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!eeel\'l'b f$&:111 haft wi\nll$1~ • :r'&II*J'ka11>l.tt ~DO:HttUt4k h Utettst Ul 

tb• t~J.t'Wlb' ot •d•m pae po~~ew,. 'fllit ia ts,Peoa;u_, tne ot tut 

tl&lvtelloa ef f!&OB\q usWt.U., 4eflp,ie4 aa tb.e "po.-t.l7 <Jt tltt tritltl'lrle• • 

ltOi<UJe if»f 'be relative 1\1~11 t)f th~t X't'ri.VIJ. r~t Uto~tat, 

o~ a tew lamo¥1 'by llltt:lJIJ.eae. wi'itll!!'ll. an ne;w ••·~ u \U nh#oot. 

l!ovtfliVit1"• an e'lrll" ~acd.n; pcu\ ot JMiW Mt.l:rUl ia btttil publilllted ia 

mat~'tt1tal $~s, •apeoUUy the Aa.JtJ.uo kth.eu.Uhl Na.th.l¥. i 

l'or .ifHii\oaa that •~o aot 41tt1GW.ti to lathM, tbe: ~lOfi>IHHl'b.el 

irt t.wo (litmolti!.H&\l. ptJU&'11f haw .. hil"' o'llWiatMMM :Wt•e• Uix· im:t~t.t 

f£1uas:t<nl'• !• the witer 'tth1t 11~~tl . .....,. :npe:\tablt. !hit 

tbe;11 ill bt'SAJ ~tv• 'ri.th ttw h•,e thllt it -r GG\rilw.t«t·t in a-. 

--~~ ~· th• •netad.ou dfi ~.,.._, II uli<l ~· 

On.• aq l.Ucen the wr1t1n« ot • tu&iflt ot '"' Milft to tht 

t.l~l ot fll. t:rip ~~ tmtuil&~ J~tpoa.e. '•&\ ~~·••• 11\u\lt u 
!1114de, Unforutll t!tf'f.t~ul:tli$S aet h hi'IIOWtedt J. l\ftd. ~N'%'0W • OUCCCUJI 

·am!t ta.:UUR -~~bUt. .U.e~tt fit the o~att.. In ~a ,.. •• of di801)V.l'f 

l a-.t~n Altah.ul...O~. ~ 1:111. b6id ~ 
(!few JotkJ Naeillaa Og~, lt!$). · 

a 'the ;&uri.cm h'h.4rlle~t1eal lonthlr 11 a 1\\lu'ble Jcuree ot new 
utohll i.n tkkll field. fhit pu'Dl.1Ht1on ~ffer9 apeoU'io •ucr••t1oDI in 
a:r\iale~S 4eal1nt v1:th pure IQllt\rf IJld in tnt cte~t~\ 0t 1robl•t~• .uri 
SoluUotnh 



tt a.p~:ra to the writer ,P~rmiosible to out adftitt t'l"om tb• uual mt
el.IIIIB or travtlt and 'bo proQet41t 'b7 l.f.rt; ~ftil.~t~l~ rout• or b.Y •or -.v .. :n ... 
1.ble "f4!1f'jif.tl•• 

JfM.s ftt ~tt•mptg-(;1 rtoentl.1 1 b two d.iMDiiQnatl «•~mttrJ 'b7 

th~.r-lo$ G1ro41 wbo devtl.opll4 aa<l ooll.eote:~ t.Ml)rtbal n;prt~~ti.oa• 

tar point~, l.tBetl, ~d otrcltul. (iliiSOti&t~ t-1th « v~ll.• with \be tau 

ot ~ovi<Ung a ••btQl.• ot 'it~ove~ • 

ln th• ti.U.d ot a<l'lld geou 'bt7 .an ~lJ tfMUkl. vMi~t •~:at•• •wn 

:ll:lt:.\:«'tao necelilid'J ~ Ybtue of tb.G (IU.rti®lty u~lJ.y uc~t~ ... .t 18 viiU&l ... 

1111ag a.'t)ii.oe cont:teu~-.tioR.t. M.la.l.Ttic&l •:x,r .. itiotiiiJ ot pobt.Ztt 11•••• 

))ltta~\(tf4, it!~nd apa$l'flt!ll Tiel4 po.lfl!*tr1<ktl intt.t~p:rrie:tun• litho\tt the ae ... 

oe•a1 tr ot t~~t e~~tift •t'la.dl• C~l:.U.ouit1 ~.nd eo:p~i'V .ot point• 

Ue t'r~(t~ft$lt ob.Y101ll ft'et:lli ~till." •nalJtielll,l U't'f$UtiUUI; tYtR \$·tta 'tl!lt 

jj)Oit:\tl ha-W ~~~Hi'iU, liit1t, 1t ~81 1 p$if!JH·t.t+te CIGm'UIItlt1®. 

