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CHAPrER· 1: 

IJrl'RODUCTIO 

1.1. IDtroduc~ion. T~ nwaber pi oooupies a unique 

plaoe 1n the blstory ot ••the_tic.. Wbet.her defined a. t.he 

r-at,10 ot tbe clrcumerterenoe ot a oircle t..o the eli_ter or 

ae tbe ratio ot \.be area ot t.be airole to tb.a square on halt 

tbe diameter, it has been the obJect ot intenslve study by 

peoples ot all nations tro. the earlle.t, t1mes to the 

pre.ent. The mmber pi bas wound Itselt through tbe 

structure ot aathematlas and woven 1tae.lt into the fabrio 

of our civ1lization. 

e values ot pi used by the ancients were estimate. 

based upon observatlon rather t.ban caloul.atlon. Tbe 

ebre•• , Egyptians, and Babfloniana used 3 as an estimated 

Tal",e ot pi. Lat.er. more aoouratie estl••te••ere adopted. 

Following .t.rcbll1ede., about 240 B.C•• alUoulationa were u.ed. 

In t.bedeterm1natlon ot D1. and more recentl1 pi bas been 

calCUlated to 10,000 deal.mal places. 

1.2. Statement 2t the problem. The purpose 0f thIs 

S~UdY ~8 to oresent, in some detal~w the historloal back~ 

around ot the number pi, the theoretical aapeats top the 

ca1oulatlons ot oi" and t.be 8Ot.ua1 caloulat1ons themselves. 
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1.3. Import.anoe ~ ~ st.udy. Uhl1e teacher., 

students, and la.Yun recogn!.ze the llC"POrtance ot pI and 

aome or It.a ao:;)llcatlona, there 1. ReJJerallY 'YM\loneas as to 

ita historical bac~ound and uncertalnty&B to the metnOQa 

or 1ta calou.lation. Sucb informat1on 1s UliuOJ.1l obta1nable 

1n 8cattered or Inacoess1ble sources, and 1t 1e tboURht t 

the oreseat thea18 w11l prove to be ot con.l4era~e va~ue &a 

reterence and source or information rogard1ng tbe number 

1, 1ta hlstory, and 1ta lculatlon. 

1.0\. Sources 2! Information. In gettlng tbe 

at.er-lal tor this thesis the ?'Tlter nas u~.... "" ..."v_v" 

eno7clopedias, and -sgazlnea as source. or Inrorma~lon. 

cr 08rtlou.lar 'assistance wu the 8rtl01e by H. C. Scbepler. 

Chronolo~ or Pl,~ In t.he ~the..tlce ~!6aZlne. 

1.5. Cl'ganlzation. The theais 1s divided into 

eight ohapters, eacb ot which 1s deToted to .o~e aspect ot 

tu.d" wbicb 18 of It_aJor 1nt.erest. Th.e ••0004 obaDter 

.oents the hlstor-, ot pi. The third chapter deals.Ith 

~he oalculations or p1 bY ~eometr1c methods, _berea. the 

tourth chaot.er deals with the caloulat10ns afp1 by 

1nf1n1te prociuct.8 and infinite eerle.. The fitth chapter 

s wlth the detendnatlon ot pi by experlaental me-t,11Oas. 

The sixth chanter deals with the irrationall ty and 
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t.l'anao.ndenoe of tbe number pl. The seventh ohapter 

pre-ent. \be plaoe of pl ln torlDUlaa, and the e labtb ohapter 

.~arlz.8 tbe mater1al of the th••ls. 



O~A.P'I'ri'f? II 

CF PI 

.1. Earllest tlme.. T tl0D ot pl 1. 

010..1, oonneoted with one ot the three tacou. proble••• to 

quadrature ot the o1rcle. l The earllest approximation ot p1 

wa. , 1Dg used by the Hebre.s. Egptlans, and b71onlan•• 

hl. a88ucptl t.hat 01 equal t.o 3 was current. tor ,many 

eentur1e.; 1t 18 1mplled 1n \he Old Testue.nt. 1 K1ng. 7:23, 

din 2 Chronicle. ~:2. re the t 0110w1 atat.ement. 

oooura: 

Alao he made a molten sea ot ten cub1ts tro. brl. 
t.o brlm. round in oo.pass, and tly. CUbits 'the he1ght 
ther.eot; and a 11ne ot thlrt1 oub1t.. ,did compa•• it 

2round about. 

!be earll.at traces ot pi are to be t in t.he 

Rh1nd paDYrU.3 wh.lob 18 pr••er..ed 1n the Br1t1 

was tr l .•ted and eXI ned b.J El8enlobr. 

It 18 there atated that area ot a cirole 1s 
equal to that ot a square .. aide 1. the dluaeter 
d1m1nlahed by one nint.h. 

d 

1.t.orx or 
I.PanJ. Inc •• lVS,) f 

ar 
1ge ( . 

p. • 

" .., ~ 

0IlIJ&D.Y. 
.'the Circle . 

hel 195"'-; p. I,. 



;et.bod. e geor.net.rlc etbod 

1n 0 tol 1 a ueed bJ lndlYlduala; some obt 

cloMr Iroxlmat1 t.b others. A met.hod u...d In 

2.2. 

5 

Thls w111 ~1.... oxl 10n for D1 .1504•••• whlob 

ls «r.ater than '.1416 br about O.6~. 

oomputlng pl w.. 1naorlblng In a olrcle and olrcuaaorlblng 

about lt re,gular polrsons. B7 doubling 1n .uOCM8alon 'tbe 

number of alde. d t'lndlna tJle perimetera or areaa of the 

po1lgona, the 1 re able to oalculate aD oxi

tlon. It the proce.8 waa performed a great maaber ot 

tlme8-, a c1os.r apnrox1.Clatlon was obtained. SOme ot tne 

Indl...ldua18 that oo-~ut.d p1 by Insorlblng and clrcu.
_

• crlbJ.lut 
. 

reJWlar pollsona were Arabl_d••• F-r&noo18 Vl.ta. 

oun, .LYl"lu"'lIh V u.l , 11lebrard sn.ll • 

~lenberger. 

It 1. atated that the tlra~ solentltio attempt to 

cQaputeDl. ....r. _ oblMd8• .t 2~O B.C. 

Arohlmed,.s to' an roxl.utlon tor pl 01 clrouuorlblDg 

and lruscr1blng r.g~ 011S0nl to a aircle. n tlmUng an 

proxll18.tlon for pl, be t r lower I1m1t an 

0'" t.o the oono.1\&slon that located set.•••n th••• 

l1mit.•• e atarted '111 t.b a reRUlar Mx~on olrouaaorlbed 

about the clrcle. B1 flnding the perlmeter ot tbe regular 

po17gon eaoh tlme. up to 95 aidea. he flnal1, came \0 tbe 
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oonclus1on .t. 01 s le , 1/7. xt he tound 

lower limit. In.crlbln~ 1n cirole regular pol1Bon. ot 

slx, twelTe. twenty-tour, fort.y-elght. ninety-8ix alde., 

fInd1ng tor e SUOMI81v rl..t.er. wbleb 1., 

I"nluaf'erot cour8e. alwal. le8S \han e oue t.o• 
t the o1rouatere r the clrole exceed. 

ee t.ines 1t. t a 18 1/7 
4er. iDee , 1/7 1.but more than 10/71 ot t 

greater than '.141.6 bl about. o. , 1s a elmole DI r 

for ord1nar1 ooaputAUon.., 1'\ 18 atl1l In common U8e. 

a1l1aede.' t.Ion tar pi 1. oonalderab11 oloser 

than that ~1Y.D t 

y..,-...u.uUS Pt.o! 

Q,LU.LV. 

c. 1 • .,. If t,aught In 

1 

t. 

At.hens and Alexandria. gaTe the first notable T&lua tor p1 

after ot h1.-:1e8. 

1X86.aJ.ul notat.lo.u, 
aPprox1mat.e1, 3.l~16. 

table of 
t.ab!.e 

• 

he 
. .... __ .. ot·· .,s: loa (- rk: 

Yea, ge. 01t., p. 91. 
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1s Ilwt.lpl_1ed b7 three hundred aln" and the Nault. 
divlded bf the length or the dlameter or the clrole, 
t.he value ot pi 11 obt.alned. 

be earl, v&1ue.7 of pl~ uaed in Ob1tUL "ere 3 and t.he 

Yer, 1. that.,1ro. the molt lnteresting ot the -Chineae, 

ot Tau Ch'uns-ohlh8 in \he tUth oentury. tor the 

limits of \en pl, '1.415927 and 31.415926, tram whicb be 

lnterred b1 80lDe reaaon1ng not stated ln h1s work. that 22/7 

and 3551113 were approximate value•• 

he earll Hindu mathematlo1 (c. 530) gave 

62,832/20,000 •• an approxlmate value for pi. bl. value9 

le equal t.o 3.1J4.16. 

e .bowed that, it a 1. tbe 81de or a regUlar polygon 
ot n sldaa In.cribed ln a cirole of unit dlamet.er, and 
lt b 18 the .1de ot a regular lnscrlbed polygon ot 20 

2ld.~, then b I: ! - ~ (1 - &2)1/2 • Fro. the .1de ot an 

lnacribed hexagon, he tound 8uoo•••lvell the .1d.. ot 
polygons ot twelve, t.ent,-tour, tort,-elght, ninety
slx. one hUndred D1Det,-twO. and three hundred elghty
tour .1de.. The perlmeter of the laat 1. glven &8 eqUAl 
to ,r§.6694. from wblch hls Nault wal obt.alned b7 

ox! 

t prominent or the Hl-ndu mathematicians of the 

.eventh cen\ur, was Brahm_gupt•• 10 Be (0. 6SO) RaTe t.he .IE 

Ca30rl, 22. ~•• p. 73. 

Icend8noe of 
• 

1JDP&nY, 

Recreations and 
.; -1956). P: 341. 
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a. a value ot pl, whloh Ie equal to 3.1622... • Tbi. 1a 

aDm-oxlmateII eater tbanthe value '.1416. 

Be ob\alned thi. value bl lnacrlblng In a 01rc1e ot 
~t diameter regular po1lgona ot t ••lve, '.entl-tour, 
tort,-e1gbt, and nlnet,-aix .lde•., and oalculating 
auooeaa1;eM t.h~rl_'9r8twb1eb be tound. to be 
.I~. ,/. ,,,,g;B5. and,/. reapeotlv.l1; and to 
bave (alo) assumed that as tbe number ot aldes ls 
InOl"....4 Indet1n1telJ tbe perl_ter would apDl"oxlute
1.0 ,1m. 

Bhaskaral1 (c. 1150) I a H1ndu Jl&tbemat1clan, gaye 

3927/1250 whiob 18 equal to 3.1~160. a &180 gave 754/240 

Which 18 equal t,o '.14166••• tor pl, but 11. 1s UD.c.rt&1n 

etber this was given onl1' •• an approxl.aata Talue. 

Frano01. Vleta12 (1.579), a Frenob mathemat1c1an, 

tound pi oorreot to nine decl lac••• 

He abowed that pl was greate.r t.han 31415920535/1010, 

and le.8 \ban 31415926537/1010• Thi. was deducedtroa 
\he perlaetar. of the lnacrlbed and clrou:n8crlbed 
PO!J8on. of 6 X 216 slde., obtalned bl repeated us. ot 
~. formula 2 11n2 ! Q =1 - ooa e. 

