL 121 found in the yellow block, 

is in the blue bloCk, and fIR ls in the rsd block. This 
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t.rio.ngle 1s e ch side 13 either• 

ah block the letters 

a:ooear in 

red. blue. or 

The Idea o~ the tr~l. may 

_ not be congruent to eaoh oth9r~' It may be conven­

ient to define tr.iaDSl•• in whioh no two side. a.re congruent 

as scalene tr~i~a. and triangle. with two congruent s1des 

.s isoaceles triangles. How 40e8 this corra.pond to the 

Euclfdean detinition ot 80alene and 180soeles triangles' 

In Buolldean ~.OiDetpy, 9. circle is usually defined 

al the locus of all points at a lIliven distance from a fixed 

point. The tixed. 'Point 1s 0&118.d tbe center ot the cirole. 

In this finite Jteo.et17, a circle 11 defined as the locul 

ot point. lIh10h are a ~lv.n nuBlbar of stens from a fixed 

point, and such that eaob ot the points, when taken with 

the center. determine. a line segment which is congruent 

to all other 11l1e aeOlanta thus tormed. The number of staps 

hetween a point on tbe circle and the center of the circle 

1s the radius of the circl•• 

It we ohooa. t~. Do1nt G as center ot a circle, and 

designate the radiUS al tvo steps, then the circle conta1na 

onlY the six point., I, J, R,tJ, w, and P. lIote that GQ, in 

tbe red bloCk, cannot be oongruent to lin. sementa which 

in row.. Therefore, ~ is not a point of the given 

circle. 



t 

the 'Prevl 

twent,-tlve 

which satietie. t ~eom.trlc 8 tiona of this finite 

geomet17. CouleS there be diagonals ,in thl ~eomet~7, and 

if so, how ~ou1d they the diagonal. of Euclidean 

Detinition certain other terma 

c on to lid.an ~eometrY and t t t,.-flve 1nt 

etrY 8.1" 1...n belo•• 

(1) A point still be re~A~~A~ the interseotion 

ot two lines, in ch the aa in Buclidean 

..~eOlDet17. he l'rinclpal dl 1s that the number of' 

~o1ntB in a line is lL~lt8d 8 aeometr:r. 

(2) A line is still ned by any two points, 

with the restriction that ttle Dolnta must 11e in the same 

row or oolumn. Linea oannot be oblioue .& in Euclidean 

- • ~v ~g _~g~ud that an~ 11ne contAin. the entire 

set of tive points. Any line containing less than the five 

points i& a line segment. 

(,3) A quadrilateral 1s a tour sided figure deter­

mined by any four point de.ignation. The sides ot the 
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ouadr1lat 1 are t line 8 egment II determined by aI17 our 

point de.l tl nMAr>. The quadrilateral IUD 

ba. the line segments BJ' (blu.), 1tJ (yellow), l1D ( ), 

and DB (red) f ita slde•• 

(q.) • pJlY"H. I dr11ateral who oppo­

sit 1 • 

1t088(5) 

,n"'~t.ftt 11e1 a 11 tour &ldes conts 

the .... number of 

(6) ra the line segments ,BJ:"IIllned b,. 

the opposite v ot a Quadrilateral.: 

(1) 'lbe -noint of a 1 in. segment 1s the point 

which 1. tb or ateu. from aaen end or the l1ne 

X.turaJ.l,., t 11. Oft the line. 

( 1 1 to a clrole it 1t one 

no1D.t or the o1%-0le • 

(9) "LiD•• are .dflP.d "'~~Andieu1ar it theY' have 

one and. onl,. one point in c 

tbe lines passing(10) 

or 1 8eD4mta. 

(11) i8 the line tllrOU 

one 6erDendieular to tbe 

side.
 

(12) or a tr 1 a the line lIepents 

joining one yertex ot tr dpo1Dt or the 

Ot>Posite side. 



74 
It 1s really quit e nov s1l"lilar t the 

Euali t e to the ad 1n th try ot 

o1nts. "I e rememberod t oertain or 

the ta , uc S DOlnt line, cannot be actually 

defined 1n the true of the word. At best, the t 

tiona of t t 17 descriptions which agree 

with our intuition. With the abo~e list of definitions and 

assumotlons ot the twenty-five noint geametry, it 1s actually 

oeslble to prove 80rne theorems wose statements are the 

same as those or the Euclidean system. Some representative 

theorema ot this tJPe are diaousied 1n ~he follov1Dg oara­

phs of this section. 