It ia \bi'.lt ~IU'fO'• ot \his thea1• tc provi<le lltl'.l: e~\1•1.1 fettnd

(l,ltion tor t·ha at~u;y tJI ~" l•omt1-l'1 ot \ht t•~*Adftlh It 11 hope4 

'brut.t tJle i!Ul.Sl;yUc~l f:rfU!Utwo:rk he:ot1n p()ridn, wad t\t~:risfd. ia ~· 

liruM l!>hi.,te~, ..Ul. ·b« fl:f 'fn.l\lt itl hlll atwtitul ~~ iB 1ll:.t:f6».4UI. ti:e 

tt'huey ot t.hio l4ubje4t. The ~141bl1&J.C, t't~pi'&IO't$.'krl4Qnl ot '!P~i.trAtl 1 liaen, 

p~n«n~, et.m!. apher<~~t. t1•$l\ 111l thiflf t.l4etit ru.1 povld• a U111tul. d4 aon• 

tt~t a~&qtt.6t4t fQ\IAtldation tor t'u3tbb.e:r atwv ot the ~~~\Q of tne tot:ra

hll'ilt:ron. !h4t w::t:l:\'tt.t" ia hUt *-'~Yrw,tro of tho tJMIIt Willlt this u\uq '-• b;r no 

Mln'ua e~mtustiv•• but g:ronntu :lt »irapl.J "' u. ~;nuu.,rttio•l ~1$1e to the 

-~roh•r in ~ tiald ot aodera 10114 ueo~ttr. 



Ia Ol"4er to pov.id• an a.wtl,rt.ioal. Hpe.-entatlioa •t tu o~dltu

l"fr\i(JU ot •,a<~•• .1\ :11 M~t'b ,,HD,it.l that a autubu ft.oriiate qat•• 

k aclopte4. The IQ!1tel" bat chc>au qtuubi,:X...J' ootriiute•1 (4et1M4 11 

nelf.t p!U;1NatAJh) at 'tlhe li=plo It e.tld the 1101t •~111e:t•etert mu~• . .r 41.,... 

pu.r1n1 btt.b utrical al!MS ,pro.t•ot1vt fl'O,.U•• et tij\Wtl useobiell 

w1~ ~ t.tl"A~hedton. Ho-we.,.~, te\rabw.:l ooori:lateol art •-.101..S. 

•t "tfUU'iotUII Usu;• wbt~:rlt oe'M1 t:io~tl trMJpet. \heir' UM. AU ul-.t."•• .b 

t.uu ot te'"'l.thdrel oottNina~~~ ar. •• ludtca.tect thJt01Jih• tibie n•~r • 
. It •••u w1to w Wi.ca.'te the ·••,...tul tRivte tt tJ.t.e w•• tt 

q mndri~)" ClOONina.'ht in fl'4er •c. AW/IU & O<>Qt1UQ<tf.l. fit 'lit~ o'f fit 

~1oa.tiortt .. 

Let ;.l, A2, AI, J/.4 k the 101llt1 ot il'lttr••otioa ot tfla' inl.1t ... 

ptntlent pl«m•• t.Uan ~~ at .a tillut. '1'b1 t.W'Ufldron rith 'VU'tioea 

A1, A21 A8, A41 1.$ Galle« the tu.dal'llnttal ttt»Ahtd.r.o~, !lw IHalll ot tkt 

taoea .&~A3A4, !1-'!'41 .tl.AtA4• Al,.A:tAs ~" <~noted br •1• a;u •·lh •·h 

t"t~spect1v&l1• The lAtt~ or tb• •lc•• "-1"'·2, -'l'l• •1-'(1 Aflt• 41'4• 

t 3A4 a~• d•n~te.<t b1 •lt• •ttl~ "'14, •11• •4•• "H• hi]HI.,rti:nl:, L•• 
'tihe eiiJ:;ect&d p«~r~cul.U' tit~nc•• tt U7 point X frc• the tt.Ct~l 

A~Ar4, AJ,Ap.4~ A<l.Af!4, AlAtAJ be !'O#Jtflt1velf xl, lftt ltlz, x4; tho# 

l Q, Smitl:\1 ·~S!k'4 fltQM$1% (Lond!iiJU lf.C1tlilliD AW.<i Co.,_ur, 
l9~8), P• 164. 