In 1585, Adrlaen Anth0n18s. 13 a Frencb mathematlclan, 

gaye the ratl0 355/1.13 whlob le equal to 3.141592 ".. , 
oorrect to 81x deolmal places. It was apparentl1 a luok1 

acoident. alooe all b. ahowed w•• t.bat pl was bett••en 317/120 

• 
l~~., pp. 341~2. 

12 ':2110Ibid., p. ~,.-
l'Ibid.-
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333/106. er d ratter. and t 

value or pt. l 

n 1 omen, haMa+lolan, In 159' 

o&loulated the tar ot the lnscrlbed re~ular oel1;(on 

of ~O sid termlned the value ot 01 

aorrect to fltt.. la08•• 

ulen,16 r 

ntlolan, oomputed pi to thirty-flve deo1aal plaoe. 

bl 0 rlmeter or • pol,BOD haying 262 aldea. 

l11ebror 11,17 a Dutoh phJ8101st, 1n 1621 

devl.ed a trl«onometr10 lIDDrov8 it of the elaesical 

..\bod for 1. From eaeb pair of bounds on pi 

g1ven. by_the 01 1e ble to obtain 

oona1d~rably clo.er bounds • 

• 

l~-Y.B. ge. g!!., p. 91. 

150"'11, ~. ill-, p. ,.,. 

16 344Ibid., p. •-
17~y••• .Q.Q. ~•• p. 92. 
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In 1630. Grlenberger,l8 us1ng Snell's refinement, 

carr1ed the approxImation to thirty-nine deoimal plaoes. 

2.3. Analltioal method. The geometric method ot 

cOlllDut1ng pi has been popular tor oenturies. W1th new 

_thod. 'being introduoed 1n matbematlo:s, it became pos,slble 

to 0&1ou1at8 pi l.n other wa,-a. The'r8 wa.B the analytical 

••thod ot oomputing pi b7' the con'Yergent aerlee, products,. 

and continued fractions. 

Vleta. 19 about 1593, gave ,ano~.r interesting 

approximation to~ pl. using continued produota tOf' the 

parpo.e. Hi. 'Yalue "1 be obtained trom the tormul'& 

2 _- - ) 1 )'1+1 Jljl+l )1+1 r:; ... ,.
1'1' 221 2 2 2 ~ 2 j I 

'In 1,6:50.Jo'hn 1ie,20 an Engl..lah mathemat101an, 

proTed, that 

" 2 244 6 62 = r · 3 · 3 · 5 · ; · 1 ... , 
and quoted propoaition giTen a few years earlier by 

Vlacount. .Brouncker to the eft.c·t-that 

180N "1 'it - 345~- , ,2E.• .!!-., p. -. 

19DaVld Eugene smith, Hletorl 2! M.athematlca 
(Boaton: Ginn an~ COIllPS11l" 1925), Vol. II. p. 311. 

20 ~hBal.l" ..2£. ~'" p, ::..rt'S. 
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1 
~ =1 + 2 + 9 ~ 
tT 2 + 

but neither ot tbese theorem. was uaed to an1 large ,extent 

tor calcu.latlon. 

In 1658, Jac.a egorJ_21 a SCotoh matb."matloLaa, 

der,l",ed eri8. wblch w.. uaed by others" in 00 tlon 

1fl~h other relatlonah , ln aa.1culatl a value o,t pl. 

·be aerlea i. 

aro tan x =oX 
r' x 5 z,7 

- .,- + S- - ,,- + ••• • 

In 1673, Gotttr1ed .1lbe~ Lelbnlz,22 a German 

uthematialan, bl taking Gregor1' a aerl•• and let.ting x =1, 

der1Yed tbe .eri•• 

Tf 1114 = 1 - ! + S - 1 + ••• • 

This aeries converge. rather 810wly tor an accurat.e value' 

ot pl. 

In 1699, Abr arp,23 an Engl18h mathematician, 

ualng GregorI's .er1 and let.t1ng " " de..i.if, 
the serles 

21tOuna• .21!. cit•• p. 395. 
22 ner Bewman, !m.. clt., • 76-77

.~. ill.. p. 3m. 
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!! = !!(l ---l ,3 1 . 7+ ,4 • 1 9 - ••• t6 J 3 ... r, · 1 
5 

) 

whioh 1. more u.able tban t.hat tor i . He ~•• an 

anproxtmatlon tor pl to a8.ent.,-one deal 1 place•• 

In 1705, John J4aoh1n,2. tbematlclan, 

b1 aubst.l tutlng Gregor,' 8 Inf1nite .erle. tor aro t.an ! a·nd 

aro tan ~;§ gaye t.he exnr•••lon 

rr ~ 1. 1
4' = ... are tan 5 - arc t.an 239 • 

Thl. oonYergent ..rlea 1. taa\-.r and 1'. more u.etuJ. 1n 

comouting pl. Be 1 oorreo\-l, to one hundred 

deo1mal plaoe•• 

In 18'73, WIUl Shan ks,25 an Engllab -.tbe..tlclan, 

1 to 701 decimal place. b, ualag Jlaob1n·. form.ula, 

but. in 1945 D. F. Fergu.on found an error in the 528tb 

plaoe. 

2.4. !!!:ID! prObabl11tZ_ The Y&lu..e ot pi ,can be 

determl.ned experlment.a1l1, b, app11011tlonl of· probability 

theOl'1. Probabl11tJ baa been uaed In 11&01 dlfferen't w.,. 
In determlning an approximation of pl. 

2408Jorl, 22. 01\.,
 

, ..Ql?. ill- J p. ~.
 



and 

~o lnY8at.lgate tne 

In the alddle of the 

tractionas 

8 began 

tber or not 1t 18 ratlonal, orber :pl, 

'ature ot the =......_..._..._...._ ............- -

loh Dl _, be determined bl probability. 

allel a-traight 
8. stick of 

dropped on to the 
111 tall .0 &S to l1e 

na. It the exper1ment 1. 

a, the rat10 ot the nuaber 
e DUmber of experiments 

to thi. traotlonjbence, t.he 

2.5. 

Se obtained the two contin 

26Ball. ~. ill., pp. ,.8-49. 

lon, ~. ill., p. 4-3. 
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In 1760, Comt.e de Button25 de.,.1..d his famous needle 

eX - 1 _ 1 1 -l- 1 
eX + 1 - Wi + 0Ti + 1"07'X + 1I"1.z;47~:lt-+-.,-.-,~-.' " 

YDX _"1 1 1 .1-=7'·~__ 

- t7i  !7i  sri - 7/x - ••• ' 
hieb are al08el, related .1 tJ1 Gont1nued tractlOD" 

,obtalned by Eu~er. but the oonvergence of whioh Euler 
bad not e.\abl18hed. As the result or an lDTe.ttsatlon 

11n.... 
length 
plane. 
acro.a one 
repeat.ed
of ta.,.orab 

111 be .,.ery 
"lue ot pi 

problem b1 

wnetber it. 18 algebraic or toranao.ndental. 

T~. first lnYe.t1gat,loa, ot tun~en~ 1aP¢rtance, 

Was that ot Jobarm Helnrich Laabert, ';!1 a Geraan a:at.hemat1

clan, 1n 1701. 

nature ot tb. 

eighteenth centurl mathemat1c 



14 

ot the properties ot t contlnued tractiona, Lambert 
eetabl1ebed the tollow1 thlorell.: 

(1)	 It x le a ra~1onal number, tterent tro. zero, 
eX cannot be a rat1 nuaber. 

(2,	 It x 18 a rational num 1tf.rent fro sero,•tan x cannot be a ratio number. 

ItX=4' bay. x = 1, theret~. ~ oannot 

.. rationalbe a l' nuaber, henoe 

DWlber. 

n, the d1800yery was made of the distinction 

bet••en algebra10 and tranlloendental 1J"ratlon&1., the que8

t10n aro.e al to which ot the.e aatep:.orle, the number pi 

belong.. An algebrale l,rratlonal 1e 0 wbloh 1e a root ot 

an equatlon at the tora' 

, 11 0(2.1) &0 + alx ... + '••• + anx .= , 
re n 1. a ratlonal IlWIIber and .0' al , a2, ••• , ~ ar. 

rational. A tranac.n~rital number 1. one for wbloh suoh an 

equatlon lloot aat1.tled. ,In 1882, Ferdinand Llnde.ann,28 

a German matbeaat,lo1aa, I)ro"ld equatlon (2.1) oannot 

bold, wben x :z e; n and .0' &1' , ••• , ~ are &1g8br'ala 

DUliber., not Deo••aarll, 1'.&1. Euler bad preyloual.f ehon 
lthat e 11' + 1 = O. N01I It "' is algebraio then 1" 1s 

alg8tralc tbua 8 
D + 1= 1. satlsfled ~ D = lrr whloh 

o~• .2,2. cl\., p. 402. 2 



2.5. ~JDoD1c.. There are aGeaalona wben lt 1. 

d••ired to expr••• pi to more tban the ••ll-remembered tour 

and 

terarl 
• 
.e. 

n trom the SChool. 

ore, 
9 

lded b1 the use ot 

to tb1rtl-one 

Literary D16e8"'0 

t.hematl0••,l. 

ly1ng Approx1Jriat.e 
~thematlc •• LIII,• 

p 

1e, 

1 oorrect to twelYe 

9 
&8818t1_Dg 

5 9 
tasks reslsting. 

••• 

_____ • orabilla ~atbemat1ca 

Company. 1914), P.' . 

r 

omell, Sly1 

ben mel:lor1 G 

191t. 

1 0\ 1 5 
1 haye a rbJ.. 
65:5 

f.eble brain 1t8 

Anot.her 

• 

a place in flop1t..' "morabllla 
, 1 4 1 5 9 
ow I, eyen I, would celebrate 

6 5 , 5 
In rby.s lnapt, t.be gNat. 

8 9 7 
rta! Syraouaan, rlYalea ney,. 

lOl'vj 

( 

deo1mal places. 

15 

IIfteIlOnlC8. The number of letter. in a word 1e the kef to 

SOl.nee ~ Da~hematlga, gly•• 

d1811;,••29 

:5 
see, 

2 

-
11gnifioant d1gita, appeared in the 

baa 

oontradleta the tbeorem ot Llndemann. bence rr 18 not 

algebraic and tbu.a 1. tran8oendfmt.a~. 

the approprlat 

Digest, 



o 
8d on b 

4:3 3 8 327 9 
Lett men hl. guldanoe how to o~le••enaurate. 

2.7.	 .leoUomo oalculator. Talue otpl 

own to a great lao... of aocuracy tor 

oenturie•• n ent ot electron1o oaloulators, 

caloulat1on ot extraordinary .agnltude became 881b1. and 

practioable, and aome ot t.be.. dey10e....re programmed tor 

the caloulat.lon 1. In 1949. the eleo,t.ron1o aalc.u

lator,32 \b a. at tbe Ar'8J Ba--~11..,tl0 Re••arch 

Laboratories In :W"1l&nd, 1n about, HTent., hour., 

gaTe pi to 5 plao••• 

lateat oomnutation ot the Pari. 

Proo nt,er In 1958. In onl1 tort1 • .,concla, the 

IBII 7Mln the Parls center computed pI to 7 deoll1&l 

plac.••, whioh.as the number of plaoe. en had been OalOl1

lat.ed by d In 1813, bl "U~l tmMk.. The P&71. 704 

••nt on to ~xt,.end tbl. oOUl'OU"\atlon. within a per10d o·t an 

80111&1 olace., a re.ult 

ot tbe 20,500 deo1m&l

place oapac1 ltt:r IlIIIm8d.t • 1 

, 
e., • clt., p. • 

tl ••s 

rt 

us 

hour 

.hioh II8Jte8 
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In 1ts electronic baDdllng ot the oomputa~lon.33 

the Pari. 7~ wae progr d tor the turmul 

rr ~ 1· 14 =.. aro tan ; - aro tan m t 

whiah 1s discussed in Cbapter IV. 