1. It two sldel or a quadrilateral are con-

t and Darallel, so are the other two sid••• 

Dlacussion. !vo linea DUst be 1n the B~e block to 

be Darallel or they would bave a common point. Pick any 

pair of oongruent 11ne segments 1n anT block. .For example, 

in tbe yellow block, the line segments VEBK and GORU are 

oth and parallel. ow, V, G. U, and K ,must be 

the vertioes or the det lned quadrl1at~ral. Tbere EUst 

be a line segment joining the vertices, V abd G, and 

1ikewis. the vertices, U. In the red blook, column 

two, ue find the line se~ent determined by V and G, 

and 1n the bloCk, 001 cne, we find a ~arallel S9 p
­

ment UU determined by the -points. and U. th VBG and 



G. 

red block, row three, haa mid-ooint G bi8eetin~ it. In 

block ,.e11ow, colwr41 tHO, lin. CTGXK baa mid-polnt G. Since 

G is the mld-notnt of b d1a~onala, the diagonals bisect 

each. 0 r at their 

The follo'riing ttleor are stated in the Euclidean 

torm. The corollaries are atated as results ~e~tin.nt to 

the geometry ot twenty-five notntS. It is su~e8ted that 

the reader verify the thee and corollaries for this 

new geometry. 

At any point 0 circle, there 1s one 
- ...--- - ..- g. 

d only on. tllDaent. 

CorollarY 1. • are six and only.six tangents 

to any e irc1•• 

Corollary 2. It a circle 1s contain' in rowa or in 

columns, then the t~ents t be in columns or rows, 

resnect1vell. 
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he medians of n tr~~9 onourrent • 

~. altit I of a tr Ie are oon­

current. 

_ ....."'''' .. v .. 6. Th edians of a trl Ie are concurrent 

at a '00 divides the diana in the ratio 112. 

othe~ tbeorems which use the 1angu.g of Euc1idesD 

geomet1"1 m1ght be found which are stated exaotly the same in 

the ~eometrY ot twenty-tlYe points. It 1. lett for the 

reader to f1nd and establish other theorems cf this nature. 

The finlte aleometrv described in the preceding para­

graphs does not have a common phyaical model aa entire17 

acceptable aa that ot EUclid'. ~eometry, but it hLs been 

introduced 1n order to illustrate 1"e clearly bow eometry 

18 built. The fundamental tools ot any ~.ometry are the 

basic ass tions and definitions the t used to build 

the 1o~ical struoture. Another example of a s Ie finite 

~eometry is t~e 81%-poir.t ~.ometr7 brief1 scribed by 

Adler in the book Modern Geometrx. 7 

oatulate of Euclid. g...........tr.x. It
 ...... 

has alread.v b stated ,..AD'T'Gph 5.1 of thi. chapter 

that tielans did not readi1 coept the fifth postu­

late ot l1d. Ev t earliellt co .tator. d1d not 

5.3 

er Adler, ~o7Claire Pi 
ny, Inc ••car. -Hill Book C 

, 
__ 5__ -
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be118 that the rift o late WQS independent of the 

others d sufficient If-evi to be listed ttl tn-ose 

fifth bY deducing it tram the othe~ postulate•• 

Hov....er, all au ta failld. S 

Tile of Euolidean ~ecaetry 1s not 

usually at Glometry text books 

ot today lac. it with a s1mD1er stat 

8 in Para2ra~h. S.1. 