3~dward ClrllUD, "The Storl ~ 'l.::,;r-...&...d...8
-!!!, X, (AugWlt, 1958), P. 16. 



CHAPTER I I 1.
 

em RlCAL ON OF PI 

'.1. Introduotion. The DUIlber wblob 18 oalled pi 

came to the attention of many per.on. tbou.anda of year. 

ago. Jihen the, tried to meaaure the area of a ctrcle or 

ita oiroumference, the, tound IUDJ difficultle.. It was 

disoovered, qUite ear11, tbat there 18 a oonneotlon between. 

tbe c1l'0Wlter,enoe ot Ii ,elrolean4 ita dlemeter. If the 

diameter Ie Inerea.ed to 1,-0 or thre-e tlme. ita orl.g1-ll&1 

le~. tbe olrcumference 18 inore.led proportionally. 

The bl,tor1 of the determination ot the l-atl0 ot Ule 

c1roumt.~enoe to the d1aaet.r ot a circle ooul.d tall lnto 

four period.,. Tbe periods are d1ylded by fundamentally 

dlstlnct ditterenee. wit_b Nlpeet \0 method, Immed1ate alma. 

and t,he advancement of rnathematloal knowledge., 

• first perlod ••brao.~ t.he tlDle between tbe 

first ~oQrda, of the dete'l"mlnatlona ot the ratio of the 

clre~e'rence t-o tJie diameter ot a 011"01. and the middle 

of the aevtI-Qt••nth oentury. Thi8 per10d 1. here called 

tbe geometrioal ~rlod. For example. the main &cttlv1 ty,. In 

tbla conneotlon. consl8ted in ~e approximate determinat10n 

ot pi by calculatlon or the aides or areaa ot regular 

po1Jgona In.or1bed and olroumaorlbed to the olrale. In 

the earl1er par~ ot the period, 1n spite or unavoidable 



d 

• the 

lnd 

• powertul 

ould be 

19 

aoproxlmatlona 

on:et.r"lo me\ho 

value of pi were 

1.abor 

of the 

1. 

of t 

f 

eum. It 1. there 

were developed to 8uell a 

~~ one ninth ott the 

t.er dImln1shed b7 one nlntb. 

.•{(;LOu.. • 

further ad,. 

AU'f'ln1'" islruu, 

square upon the rem.ainder 

oxln:atloDB to t 

_'..__.~ ~ Circle (aew Xork: Chelse. 
lO-ll. 

a square pr••wnabl, equal in area to 

taking 1/9 oft the dl....·t.r AE of the 

giyen tor 

-eou1.I"ed onlJ a tracti 

p. 13,. 

b1 

ose 8ide 1a tbe d1 

were needed. 

-
rua 1s pre.eryed in the Bl-lt1 

~. 
,blleb1ng ComDam 

o logical r 

(0. 1700 B. o. ). cont81na an expre••1 

square 

lnvolYed in the earlier c 

r1od_. 1 these geo_t.rio metbodll 

egree of e-x&ctne•• " 

Figure 3.1 shows 

that of & 01l'·01e. 

atated that the area ot a 01rcle 1& equal to tha~ of • 

cirole andeon.truet 

3.2. A Yalue .2! 2A. !!l ,he Rhlnd Papxrya. one of t.he 
2old••t mown mathematical dooument.a. tbe Rhlnd Paptru8 

diff1culti•• , a number ot 

of 'P1 were obtained. Later 1 

for alOM. th••• l1Des. For furt.ber pxaogx-eas 

obtaine 

diameter, exoept that 1t leemed to lead t.o a aat'l8faotory 

Talu. ot pl. 

.ere deyi 
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oUto 

tel'S ot-

alde. ot 

be progres81yel, 

. 
ot1Y811, aides ot regular 

-gone, then t 

~ftIU''''acl 18 reached• 

1. the ratIo ot tha clrcusrerenoe 

,~~ude ot tl» error Introduoed 1n 

ot t 

'I' inscrlbed regular polygon ot maJV 

crlbed or Inaorlbed regular pol,Son 

1I!oIJDtJ8l ot .ldee ot the polygon. In order 

ole 18 appr-ox1ma.te17 equal -to the perl_tel' 

Caloulation 2! 2! ~ ••an~ 2! ~rl 

_u__• __ .. .l"-aw&r pol:rf5ou•• 

.a.lu. of 

of a1 

3.3. 

Idea. 

to obtal:n tbe.alue ot pi to •••eral .1gn1tloant cU.glta, 

21 
.....2 

area S. ot the square ABeD, equals 64/81 liS ; 

ot the o1role 0 equals ~ tr Ai-. 
re1atlon 

trr ~ = 

leads to th..alue tor pi, 

If = ~ = 3.16~. 

18 valu.e 1s abOut 0.6' Rrtlater thatl the value 3.1416. 

1 

oOrNapondlng regular o1r~wuorlbed and lnaorlbed 2n-sona 

ot a cuoumBcr! 

per~met.r ot a 011' 

deoenda 

the number 

lucre.seeS until the de 

e1ro 

to the dJ.&Il1et.er. 

replacIng the clrowaterenoe, 1n tb18 reI.atlon, by tn. 

eire 
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are glTen b.1 the tormul••,' 

(,.1) c n 
C2n = 0 n 

• in 
+ 1D ' 

and 

(3.2)	 ~n = ~ ~a · e2n .. ·r~ · 
Tbe relatl.on bet••en t,he aidea ot regular 

o1roumscr1bed and 1nscribed pol 18 111uat.rat..·d 1n 

Figure 3.2. "1B, a.nd AD are aorre.ponding 11d•• ot 

circumsorlbed and lna-arlbed regular n-gona, and G1H1 and 

are oorr••ponding 81d41s ot o1rcwn8cr1bed and 1naorlbed 

2n-gona. 

It On and In denote, r. speetlft17, per1meters ot 

regular olroum.eor1bed and 1naor1bed po17gona. then the 

per1met.ere ot clrcumaerlbed and lnaarlbed regular n-gona 

are g1Ten bJ ~ torll\ll.N 

C'.3) Cn =nen • 

and 

(3.4)	 In = :n!n. 

l,t C2n denotes t.he perlmeter ot a regular 

circum8cribed 2n-gon, then the perimeter 18 g1••n bJ t, 

tormul~, 

th, 
( 



g 0flX'l o a nro .OHIO 



= 2n Oe!n0C2n 

c • In 
n I= 2n on + n 

no on! 
= 2 n -

no + n1 •D n 

2 C • I 0 n(3.5) =C2n t -+-r n n 

~t 12n dena t.he perImeter ot a r ILl" 1nler1bed 

2n-iil:on, then the pe.rImeter 11 glTen 'b1 the formula. 

~n = 2n • 12n 

= 20, • l ~ 02n • in 

2 .°20 • =n / ~ -In
n . 

(3.5) I -Ia .• f .
2n - " '2a. n 

In order to ttnd the !meter. of regular 

c1roum.crlbed and 1,sonB, ~t 1. oOQvenlent to 

aa the equ.1lateral triangle,.tart with auob simple pol 

11 thethe Iquare. or the regular bexason, 

double t&8 tor t rs 0 1t 

number ot sides or the given po17gon8. It the or1g1na1 

regplar pol,8on hal n aides, then k 8uace••lye appllcatlon8 

ot the tormula. ('.5) and (3.6) slye perimeter. ot l1gonl 

ho.e nullber ot sidea equals n • 2k • 
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In order to ucoe••lye1, better approx1matlona 

ot pi, at.art w1th the perlmet.era ot olroWLsorlbed and 

in80ribed regular hexagona n.tbe perimeter. ot regu.l.ar 

olrowuorlbed and lnacr1bed dodecagona; then, in suoceaaloD, 

the perlC18tera ot po1,6ona with 24 aida., ~8 aldes, 96 

sldes, 192 8ldea, 36'\ 81de., 768 alde., c1 1,536 ald••• 

In a unit olrole the perimeter ot the regular 

olr oribed hex~on equale 2~, the perlmeterot 

tbe regular 1nscribed hexagon IS equale ,. 

The perlmet.er8 ot "gular o1l"aum8orlbed &l'1d lnacribed 

do4ecagons are obtalned b1 ueing tormulaa (:3.5) and (:,.6). 

'rhua: 

=C12 

-~ 
- 2.-'3' + :3 

= ....., (2y1j - 3) 

= 3.215390',' OrlAJaliUJ..:J • 

bus:
 

112 =",crl~ • 16
 

= J 12,1} (2./3 .• .,) 

tel,1= '.1058285, 



2" 

The per1meter. o.t regular olroultBorlbed and lnsorlbed 

pol1gone ot 2~ .ldea are 'obt.alnec1 ~1 the rel.atlona 

2 • 012 • 112 
C2~ = ~2 + •112 

,4 

~4 = ~C2. . 112 • 

Tbe aboft TalueS and tho•• obtalned bl tbe 

oontlnuatlon ot this procell. are preaented in Table I. In 

this 'able are glven the results ot app1Jlng formula. (3.5) 

and <:5.6) 1n elgbt. .Ucces.1Te steps tollowlI1R t.he oaloula

tlon ot the perl_tel'S ot tJ1e bexagon. The e1ght.h.tep 

7i.l~ t.b. valu•• ot the p.r1JMt.ers ot regular olroua8crlbed 

and lnaoribed pol1gona ot 1,535 .lde8. The perlMter. are 

lndioated to ......n d.oimal plao... in the table, and the 

perllMt,er ot tbe olroWll8oribed and l1180rlbed regular polls-on 

of 1,536 sldes glye. an approxlmate ftlue ot pi correot to 

riTe ~.olma1 places. 

It greater ae-aurae, were de .ired. tbe proo... would 

be contlnued tur~.r, and each caloulat,lon would be carried 

out. t.o an appropriate nWllber ot deoimal place•• 

The proc••• ot clroumacrlblng and ln~orlb1Dg regular 

polygon. to deterclne a more accurat. Talue ot pi 

oarried on tor a number of years. In 1579, &neola Viet_, 

21a Frena , oonsldere ot 6 • .ldea-that, 1.. , 
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~~I 

4ItlSCRl·EED REGUUR 

~=..,.......,. i •• ,
 

,Perimet.er. ot Perimeters ot 
umber ot 3ide. Circumsoribed Insoribed 

Po1ygona Po11son. 

o 

6 ,.4641016 3.0000 

12 '.215390' '.1058285 

24 '.1596599 '.1326286 

~ '.1450852 '.1393502 

96 '.1J1.27146 3.1~l0319 

192 3.1~187'0 '.141452t\ 

3M ,.1.16627 '.1415576 

768 3.1416101 '.1415838 

1536 '.1415970 '.1415~ 
_J it ==~ t=:=I : == 

·Beman and Bmlth, .u. cit. I p. 221. 
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aanner'. 

drat.r1x, 

• 219. 

, found pi 

t 

ot Dinoat.ratus 

bel' 11&8 engraved on 

perpend1cular rad11 OA 

e devoted a conelderab1e 

L 

• ehrono1 
oh-Aprl1, 

be d••01"1bed in 

cted w1th t. 

tound 01 correot to nine plaoea. I 

c. SO 
.aslne, 

Ol.lrTe 

nel it two point 

5R.....m• n 

, 

8ldered 80 extraord1n.&rJ that t,he 

oorrect to 15 ~ol.mal places b7 oo.putlng the perlJ1leter ot 

a regular olrou..rnacrlbed po1Jgon ot 270 sld••-that 18, 

3.4. QUadrat.r1~!t D1no8\ratu.. About. t.he yeta 

whlob 18 o-tt.en 0 

It a 01.1'018 ot unit rad1ui 

(0. 350 B.C.), who 8tudled the eurYe oa.reful11, and who 

ahowed that 'he uae ot the ourYe gl've. a oonstruot1.on tor 

and 

~f611.685,01e,427,'87.904.lde•• 

pl. 

159', Adrlaen Van Roomen. ot t.he Netherl 

part ot I'll. lite on th1s taak and hi. achlevement_.. aon

bl. tombat.one, a.nd to t,bi. dal 1s trequen1.l1 rererred to 1n 

Germany •• "tbe Ludolphlan nwaber." 

425 B. C.. Hlpplaa 1Mented a cun. kno1m u the 

393 .• 216 81de•• 

1,07',741,824 .lde8. In 1510, a Ge~&n, Ludolph Van 

:ceul.n,,5 found pi correct t.o 35 p1ac•• by tinding the 

perimeter ot a pol,gon ot 262 .1de.--~t 1., 
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ole 1s the 

deacr1bes the 

1ntera.oticD 

that '1 18 

ot t 

t 

o 

1--) J
~1 

, the other upon the arc 

t1~e at 0 and A. the, 

( 

Z=t.an~1 •x 

Famoua ~oblem8 ot Elementarl 
I. seman iiid b. E;-smrtb (H•• York: 

x ~ 11 
1

2s: =~ • 

~ '1 i 

=aro toan i t.be equat.ion or f,he otIrYe become. 

to t' 

.an proport,lonal betw.en 

Aooor 

theretore 

n 
, =: I ' 

Iroportlonal to 19. Furthermore, alnce 1t '1 = 1, 

and fro 

hence 

The ourTe IIMta ~he II.Xl. ot X at tbe point whoa. abaoisN 1s 

arrlye a-1allf,aneouaJ..y at. B. the pOlnt or 1nt.erMot1on 

P(X,1) or OL and the 
5quadratru.

Prom thle deflnit.ion it. foll 

",elo011;,1. one 'U 

(Figure ,.:5), e"artJ.ng at. t.he 



Id m,g .'0 ~DnH 00 

,-, :rnni)Ii 

V J------~f__----__II 

a: 



'1 

thi. by 

olrcwnterenoe 

ar oiroum

11gon. Slnoe It 

e length of the 

asurement llt the 

perlaet8ra of the regular 

ere are formulas, given in 

doubllng th••1.des or tIl. 

e axl. ot 

0'"" 

'10/71. He ••tabll. 

1-5 

:_ :OcU-: --r-v--" 12 !!2! f!latgrz of 
Companl ~ Ino. J 1~J), 

polygOl18 mal be obt.alned. It tbt. 

-----

• 

= '.1415926. 

! / 1 = 1 / 1.570795,.TT 

• obtaIn 

be formula 1. 

( 

,. 5. .~ cllaco....rz Rl. Archimede•• 

Icrlbed and inserl 

to obtain bounds tor pl. 

of • oirelll baa a value bet••en tbe per1mewr ot &n1 olrcua

olreuaaorlbed and inscribed .1x-slded pol1gona, It 18 

doe tero1.ne \4,. 

ot the quadratrlx w1t 

SOlY1D6 for 

quadrant be known before an approxlmat.lon ot pi oan be 

quadrant. It 1. neoe. B&r)' that tbe 

po1,6oDa of ~~ .1 

.oribed pol,8on and that ot &n1 lnaorlbe 

IClrou:lacrlb1ng about a oirca and 1.nserlblng 1n 1t regular 

Tbl:., Talue ot pi 18 correct to the Indicated decimal places. 

regular po11Bona, the perimeters or t.be r 

proc••• 1. oontlnued. thIs w111 11eld oloser bounds' for pl. 

-ArOb1mede.7 (o. 2_0 B.C.) dlaoovered that pi 1. le.1 t.han 

Ie • aimple aatter to eompute 1; 

, 117 and greater t 
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3.', iob expre89 t r1metera of given regular 

oir cribed In t. of tbe 

perlmet.era ot o.1rcwnacrlbed In.crlbed n--ROn.8. 

In !J!!. Woru S1! Aroh1l8des, edited by Heath, 

8• L. Heath •• the procedure 8.uppoaedll uNd b1 

ch1medes atcabllshl.ng t.he Talus ot pl. The part, deal-

lug with the aUCUJUor1blng &nd lnacrlbl rf!latllar po11~on. 

or 96 81,1108 18 given in this t.hesls. 

'In F1gure 3.4, 1. one s1de ot a regular pollson 

of 96 atde. circumacrlbed to the given cirole. , 8ince 

lAG> 4673 i I 153, wh1le - 20.0, =2M, 1t. 

tollo.. f,bat, 

AS : (perimeter ot f 95 aide.) > 4-573 ~ : (153· 

1=4-573 2' : 14wuu. 

But 
1

1~88 o!/7 2 1 
=3+ =3f

4573 1 48r3 1 
~ 4 ~ 

In Flgul'e '.5, En 18 a side of a Nlgular in8cribed 

po118.0n ot 9.6 ~lde8. Therefore 

~ 

AB : BG < 201T 1: vv t 

and 

BG : AB > 
-

65 ; 2017 k. 

Srr. L. 
C-ambrld8e Un1 
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It follows that 

( Der1~.+.A1" ot 001 ) . > ( ) : 2017 4'1 

= 0-,36 J 2017 4'1 

tt 
.. _ 10 
2017 -, 1I ·~ 

Thus ~. rat10 ot \he olrcumterenoe to the dlameter 11ea 

bet-ween , 10/71 :5 117. 

,.6. ~ value Rl Ptole!!. A Talue of p1 was g1ven 

b1 Claud1ua PWlem19 or Alexantlr1a (0_ 150 A.D.) in h1. 

Ut.!'o cal treat1.. , the ~n\axla (Alma6eat 1n Arabic J. 

In thl. trer 1. glyen. in .. a1mal notat1on, aa 

,. 8' 30". It.&8 prObabll darlved trOM the table ot 

chordee In \.he table of chorda, • length of the cbord 

of one degree 1e gl..en a. 1- 2' • ae ata that the 

o1rcumference 1. d,1vl 1nto 3.60 e or' degr II 

10and. the d1au:eter 1e d.1vl 1nto 120 eowu. a_ lnce 

& o.hord of one deP:ree 18 found t 1· 2' " u. 
oirownterenoe ot a airole equals ".ry nearl, 360 "138 

(1- ) ; ,4 alnce the 1• ot the diameter 1a 120'. 
...
 

%y.a, .!m- 01#_. _ 91.
 

at.u, 
) , 

• L. 
itl 

•
1 

olemy.
III, 7}4. 

If 



on 

• 6I'~ , 

18 t.he 

-chlh, 

la met,hod 

480 

tr 

Tim• 

ce. 

• 

equal 'to AC 011 

at D and equal to 

1n 

= <j.14165. 

• 

k ott 

Derpend1c 

• 

d10ular to 

mechan1cs, Tau 

fift.h dec 

at 

as -

r 

greater than 3.1415.7, 

proxlmatlon 3551113 tor pl. 

&11e1 toG 

, ito. follow. tbat p1 equals' time_ 

+ 30/3600), or ,. 8 t 30". 

deolmal notation the ...alue ot p1 16 round to be 

'+ v +aL21:';\0 

- ------ __ _,0) + 30 -

let F be the toot ot 

r 

1_ves , ~. ill., p, 105. 

--
hle .,alue 18 0.00 

(1· + 

3.7. A .,a1ue Bz Tau gh'HD!-ch1h. 

3 

gave 

was orobab11 s1m11a.r t-o \bat outlUled in the following 

paragraph. 

In Figure 3.6, ADB 1. taken equa~ to UJl1t1 and 1. 

a_ter ot the indioated circle .11 Dr,aw se eaual to 

AE. 

the early Chin... worker 1 

yalue ot Di oorrect to 

1/2, 

1/a, perpend1cular to 

oduced. 
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Sinoe. bJ 81mi1ar r1gh't t.r1angle., 

FA. _ Ii)EF -.JL and - ,~ ~Fi5-iD FD I.E 

tMD 

2
GB_iE. 
--~ 

DI 
Slnoe A9C 1. a right trlangle, 

222 
Di::1I +BC, 

and 

2--
In 801... tor , • obtalD 

GB _ U£gJ__2~~ 

-r - (1)2 + (7/8)2 

,,2 16GB = ~ 2 =m·7 + 8 

GB 1. approximately equal ~o, the tractional. part ot pi. 
2 

ThUe ,... .,a ~ 82 . =m..h1ob 1. ver, uaar iT equal k pl. 

'!'be deol-mal equlya1ent of the rational traotloD 355/1013 1. 

approxlmate17 3.1415929, whlob agree8 with tbe Yalue or pi 

to 81.% deoimal pla.oe•• 
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3.8. A Talue ~ Kochanaky. In 1685, 

Father Koobanaky, 12 a 11brarla:n ot the Pol 1116 John III, 

gaTe the to110 ,roxlmate geometrlcal construotlon tor 

1. 

In Figure '.7, Aoe 1. ~be d1ame\er ot the lndloated 

c11'018. 1-be rad1us of tt. cirole 18 equal to \In!t,. Drn 

AG t~n\ '0 clro1e 0 at. &king p01nt. A of t.he cirole,• 

draw a c1role that has tobe aame radiua as oircle 0 and 

ob\&ln poln"t D. Itb polnt D. trace a aeaond circle wl\h 

~h. ...ate rad1u.. and obtain polnt E. The 11De Jo1ning 0 and 

E IntAn-••ots the tangent drawn at A 1n polnt F. BJ measur

ing ott a Ulple 1'&d1u.• upon 11M AG trom point. F, point, C 

1. obtal • sa tilt 1. a ox1mat.e11 equal to one halt 

ot	 \he o1rcumrerence. 

The t.l'langle.OAH an.d FAR are 81mllar, therefore 

n/l=~/(}~). 

BolTIng tor 'Fi. obta.in 

FI:a 
::3 • 

'lh. l1ne 

c =:5 - a:3 

= 9 - t1 
:5 • 

aw,12R• S 
• York: G. 
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Sl008 19 tl r1ght trlangl... , 

_2 _2 _2 
- + 

and 
2 

00 =... 9 - U3 + 1/3 

4u -= r. - 2.,13 

Be 

=9.8592'1••• , 

= '.1.15". approx1ID.atell. 

Tbl. Yalue of Be 1. 0.000059 l ••s than '.141592, wbloh 1. 

t.he ~alue ot p1 correot. to t.be slxth deo1mal place. 



IVo 

OALCULATI PI D QI:on.&.L~ 

4.1. In\~oduetlon. The seoond perlod, whleb 

oosmeneed ln the aeoond hal t of the Myent.enUl eent.ury, 

."S oharacterlzed b7 the application ot powerful analytical 

etbod•• lth the a••lstano. ot ne~ anal,tlcal expression8, 

pi could be expressed by oonvergent product.. and convergent 

.erle.. The older geometrical torma of ioveatlgat.loD gave 

w., to analytlcal proaesses .uoh as tho•• pr••ented 1n thl. 

ohapt.er. be n•• thode ot 818t.ematl0 repreeentatloD 

at1mulated tresh aot1vlt, 1n the oal~latlon ot pi. Ke1 

formulas_.ere app11ed and reapp11ed t.o obt.aln numerloal 

prox.1.matlona ot pl \0 1D0re, and atl11 more, .1~nitlcant. 