'Postul to accented without proof. A ~reat number of 

noted mathomaticiane from the t~e of Euclid to the di8­

cover on-~uclidean Reom.try att ted to orove the 

Which i' iYalent to the original or may b. deduced from 

the or! 1. The u8ual f this poat t. in pre.ent 

day ten b i8 that or the Pla1ta1r aXiom, that t 

a giv o1nt not on a line, on. and only one 11el 

can be dr to that 11n•• 9 

At th ot tbe nineteenth century there was 

still no accepted proof tor the rallel postulate, and 

many ma~nemat1clan8 bad already admitted the necessity of 

listing It a.1IloD.{t the postulate.. Howeoyer, there were atill 

those mathematicians o continued 1n their fort. to Bolve 

the puzsle. Prominent ong tbe•• mathematioians were the 

oberto 13ono10, J!2!1-Buclidean G.c.etrl (La Salle, 
Illinoi., '!'he Open Court Publ18tl1ng COJl])any, 1956), p. 2. 

olfe, ~. cIt., n. 16. 
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t! men wbo ar enerally considered to be the founder 

of the stud:.. non-Buclide _ etry, GaUBS in n7, 

Bolyni in Hungary, and Lobache'",aky in Russia. It ls remarka­

ble to not t t the.. three men made .ssentall,. tbe aame 

t out the ttme, and each worked 1nde»end­

eDtl,. other in oountries. iscoYered 

bat latent ~eamet1'7 oould be built 1t the firth 

postulate or Buolld e r801.8oed by ostulate which 

than on lle1 to given line ougb a 
10given pomt. 

geametr7 18 general17 re~ard.d as a 

fleometr7 lob 18 bullt titute for tbe rlttb 

ot clld.an «eametrY. All other axioms 

po.tulate. not affected by tbe tift ostulat 1'e left 

unchanged. The postulate used in place of the fifth postu­

late 18 lled t ch.llr 1'istl0 atulate of the new 

~eaDet17. 

aas 

A 

po 

lOIbid•• P. 45. 
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COr.CLUSIO 

6.1 'l'b.e ial oontain in this thesisSlDNn· 
1s inten to be of lue to the teacher ot hlgb school 

bad 1 Ie or no formal t~a1n1ng in 

one author, the present 

trends in Blat tici are tvo-told: "(1) the introduction 

or modem loa lb.to"t lUll, and (2) the 

introduction ot to the girted .tu­
dente.-1 Tb••• trend. b,. an empbasi. up on 

the -l..rnina-by-discOTer or in.truotion. It i8 

hoped that the teria1 ot thi- study vill he1~ some teachers 

brin~ their teaching into line with the.e above stated 

trends. 

The concepts a.nd l~R. o~ ~et••nter., 1n an 

essential wa,., mu M1 «matios. It is desirable 

to introduoe the el~ent. of set theory to the high school 

student 88 800n a8 possible in order that he May be better 

prepared to continue hia studi•• at a more advanced college 

level mathematics a.aduatio hi chool. 

• .-vu....... ".ioU" Teacher, Ap!'il, 1958, 
omm8nt on Accelerated 

p. 292 .. 
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e 1ntroduct10n of set theoPT 1n b1~h school wor 

will not usually RO £ar int3 the abstraot theory or sets. 

It baa beoD proPo8od that concepts, vocabulary, and 

f the symbolism ot.sets be used ~heDever they contrl 

to the interest and understanding of mathematica. 2 

t cbaraoterlatl0 of both "traditional" and 

tics i9 the emnhael. UDOD deduction.) ~be 

torial on t ogy and v&omfJtry, in C er IV 

and Cha'Dter V, r ctivel7. haa introduced to supple­

nt t ing ot 2.ame~rT by 9roTiding interesting 

subjeot ter baaed on mathematioal dIlction and to 

intereat areas or mathematics not generally 

mc1uded 1n bi acbool courses. 

this stu Is no 

a comnlete re.lev ot all r.haa.a rn th lc8.Tb.. 

6.2 CODclusion. mat 

teacher ot tics vill ben.t1 lt and hi- teacbing 

, .d non-Rue11 by continuing the stU<lY' 0 

the e1 ,n treatment of tho.. topic. in~eomet b 

thls the.il. 

,~§.lon on fta~n-.ma 

d, !!2. 
Math~matlc_ of 

, 195B, 

Plate 
ot' h 
• 4. 
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It 1s also suggosted th~t other areas of modern 

mathematics be considered for inclusion in the nro~am of 

ou.pp~~wunt1ng the teaohing or mathematics on the secondary 

level. Such mathematical topics as symbolic loeic, func­

tions, i1.1da and groups, matrices, pro,jective geometrY', 

probability, and statistical anal78is are a fev ot the 

top10. whIch mIght nrovide interesting and st1nm.latlng material 

to suDnleRent material in the present mathematics text books. 
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