1dlg1t.•• 

In th1. per1od, lob covere bout a centurI, 

mathematic1ans .ere interested 1n oalculat1 1 bJ .aplo1

1~ co~ergent producta and cODYers_nt .erles. An 1nf1n1te 

prOduct conta1na an unlimited number of tactors. An 

Infinite oduot wblch ba. detinlte limit tor the product. 

ot lt8 taotora a. ~he 'bel" or taotors 18 allowed to 

increase witbout limit 1. called a convergent product. A 

• Qobson, §guar1n~ the Oirole ( York.: 
Chelaea b11ahlng CompaQ" 1 sJT: p. 11. 



4' 
.erlee 1. a aum ot terms wblch progress aooord1ng to aome 

law. It the ber ot ter 1. limlted, the aerl•• 1, aald 

to be "flnite"; it Ule number ot terma le unl1mlted. the 

serlee 18 "1ntInlt~. Int1nite aeriea whicb ha 

definite lim1t tor the ot Ita ter • the number ot 

terms 1e allowed to 1ncre.ee wlthout 11m1t 1a ~all.d a 

oonYersent ..r1••• 

4.2. Aformula ~ V1e~a. About 1593, Franoo1. 

'Vleta,2 a Frenob _tbelll&t101an, expre••ed the Yalue o't pi, 

tor t.he fir.t t1me J 1n a regU1.ar mathematical pattern. He 

pr'OTed 'Lbat 1t two regular po17gona are Ineerlbed 1n a 

o,lrele, ~b. f1rst hayIng halt the maber ot ald•• ot tlw 

••oond, \ben tbe area ot tbe tlrat 1. to tbat ot the ..oond 

ae \he slde ot the t1r.t polJgon whloh i. dr'awn t.o t.he 

eX\remit1 ot tbe diameter 1. to the diameter ot the eirole. 

TaJt11'8- square, an ootagon.. then pol1gona of 16. 32, .... 
Ii-de_,. be expH••ect the alde ot 8.0 1180n shioh 1e drawn 

to t.he ext.rem1t1 or tJle dl...ter. ,and tbu. obt&1ned 1,he 

ratio o-r the area ot eaoh polygon to that of ~ Qext. He 

t'ound that, 1t the diameter be taken aa Wlity. the area or 
tohe cirole 18 

2 Ib1d., p. 26.-
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2 -_.- • 
1j! j 1 )1 j 1 + 1 Jl + 1 j}2+~ • • •2 2 ~ ~ ~ 

trom whioh was obtained 

2 •
t1' = '

j~ j 1+ 1 J~ }1+1 j!+! J! ,e ••2 2 2 2 2 2 

nator 18 an 1ntln1te product ot expresaions ot 

.q,uare roota"lttl a regular pattern. The acouraoy or the 

oxlmatlon of pi obta1ned bJ the use ot tbls tormu.la 

n the number or factors 1n the denomlnato,r of' t.he 

riMt member. wb,lch are used 1n the caloulation. 

4.,. John walll.,' an 11ab 

thematlc1 • an .z~r••slon tor D1 n 

infinite product. 

HI. eXDreas10n tor &mal be clerl.ed in the 'tollowlng 

anner. ADD111ng the method or lntegrat.lon by part,a to tbe 

indefinite IntefQ'al, I.inn x dX, where n > 1, 

n l 
- 1 r(4-.1) J alnn z dx = _ 81n - x ooa x + n- J8 x dx. 

Tberetore 

_ n - 1 r~(4.2) -2 X dx, n ;> 1.fc'i
rr

.inn x n J1'\ 81o 
'I!!!III 

'R. Courant. D1tterential and Integral CalcululII J 

wans. E. J. IloShane -(NeW York:' Nord.mann Publishing
Company. In~.t 1938), Vol. I, pp. 223-24. 
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Formula (4.2) 1e a recurrenoe formula whlob, in 8uoce••1ve 

ppllcat,iona, 11e1ds d1m1.n1.hins posl t1ve Dowera or the 

8in xrutor of t.he 1nt.egrand ot the r1ght member. orwo 

ease. need to t. d1.t1ngulsbed. acoording aa n 1. eyen or 

odd. It n =211. 

(••3) j f .lna• % dx =2. - 1 • 2m - i.·· l · 1f dx. o 2m 2m - ~ 0 

It n c: 2~. + 1, 

U n 

1(" .. )j~ 81n2.. A_ = • 2m - 2 .... 2 .!~ s1n 'W' ..11_x 2. 
~.~. 0 . \loA 2. + 1 2m - I J 0 ... lolA. 

Hence, 

~ 
slo211 x dx _ 2. - 1 ~ ..... 1 • IT(6\"S) 0-· - 2 "2 2'I 

n 

and 

rt
 

j ~ 2~1 2. 2m - 2 2

(4.6) 0 sin x dJ; := 211 + 1· • 2m _ 1 .... 3 . 1 • 

ar a1YlatoD, ot corresponding members of' formulas (4.5) 

and ~(4.6)J 

2mj~ 
. 0 ain Xd% 

(4,.7) 11'.2·2 4-4 6·6 ..., 2m .. ~nr 112 = 1=3"'-. 5·~ . 1)~2....1 1j
(2m- - 2 211+ xu 

81n 
o 



• 

( .) 

( 

( -..,) 

ute 0 

• 

t 

8 

! 

JE t 

( .) 

t = ------~-:r > ~ 

• 

• 

• 

t 
• 



d 

£.~nematlg8 and th
Inc., l§S5'T;

2m 211 • 
2m -12m + 1f··· 

T{ 

J ~ 2 ... x dx 
81n • :: 1.Q~---11. 

~ClO 

n l~. 2 2 b, ~ 
2" = a-+co I 3' ! "5 

(4.13 ) 
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[2 e1n2»tl x <Ix 
o 

The "lat10n (~.1) may then be written In the lIm1t1ng torm 

4Edward Kasner 
laaglnat,lcn (HeW York'
p:75. 

In the numerator we t 1nd the eyen numbers, 1n t.he 

deno"!:l1nat.or t.ll9 oid numbera. Both appear 1n pa1r. w1th the 

exoept1oD of the f1rst taotor 1n the denomInator. 

~&1118 showed that ~e approximation obta1ned by 

atopping at any tractlon 1n the express10n on the r1ght ls 

in deteot or in .'xoeaa ot the Yalue i J aooordlng sa t.he 

tr-act.lon 1s proper or 1mprop.-r. 4 Thla ls 111uatrated In 

Figure 4.1. Some of tbe 8uoc••aln produots are: 
2 _ 

2 =2.0000,1

2 2 4..- . _..... 3' = 1.3333,1 ,

224 16 - 1 1777 r · ! · 3" = "9 -. , 

(4.14) 
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2 • 2 4. 4 54
I 3'. 3' • 5' = 45' =1.4222, 

2 • _ • 4 • • • 5 ~ 
I , 3 ; ~ = ~ =1.705S. 

rrThua ~ = 1.!J707. 

1t 18 seen, tbe convergence ot lnflnlteprcduot 1. 

yer, alow, and t: thod 18 not we 11 8ui t.ed for the 

ca1culat1on ot pl. 

54.4. j eer1ea n GregorI. In 1668, .1... Gregor1 t 

a Sootch mathematician, dar1Ted an inf1nlte aerlea .b1~b 

prO"led 1mportant tor the oa1oulatlon ot pl. 

(4,,15) ~ = 1 _ t;2 + ,,4 .. + + ( 1)0-1 .20-2 
+.•_ ~ ••• - - + .r n ' 1 

"bel'. 

r = (_l)n _ t 
2D 

ere n 18 po8Itlve.n 1 + t~ • 

lntegratlon ot bo mbere of the equa11ty. 

(-4.16) dt.. .... 0"0 tan x.2 --.1
%

'0 1 + t 

yield. 

5~ x {_l)n-l ,,2n-1'''.17) 11.1'"0 tan z =% - , + 5 - + • •.• + 2n - 1 + Ra' 

Wher. 

-
5courant. ~. ill·, • 318-19. 
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er 

2n 
tRn =. (-I) u Ir X 

2 dt. 
o 1 + t 

In	 the 1nterval -1 ~ x ~ 1, 

r lxl 2D )x1 20+1 <. 1
<1+.18) IRn 1 ~ J0 t 41- = 2D + 1 =2n + 1 •
 

heretore,
 to zero as n 

inoreases. or Ixl > I, tbe absolute Talue or 

lncreases beyond all bounds &8 n Increases. 18 infinite 

.-ez-les j 

x' ...5 ,l 

evident 

(4.19) 8.1"0 tan x =x ..,. +"5 - FI1.+ ~.. J 

1. thU8 valid tor -1 ~ x ~ 1. 

It w1 ls expre.sion. and with the h.elp ot 

o\her relatlon.hlp., that mOlt ot tbe practloal lIle-thoda ot 

oalcu1atl 1 baT. been ob\&lned. 

4.5. ! !c;?rmula ~ Lelbnlz. Gotttr1ed Ul1lwlll 

Lelbnlz,6 a tbematiel.an, 1.D 1613 obt.alned a 

formula t could be used in C&lculatl~ pl. took the 

'..r1el by Gregory. formula (4.19). let x equal unltl. 

Sine. &r'O tan 1 =~ , 
TT III

(~.20)	 .... .4=1-;+5-"· 

ner and NeW • ,22- ill·. p. TT. 5 



ot 

aocurate 

~UK.Llah 

, 

owerful ..thods 

uoc•••lye 8 

ot Pl." 
1950), p. 222. 

A}"Awen 7•

sufficiently oore 

ttnmnntatlon, tor the 

ot 

a Y&1ue of pi 

1 =1. 

8 

1 = 

51 

typioal or 

ot the terma ot this eerles yleld 

theoretioall1. be found 

1ll:''', 
III 

11' 
~ = 0.7853. 

1 - j = ~ = 0.6566, 

1 1+ 1 - 11 - 0- J ' 5  15  • 

1 - ! +~! ! - 76 - 0 72~8 ., 5 - 7 - 105 - • J. 

;rox.1o.atlon whicb 

• 

'his DrOoe.a ..• 

figure 4.2 111ustr 

Tbe aucees.iT 

After an aooroxlmatlon tor ~ b&8 been obta1ned b1 

taking t.he first 50 tArma ot this aerles. t.he next 50 wUl 

thi••erl••• 

4.6. A Yalue ~ Sharp

mathematioian, in 169 

accurate t.o Justlt, the additlonal 

aerles oonverges very alow11_ 

Thus 

DOt yield 

88 des 

ot approximat1on uaed 10 mathematics, .till entails a great 

.a1 ot calculation. 

& Yalue ot pi .hie 

!'i.&lIneDaT.1Cl!I r;.agazlne. 
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a ooann1.n~ method tor 

Gregor, .erle., torcula 

Ire rapidly than the aeries 

.,.1 

__w_v••_tlon OD the U.e ot the 
.ondonl samuelRlcnardaon;-l'TSS> , 

, 

-L _ 1;. +1 _ 1 +.)
32 

• 5 ". 7 .,~. 9 35 • 11 • • • 

ed to oalculate pi correct to 

1n the rlght member bl 1t8 deolmal 

,".... • ...10 

_/1x - 3" 1 

/'=5' 
- -!- +., . ., 

mathecat10 

inoe aro 

1 

This seri8s oonverg 

li=/j(l 

4.7. ! formula ~ ~.oh1n. In 1706. John t!acbln, a 

1f = '.141305., 

1. Yalue 18 oorrect \0 three decl~ place•• 

akl~ the rust s1x terce ot the right meelber, 

iT 
~ • 0.523551. 

(1..20). and 1t 

(~.19). 

eeyenty-one decimal place•• 

equlyalent, 

the 8ubstitution, 

trom whlah, 

T&~~ue ot 101. 

calculating pl. He applied tbe Gregor1 .erl••, tormula 

~~.nult1 and obta1ned a ~ood(4.19), 

! = 0.,5773502591 (1.0000000000 - 0.1111111111 + 0.2222222222 

- 0.0052910052 + 0.0013717421 - 0.0003741114 + ••• ) • 



~ 

• •• • 

t.an B 

• 

1_ + _ 1 _ 1 + 
3(5)3· 5(5)5 7(5)1 

4/5 - 4/125 _ ~2'9 
= r:S;5_+~X~;~ 

1 - 6/25 + 1/625 

~aill= XA_>~ =1. 

~ ta." A - " "an' A 

) _ 1 - 6 tan2 A + t.an4 • -- . ,
1+ 4\anA-4t.an t · t.anB 

1 - 6 tan2 A + tan A 

- &rO 

1£=5'. 

It. = arc tan 1/5 • 

= aro tan 1/239 • 

formula (4.19), 

n 5 b1 
JJ .::. I arc tan b = b - J + 5 - f + .~. • 

If we let 

t.an (4£ ... 

then 

(4.23) 

,(~.22) 

manner. 

Since tan i" =1, .e nave 

n 1 14 =a\ arc t.an 5 - aro tan W · 

B1 ualng formulae (4.19) and (4.21), the prooe •• ot 

determining • Tal\le for pi 1s .ltabIt.hed 1n the followlDg 

tb.eft 

Since 

(4.21) 



1nce b = ! ' the dec1mal equ1valents of t!'~e odd po.era ot 

b are 

b =0.2, 

O.oov, 

b5 = 0.000,32, 
7 =o. ,012, .... , 

b9 =o. , ,512, 

b~l = o. , ,020,"1'u; 

b13 = o. ..819,2,.f•
 
lSb = o. , .032,7..,'tJ,• 
17 = o. , , ,001,310,72, 

b19 =o. , , , ,052,428,8, 
21

b = o. , , ,O02,097,15~,• 
23 =o. , , , ,083,885,08,•
 

b25 :: o. 
" 

, , , ,003,355,44 

,?:7 = o. , , , • • ,134,21, 

29 = o. , , , , , • ,.'005,3'5, 
1 = o. . , , • , • ,21, 

... . . 
Hence the D081tlye t.erms ot the ser1es ot tormul.a (4.22) are 

b = 0.""" 

- 0.000,064, 
J 

tJ =o. , ,050.888,888,888,888,8.9 



b13 
13 = o. ~ , ,053.015,384,515,3, 
17 

=o• . 
r 

, .' ~ ,m, 101.176,4, 

b21 
~= o. • • , , ,099.854,' • 

b25 
~ = o. , , • , , ,1}4,2, 

b29 
29 =o. , • , , , , ,1, 



• •• • 

'$7
 

The ot the ne~at1Ye term. or t rle. ot formula 

(4.23) 1. 

(4.25) - 0.OO2,668,~97,102.100,716,309,l. 

the numbers (4.24) and (4.25), the value ot aro tan ! 
18 tound to be 0.197 ,395,559,849,880,158,370,0; 

14 =4(O.197,395,559,849,880,1S8,370,O} - arc 'an 239 • 

formula (4.19),

8' .5 .7(4.26) arc tan • = • - 3 + ~ - ~ + ••• • 

Since B = arc tan 1/237' 

then 
1 1 1 1(4.27) 

B = m - :3(239)' + 5(239)5 - 7(239)7 •••or • 

S1noe • = 1/239, the deoimal equ1yalent. ot t 

of e are 

• =0.O~,184,lOO,41a,410.~l,841,O, 

.3 =0.000,000,073,249,775,361,251,4, 
56 = o. , , ,001,282,361,572,1, 

7 = o. , , , , ,022,449,9, 

.9 =o. , , , , , .3.J 

Heno. ~e positlye tar.. ot the aeries of tor~~a (4.26) ar 

•
 =O.~.184j100,418t410,C41,841,O,
 

= 0.000.000.000.000,256,472,314,4, 

era 



•• • 

•• 

5 

9'• = o. , , • , ,0.t t 

he aum or the .pos1t1ve terms ot the aerle8 of tormula 

(4.27) 1s 

(~.28) O.004.184,~OO,418;655t514,155,

negat1ve terms ot the aer1es of formula (4.26) are ,
- J- :: - 0.000.,000,024,416,591,787 ,083,,-,, 

.7 
- ., = - o. , , ,003,207, .. ,• " 

.. .. . 
The eO' t the negat1ve terms of the ••rles of formula 

(4.27') 1. 

(4.29) - 0.000, ,"'716,591, ,2~u,:7. 

ng the numbe~s (4.28) (4.29), the vaJ.ue of 

aro tan 1/239 18 round t 0.~,1e4.076,OO2,074,723, ,5. 

heretore , 

~ =4(0.197.395,559.849,880,758,370,0) 

- 0.004,184,076,002, ,723" , 5; 

or 

n = .7 ,39 19,615.5. 

tlp111M eaoh a1 4 J we OJ:n,&J.D
 

= '.141.592,653,589,79,,238,~62,O.
 

This 1. correct. to the 21st de 1 , the error be1ng 



9 

.i.il t enty-s J,JJ.a.g" , the correct value would. 

r 

4.8. A formula Bl E~1.r. d EUler, 9 1•• 

ma~.matlc1an. in 1779 applied aeries (4.19) to a .impl. 

,nlfta+·'-1c t1t1 a ta1r oct value 

or pl. 

It •• let 

A =ara tan 1/2 , 

- aro tan 1/3 , 

then 

tan (A+ 

1/2 + *t7 5/6I - (V23) =~ =1. 

bay.Since 

If :: eo tan 1/2 + aro 1/3 • 

• aer1•• (4.19) to esoh term of the rlKbt 

member, 

ff ! + 1 
~= J 

... (j) (~)' (~)(t)J 

+ (~)(l )5 ... '(~)(!f 

.(9s. L. •
niv.rs1t, • 
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(~)(~)7 - (+)(~)1 

+ (~)(~)9 + {~)(~ )9 
(It)(i) 11 bj}(J)11 

+ • • • + • • • 
Rep.lao1 aah tel' r1ght lber bl 1ta decimal 

equIvalent, 

4'=+ • 0, ,01 + .3'3,333,33'.'
rr

• 
- O.~l, ,6  .345.519,0 

+ 0.005,250,000,0 + ~. ,~2,,045r2 

• 0,005,321,0 

+ 0.000,217,01',8 + 

- 0.000, .389,2 - o. 0,513,1 
+ •.•• • 

Slmpl.1.tylrut the rl member" 

4 =O.785,390,'91,v.
 

.tlPl 1
 side by 4, n obt:a1n
 

- ,.141551.
 

Ihl. "Yalue 1s oorrect to tour de 1 place.. It would t
 

re t...nty-t.w
 ot omblned aerl•• to 81ye pi 

orreat t.o 7 deo1 lace•• 

... 



- -

1 

.\.9. ~ formula ~ J2!!!.. In lS'4, Zaoharia. Da88,10 

a tlerrmlln tlo1an, replaced the trigonometric ident1ty 

by one anm".l'lAt. ore involTed and obt.ained a value of pi 

oorrect t, o deoimal ~laces, a teat which he cOMPleted 1n 

two mont'ha. 

Let 

At = aro tan 1/2 , 

- arc t.an l/S , 

C .: arc tan 1/8 • 

hen 

tan (A + B) 

- 1/2 + lff? _7/1Q _ 7 
- 1 - (02 )< 5) - 97IO - '9 • 

1na. t (A + B) equale 7/9, haTe 

tan (.1-+ B + C c 

71~+ ~t8 .~a= 1 -179) OBT = Wff =1. 
. TTS1nce tan 4 = 1, we haTe 

~ =aro tan t + arc t,a.n ~ + arc tan ~ • 

1th the ald- 0 formula (4.~9). 

!4= + ~ + -a 

t!)(~)3 tiHM' - (,){~)' 

lO·IObBon, O~. cit., p. '9. 



+ t!)(~)5 + l~) ~)5 + (!)t!)5 
~ t~}(~f _ (+){!)7 - (t) (t)7 

+ t~) (!) 
9 

+ (~J t!)9 + (~)(!)9 

_(rl)(~) 11 .. (rl)(~ )11 • •• • 

+ (rl)(il 1
) + ••• 

- (d) (i)15 

+ (t+H!)17
 

- tdHl t9
 

+ (d) (!)21 

• (d) (~) 2' 
+ (~) (t)25
 

_ (~) (i) 'rT
 

+ ••• 

Replaoing eaoh ~er. ~n the rl member by it. deolJU.1 

equivalent, 

n4 = + 0.500,000,000,0 + 0.200, 

- 0.041,666,666,6 - 0.002,665,665,6 - 0.000,551,041,5 

+ 0.006,250,000,0 + 0.000,064,000,0 + 0.000,005,103,5 



6, 
- 0.001,115,071.4 - 0.000.001,828.5 - 0.OCo.000,058,l 

0,056,8 + 0.000,000,000,8 

~ 0.000,044,'89.2 - o. 
+ O.OOO,217.013,~ + 

,001,8 

+ 0.OOO,O~9.390fO 

- O.OOO.O02.0}4.5 

+ 0.000.000.448.7
 

- 0.000,000,100,'
 

+ 0.000,000,022.7
 

- 0.000,000.005,1
 

+ 0.000.000,001,1
 

- 0.000,000,000,2
 

+ ••••
 

Slmn11f7-1ng	 the rIght member, 

4 =0.785,'98,163.5. 

wtlplying eaoh 81.d. by ~, •• obt.a1n 

If =3•.1.1, 592,6~,o. 
fbi. -.a1W1 1. oorrect to nine 01ma1 Dlac • 

4.10. ! formula :2l Rutherford. In 1841, Wl11lam 

Rutherford, an EnglIsh mathematlo1an, ap-~11.d the serles 

(4.19) to a more 1~01ved trigonometr10 Identlt1 and 

obtaIned a yalue of pl correct to 152 deolma1 Placea. ll 

11"OhePler. ~. ill. • 225-27.t 
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Talus 

1170 + arc t.an 1/99 • 

ts'05~ = 1.... . 

a2~nLM~+ 1L22= ~~-{828i18450n~i/~r 

A =aro t"an 1/5 , 

B =aro tan 1/70 , 

C = arc tan 1/99 • 

plaoes. 

= • - "fa'" -.- z"_ li5d 
1 

34 .\10 A - • \an ,A _ 'taD ,5 

) 1 - 5 tan2A + tan A 
~ · 3 

1 + . \&9 A - 4 !ran A ., t"an B 
, 1 - 6 tan2 It. + tan4 A 

281 
_ ~_ 82 _ 
-~-~. 

" 
) equal. 8281/8450 • 

tan ·(4A ... _B) + t.an 
+ C) = i-tan <'A ~ aJ • \an C 

tan {4 a -

tan (~ .. -

4 = ". arc tan 1/5 - arc 

Le' 

Sino. \an t =1, we hay. 

Slno. tan (4A -

He returned to the oroblem ln 1853 and obtain 

correc~ \0 ~O deal 

'1'h.n 



t.he torr::lula (4.21). In 194"" 

covered errors, 8~ar~1~ wit.h 

value ot p1 oorreot. to 5'Z7 decimal 
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number ot 
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lDaTid Eugene 
(New York: UoGraw-6111 

two DuyerB. 

It ia Reneralll aooept,ed 

d180U8.ed the nroblem of 

tobe 

CBAPfER V 

I 

5.1_ Introduot.ion. It. 1. perhap 

that the mat.hec8tioal trea~n~ ~t Drob 

.latter part ot the titteenth oenturJ 

the sixteenth centurI_ Some or the It 

PIerre de Fermat Drobabl1 In 1554, b1 to. 

re 

able oorre.DOndence bet.e 

an able and exoerlenoed 

skIlled olayere, mowll16 the Boor 

whlah Gan be oredited the orl~ln of the sole 

1t,1 1s t.be lIO-oa11ed .. problem ot \he 

t1~e ot Interruptl0 



1.j 

ollte de Bufron 

a needle onto a 

b111ty. 

In the aegm;nt.• 

nt, AS, perpend10ular to the parallel 

aralle1 llnes equally spaced and 2a 

5.2. .Bu.ttonI. WI"'""........"'4 .. _~ .......... ..,... 

plane, be ruled ot 

There has been a number ot experIments In connectlon 

68 

2Wl11lam Elwood BJer11, Elements ot the Integral 
CYOulU8 (Boaton: G1nn and Company, l'SBeT; pp. 209-10. 

upon the ruled aurface, afid let the number of IntersectiQns 

be K. Tben the probabIlIty that the ,nlJ.dle ",111 interseot 

the line in a single random toss of the needle 1s K/I.:H 
Thi. aame probabl1itl 1D&7 ibe deduoed aleo 1n the 

fo.llowlng manner. 2 In Figure 5.1. let II <Senote the m1dpo1nt 

or the neecUe PQ 1n a random position, and let. 0 be the 

In 1760 pre.entod h1s famous Ueedle Problem in whIch an 

approxImate value ot pi 18 tound bl an ex-perlment involving 

the random toaslng ot & needle on a rul.ed surtace. On a 

was in their oorre.Dond.noe that Pascal and Fermat laId the 

the endpoint nearer --..:, be1ng the 1nt,eraeotlon ot t.he 

units apart. A needle 1. taken who.. length 18 2b, whloh 1". 
leB8 than 2&. Let the needle be tossed N t1Inee at randoll 

ruled surface. tosslng a co1.T! onto a oross-ruled board, and 

wrlt1ng two numbers at random. 

m14polnt ot that •• 

11ne,s whlob D&8ae 

with pi and probabil1ty. auch as:, tossi 

foundations of the sclenee ot Dr 
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perpendicular with the alle1 m. Deno by x, an 

denot.e 't.he &ruue • , rer a glven value Xo or x, 

will interseot 11ne m when x =Xo 

Xo8 0 - g ero-rr- - n C08 b · 
2 

dxpr-obab111t, tbat x wl11 haye tb Talue X 1a a.o
 
robabl11ty that. wl11 interaeot e line m, 1.
 

g arc 00. ~ • 9:!~f ao 

=iJ2 na • 

lning \be two expre.aiona tor \he probabll1ty, p, 

tba~ tbe needle will inter.ect one ot the parallel 11nes, 

__ 2b
na ' 

or 

---~_... 

5.3. !2!l"lMnta ~ the cle\ermlnatlon 2t a l?l 

diM the experimental method presented 

by Comte de tou., lcb 1. expl&l.lluu h 5.2, 

the writer ob\alned • reaao cloa. oxlnatlon or pl. 

,'he di.tanoe betw.en the parallel lines ." 1 1/8 lnohes, 

and the length or the needle was 9/16 or an 1.ncb. n 788 
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random tosses, there were 251 intersection.. D1yidln~ the 

ot toe•• t1:1 number ot Interseotlona, the Yalue 

3.13944. This Yalue 1. 0.00215 leas than 

3.14159, wbloh ls the Yalue ot pi co~rect to the t1fth 

deoimal place. 

In 1855, .r.a-. ~th ot Aberdeen, Sootland, made• 

'2~ random toasea and obt.al~d an approximatIon ot 3.1553. 

fhi. yalue' 1s approximate1, 0.0138 greater than the true 

.a1ue ot pi. 1 ot Proteasor DeMorgan, trom 6 

trials, ob\&1ned an approximation ot '.137, whloh 1s le.a 

than tbe t, .Blue ot p1 b1 0.004. t the .m&n1 exper1ments 

that baye been performed, perhaps the moBt. aocurate 

apProximation ot pi W&.8 made b1 LaSzerlnl," an Itallan 

utbematlolan, In 1901. e made ',408 tOB8.S and obtained 

an aDl)roxlmation ot 3.1415929, whl0,h was 1.n error b1 only 

0.000,000,3 • 

ItaS8X

Cbronolo81 ot Pl,
 
:at on-April, 1950). p. 224.
 

• 
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,TIO!1ALIT OF PI 

6.1. Introduot.ion. 'rbe t1rst period In the historl 

o~ pl, from 3000 B.C. to t 1ddle ot the ••Tent.enth 

o-entur7. was tbe geometrloal perlod, In wblab the .aLn 

Interest .... the approx1mat,e det.ermlnation ot p1 bJ calou

lation ot the aldes ot regular polYRona 1nsor1bed and 

oircumioribed to a airole. l 

h..eoond perlod,which commenoed In the alddJ.. ot 

tbe ..",enteenth oentur7 and la8ted tor about a century, .a. 

cbaracterlzed bl the application at the powertul anal1~loal 

.ethods then a",allable. The Dlue otpl was determlned bl 

oon",ergent ~rles, produots, and contlnued tractlons. 

In the third perlod, wblch ad trom th••1ddle ot 

the eight••nth oenturJ until late 1n the D1neteent.b centurl, 

~tt.ntlon was turned to orltloal InTe.tlgatlons ot "he true 

natureot the number pl. h. DWIlber tuat studied to 

determine 1". ratlonallt, or lrratlonal1ty, and 1t waa 

proTed to be irrational. ~n dlacOYery was ot the 

tundamental dlstlnotion betw.en algebralo tranacendental 

numbers, that la, between ~o numbera whiob oan be, and 

thoa number. whl0 ot be, roota or an algebralcal 

• ". Gonion, ~uarIng the CU-cle ( York: Chelaea 
Publllhing COmpany" 19), pp. m:=12. 
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• tl lth rat10 ooett101 • 'f ueatlon ar 

t.o cb ot tb... categorlea lDolmber pi belongs. It was 

tlnallJ ••tabll. at t.he nu.mbe r p1 1. t.r8lUlctendental. 

.2. Irratlonal,l\l 2l 21. Johann Heinrich Lambert. 2 

a German mathemat1oian, 1.0 1701 praYed that. pl was irra

t.lonal, t.bat. ls, 1\ cannot be expressed as a.n 1nteger or 8S 

the quotient ot two integera. 

'l"oot ot the lrrat1onal1t1 or pi deDendB on tone 

continued tractlon 

(~.l) t..an x =.1_ 2 
1 - x 23 • x • 

5 - .,?-

7 • • • • 

- J • 
+ 1 - •••
 

erlvat10n ot ~1. cont1nued traction 1a gl
 

• , •• DUUD""n 1n A Treat1.e on Plane and Advanced 

or, lt 11' re ration , be rat1onal. t 

X=4' if oOBBlble let i = p,/q. by 

(6.1), 

). 



n 

11.1", 

• 
• • • 

all 

-i 
7 

- f1xed fin1te 1ntegers, it we 

11 hayS (2n .... l)q > p2 + 1.e 

• 
• 

• 

5 

(6.2) , 1 = ..,.-~ 

• 

1 =-.p/--q~_-
1 _ p2/q2 

• 
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If ~. -,. ···t au. b2 , 'b:5' ..... -n 

lnte~er., then the lntln1te 0 

NOli ••ince 

large enough 

• . 
• 
- bn 

an --••• 

c t lrr 1 l1JD1t 'DroYlded tbat, atter 

t , b_ + i be aJ.waY8 

tlst , tre t > need not uw oocur but muat 

ooour 1 11 otteu. 
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It n 18 rational, then the oontinued traotlon 1n the 

r1ght member ot (6.2) oonverge. to ,an 1rrat1onal llmlt.' 

But the right member aotuallJ oonverges to the rat10nal 

value 1. Henoe i oannot be equal to a traotlon p/q in whiob 

p and q are Integers, and theretore TT 18 irrational. 

6.,. Transoendenoe 2!~. In 1882, Ferdinand 

Lindemann, a German mathematio1an, praved that the number pi 

1. transoendent,al. 

In 18'73, Cbarlea He.rm1t8,4 a French II1&tbemat1clan, 

proyed that the number e 1s transoendental, that 18, that no 

equatlon ottbe torm. 

• n I' ~_y _
 
.e + be +" + '•• '.' + ~ - 0
 

oan eXist, lt m, n, r, ••• , 7, a. b, 0, •••• k are wbole 

numbers. In 1882, Lindemann proved that suoh an equatlon 

oannot hold, when lU, n, r, •• !, 1, a, b, 0, •• ~, k are 

algebral0 numbera, not neo••sarll, real. In the part10ular 

oase, .e1x + 1 =0, x oannot be an algebraic number. aut 

e iTT + 1 = 0 ls known. to be true, &nd there'tore p1 1s not 

alg-ebral0 but transcendental. 

3G• Chr'8tal, AJ.ge'b!:a (London: Adam and Charles 
Black, 1906), Vol. II, pp. 512-23. 

4~ob8on, 22. cl~., p. 51. 
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7.1. Introduct10n. t.6 the ratio or 

be two most signiticant measurements &asoaiated w1th the 

circle, t..he dietance around 110 to the distance across 110. 

This ratio, cld or c/2r, 18 0011 one or several ratio. 

equivalent to pi. Far instance. pi 1s a180 the ratio 01' 

the area 01' a circle to the area or the square ereoted on 

1t8 radius. 

It further BDDe&rS 1n man.v other forllUlaa expressing 

ometrio relations. P1 il the ratio of the volume or a 

oircular _cY11nder to the radiu8 squared or t~e baae t 

the altitUde: a180, it 1e the ratio of three times th 

volu.:Je of a oiroular cone to the altitude times the square 

of the rad1u8 or the base. It appears 1n the formulas for 

tlndl t surfaoe area 01' re the ...olum. 01' a 

8phere. Tbe lnfluence ot pi &1.80 ext 10nd oircular 

structures. It oan be found in t 'ot an elll 

the volume 01' an .elllpaoiw. 

In this chapter the ror lng ~ith t cirole, 

aDhere, 01l1nder, and cone will in fJ.u~ 

approximation 01' pl. It 18 nece aur.ment 

01' the radius, diamet.er, _~ , , altitude, 

slant hellU1t, and volume ln the foru:ul betore an 
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approxlaatlon of pI oan be determIned. The measurements In 

~h. folloWIng problems are ap~roxlmat•• 

7.2. 01ro1.. The oircWllter.nce of a clrole Is 52.5 

Inch... and the radiu8 1. 1Q IncheB. FInd tbe approxlaa

tlon of pl. 

Th. t ol"lIlllla- 1. 
C 

n = 2i • 

Subatltut.lng tJle known value. In t.t. formula••e baTe 

n = ~ ='.12500. 

Thl. a9proxlmat.lon ot pI 1. 0.01659 le.8 than the value 

'.14159. 

The olrcumterenCM of a clrolel. l~ Inohe., and the 

dl...ter i8 49 Inohes. rInd th. approximation ot pl. 

The formula 1. 

TT =i_ .
 
lubatltutl~ the known yallMa In tbe tormu.la, we 1".&V8 

"=~ =3.14285. 

Tb1. a9P~ox1matlon of pI Ie 0.00125 greater tban the Yalue 

'.14159. 

The ar.a ot the clraular baBe ot a oyllnder 18 '8.5 

square Inches, and the radius Ie 3.5 Inch... FInd tbe 

aoproximation of Dl. 



18 

~ formula 1s 

A
=:2

r 

5ubat1tut,1 the known values 111 the fOrinLlla. we bave 

= J8.~ _ 
(3.5)2 

Th1_ aOl'Jrox1matlon of pi 18 O.vvoU'Q than the Yalue 

3.14159. 

7 e_/e h f r ~52I.!

aquare Inch•• , and the radius 1 1nahe.. F1 the 

8nOl"ox~atl ot pl. 

formula 1s
 

S
 
it =~ • 

~r 

stltut1ng value. 1n to......... v..-_"'..... ,
 

n = =3.13vvv.
"477", 

~(6) 

1_ approximation of 01 18 0.06211 le.8 than the value 

).14159_ 

Yo1ume or a sDhere oubio hea, and the 

"the formula 18 

=-::" • 

5

U8 1s • Find f Dl• 

Sub_tltuti vallat8 1n .\lla. W8 haY 
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~ = ~ ='.1'888. 
~ 

Th1. approximatlon ot p1 18 0.00271 1e•• ~ the Yalue 

,.14159. 

7.4. Cylinder. 'the total surtace are. ot a r1ght. 

c1rcularo111nder 1. 376 .quare Incb.e.. 'the &1 t1 tude or the 

cyllnder 1e 7 Incbe., and the radius ot th. base 18 5 

Inob.s. Find t.he approxlmatlon ot pl. 

Th. tormula 1. 

n = 2r (Ii
'1' 

+ liT • 
Sub8t1tutlna the known Ya1u.. in the formula. we have 

IT =~ = '.13'3'. 
Tbls approxlmat1on ot pl 1. 0.00825 1••s than the Yalue 

'.14159. 

The lat.eral aurtaoe area of a cylinder 1. m square 

Inche.. The cylinder ls 12 1ncbe. deep. and the radiuB ot 

the base 1s 5 loob... Flnd the roxlmat.lon ot pl. 

The fOrmlla lis
 

S
 
rr = -r • 

SUbllt1tuting the known Y&lu•• in t.be formul.., "e bay. 

n =~ = '.14166. 

!his approximatlon ot pi 1. 0.0000'7 greater than t.be yalue 

,.14159. 
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'be Tolwae ot a cyl1nder 18 90\2 oublc lncbel. The 

o11inder 1. 12 1nches deep, and the radlus ot It. baa. 1. 5 

1ncbea. F1nd the approximation of pl. 

tor_u1a 1. 

V
1f = -;r- • 

ro.b 

SUbat1tutlns the known Talu•• 1n t.h. torllUla.we haTe 

rr = r 2 = ,.1a\000. 
(5 )(12) 

bl. approxllS&tlon of pi i. 0.00159 1••a than tbe Yalu-e 

,.14159. 

7.5. Cone. The t.otal ar ot a r 19ht 01l'cular Gone-
1. 283 .quare lnche8. The slant be 19ht ot the aone 18 13 

Inch... and the radius ot the baa. is 5 Inch... Find the 

approxlmation ot pl. 

The torllRlla 1. 

T •
tJ = r(r ..... , 

SUbstitutlng tbe kno~n Yaluea 1n the formula. we have 

- 2e~I T. ='.1~·.... 3'(5 + , 

Thl. aDProx1mation ot pi 18 0.00285 greater than the Talue 

,.14159. 

The lateral area ot • r1ght c1rcular oone 1. 2~ 

square 1nobeB. Tbe .lan.t he1ght ot the cone 1. 13 lncb•• , 
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and the radiu8 or the base lE! 5 Ina Find tJle• 

aporoxlmation ot pl. 

The formula 1. 

. 
~iT =-r.

s . 
ubatltutlng the known valu•• In the tormu~a, •• baye 

n =~ ='.13646. 

Thi. agproximation ot D1 0.0031'· 1••• than t~ value 

,.1'-159. 

The vol..... ot a rIght o1roul.ar con. 1. 32M cub10 

inobe.. The radIus ot the ot the oone 1. 14 1nch•• , 

and the altItude 1. 10 Inch... FInd the approxioation 

ot pl. 

torilu.la 1. 

n = ~. 
r h 

Substituti the known value. In the t01'1II11a, .e bave 

rr =..1i32§\)
(1~)2(16) ='.14158. 

Tbl. approximat1on ot pl 1. 0.00001 1es8 Ulan the yalue 

3.14159. 

In tb18 ohapter It been 8 tha\ the ourae1 

ot pI aa oalcu1ated bere depends upon the aocuraol ot t.he 

value. 1n the formula. 
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y 

8.1. Introdl.lct.lon. ene purpoae ot t.b.1f1 t.he.i. haa 

been to pre.ent In compact tora. a. IIIl.lcb a. te.alble ot the 

blatory and denloPMnt ot the number pl. An attempt baa 

been made to include aignitioant de.elop_nta. It appeaNd 

advisable to omit O4Irtain lengf,by mathemat.loal proots. sueh 

88 proot ot tbe transoendenc. ot pl, but appropriate 

reterenoea to .uoh proots bave been aupplied. 

8.2. Hlatorl 2! B!. It 18 of intereat to revl.w a 

few hlgh I1ghts of t.he h1atoPJ ot pl. The determ1natlon ,ot 

the value ot pi and the calculatIon ot the area ot a cIrcle 

ot given dI...ter .ere recognized early as clo.el, related 

problema. The mathematiclans ot antIqulty bad learned how 

to calculate precl.el, the areas ot plane tl~re. bounded 

by straIght. linea, auch as reotangles. The aircle, bowever. 

contounded their beat ettort., although man, approximatlons 

tor It8 area were developed. 

he early Babylonlans. Chine.e. and Hebrew. u.ed 3 .a 

the value ot pl. In Kings 7:23. ot the Cld Te8tament. ls 

tound the pa8sage "And he made a molten ..a ten cublta trom 

one brlll to the other; It waa round all about. and a l1ne ot 

30 oubi ts did encompass it." In the Rhind Pawrua or 
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n01.nt ERYPt (0. 1700 B. 0.) tbe area ot a oircle 1. round 

by sUbtracting from the diamet.er 1/9 ot ita leQ6tb and 

squarlng the remainder. This 18 equivalent to taking p1 

equal to 3.1505. 

In Gr•••e the problem ~ook the torm ot requir1ng the 

oonstruot1on bl atralght-edge and comp..s alone of a .quare 

&l'ea equals t.bat of a ~lYen cirole. Archimedee 

(0.240 D.O.) .tated that the area of a circle equals the 

area or a r1ght t.riangle, one ot .bose .ldes 18 the radlue, 

the other the c1roumterence. He a1.0 made u.e ot the method 

ot exhaust10n to determine the yalue ot pi. This method 

make. u•• ot the taot that the areas or the re~lar 

insorlbed and ~e regular o1roumsorlbed po11~onB ot a a1rcle 

aoaroaoh that ot the clrel. .. tbe number ot eldea 1. 

Inereased. Ualns po11f30nl or 96 81d... be tOWld t.bat. the 

ratio ot \he circumference ot a circle to Its diameter 11es 

bet••en , 1/7 and , 10/71. . 

Att.er tJ1e time ot Arehlmecle8. 3 1/7 and .Ira were 

frequent.l, taken aa aatlsraat-or1 approxlmatlon8 ot pl. The 

Indian a.thematl01an ArJabhata (0. 530) ga•• the Talue 

3.1~lS. 

After \he 10yentlon ot ~olmal. the oaloulation ot 

pi was oarried out to fitte.n deolmal place. bl Adrlaen 

Van ROOlUn in 159', and to tblrt,-tlTe p1aoe. bl Ludolph 
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Van aeulen in l~lO. In GerlUn1 p1 i8 8Ometime. called the 

Luc1011)h1an Dumber, in honor or the latter mat. ,t1clan. 

Toward the end ot the aevent.eenr..n oenturl new thode 

of analysl. were d.Y.lo~d wblcb .nab! 1 to be expre8.ed 

as the aum or produot ot an lDf'lnlte number ot tertii. One 

ot the earlle.t of such expressiona, due to Franoois Vieta 

(c. 159') W.I 

2	 1 1-- Jt Jt J~ Jl J1 t Jt ... ·n -	 2 2' 2 

In 1650, Jo	 al11. prowd that 

rr 2 244 . ~ ... . 
~ =r · ! · J · ; • 

Gotttriend WIlhelm Leibniz 1n 167' published the ••rl•• 

iT 111
4'=1-3'+;-'+ ••• • 

the u.e ot the.e an~ other serle., the .-alue ot pl 

-1 be ooaputed to &111 dellred nuaber of deolmal places. 

acharl•• Da•• 1n 1M4 oarried out \he oomputatlon to 200 

place•• 11llam ShanKS 1n 167' oarr1ed out the oomputatlon 

to 7Cf7 p1aoe., but 1n 1945 D. F. Ferguson found an error ln 

the 528tb olaoe. he Talue ot pl to ten decImal d1git. 1. 

3.1415925535. In a c1role equal to t.he mean rad1wa ot the 

eart.b, 1t the olroumt.rence 1. calculated trom the radlua bJ 

u8ing t.h1a Talue ot pl J then the error 1n the oalculated 

olroumrerenc. w11l be 1••• than one lncb. 
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In 1761, Johann Lambert proTed that pl 1. an 

1_rrat1onal number-that 18, 11. oannot be expressed al the 

ratio ot two Integera. 

In 1882, "erd1nand Llndemann prayed tbat pi 1s a 

transoendental number-that 1., 1 t oannot be t.he root ot 

an algebral0 equatlon. Thia also establlshed the 

l.pe••lbl11t1 ot Iquaring the cirole. 

In 1~9, the electronic oalculator, tbe E N I A C, 

at the Arm, Bal118tl0 Re ••.aroh Laboratorle. 1n Aberdeen, 

~ar1land. 1n about ..yent, hours, gave p1 to 2035 plaoe •• 

lle IBLl 7~ 1n parll, in 1958. w1t.hln an hour and 

tort1 minutes, oomputed t.h. value ot pi \0 10,000 decimal 

. plac••• 

8.3. ~••tlon.!.!!: further stueb. ',hil. the 

number p1 was orig1na111. and tor a long t1me, d1rectly 

assoolated wlth meallurements ot olrcles. 11. 11 now regarded 

as an Import.ant and fundU'lental con.tant ap-oearlrut In a 

w1de varlety ot ..thematlcal and physioal lituation. having 

no eV1dent lnvolYement w1th clrcl••• 

A suggest10n tor turther stud1 would be t.o present 

the many. Yaried ap~l1oatlona at pi 1n dlYerae tlelda, or 

the manY s1tuatlons, matbe.tloal or pb1s1oal, 1n whlob p1 

1818 a crltlcal role. 
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