2 
I'b:l.d. 1 1\h l.64. 



i!Ji:l' x2, x5, :r4• cr n'I:UUbers proportional to them are called quadl:'iplanar 

coordinates of the point I referred to the tetrahedren A1A1AsA4• 'the 

distances, xl, x2• x3• xM ot the point I are so di:reoted that they are 

all podtive when X is in the interior ot the tetrahedron. that is, the 

di:r(l)O~ed dietanoe :~::1. ot a point' X from a face ot the tetrahedron is P<:>d"" 

t.ive when X is on the same sicle· or that tace as is thE! vertex 11• 'l'hX:ee · 
. . ' \ 

ot these four actual distances;. or me:rel.T the l'atin ot the tour distS.n~es, 

are sufficient to de1Ht)nlline the position ot a point. 

,, ~ \ 

al~ + a.2x2 + Ara + 111.4X4 = z A 
where A is the '9'0lUllle of the tetrahedron A1 AaAzA4• If k is a OOJIUllOn 

multi:plia:r ot the coorQ.:i.ne.tes xl, x2, x31 :x4 I!Uoh that lotl, kx2, lotz, . 
n 4 are the actual distanoea Q£ the po.1nt X t'rom the :taces ot the tetra

hedron ot reteremoe, tb.at is ' = lai• then 

k(a1x1 + a2x2 + aaxs + a4x4) : 3 A 

Ol' k :: 'I . . . I A . I ;: 0 
&lkl + a2x2 + a3x3 + a4x4 

The coordinates ot the vertie·ea, A1, .!2, A31 A
4

, are (1, o, O, 0), 

(0, 1, o, o), (o, o, 11 O); arui (0, 01 o, 1). 'fhe equatioms o:t the taces 

opposite thes'G 'ftlrtioes are respectively ~t :: o, x2 • 01 xa :: o, x4 : O, 

the equationt ot ·~ edges are &I tollowst 

AlA2a x5 ~ o. x4 ; OJ 

A1A5r x2 : o, x4 : o, 
AlA4l x2 :: O, :t3 : OJ 

A2A5a x1 :: 0, :x4 : 0 J 

A.2.A4l Xl :: 0, X3 ;: OJ 

A!j.A41 XJ. :; 0~ X2 : Q, 



fllt1U l 

PtmnAIU'tAL fftb~l 

tne e~tid ll). x1 -. ~~ + M3J:1. • '~4.:1:4 ::: 0 :rttp~tao'l.tt " pletat 

«rbich will IHf tlt~J$~\H 'bJ (a) w tile j>lut11 •• lta iiDl'laotion •1tb 

1tb• :f'ae.- ot \~itt ~6h•fk'on ~~~ 

x1 = 01 • 1)1;2 t ·~, ! m,x6 := OJ 

xi : o_ lil:llll t !SI$3:~ :t: ~.x, :: o, 
Xt; : Ot ~-'Cl 1' ~~ + 1141:41~-.. Of 

:~4 :: o, m.tx1 ·~ ~:r~ t ra8x1 :.: a., 

!h111 ,otn'tlf of io\e.r••~tia or tho ;pl.ua (m) with tht $U edl•• 
~re A1A~t (lilt'~· O, 0), A1111 (a1, G, """'l* G), A1A

4
, (~41 O, o., 

..,..1), J.~!!i* (0,. ~~ ...m2, 0), A2"41 (0, ~,, O, ~) 1 ~~A·• (0, C);, m4, 

~,). 



a~l!:.Jl + 41~s + 1.4i:V::,f: a 
fh<t 11(1\l&tion of & ,llllM WhiM. pllf.lt \~oqh 'Wlnl pob\tt 11, X' t 

1 

1
nt is 

:ltl )(;2 xa l\(4 =; o. 

I 

~· :~• ~· .:Jr;l ~ m 4 

u ft tt 1lt" ltl. -~ :1& " 
fU Hf Ht tU 

Xl XJ :ltJ 'alf, 

fho co!l4t!U.tioll·'tibAt. to~r pcifitt.• 1\ ~",..Itt\ 1'" ·~:lie h a 

fllan• 1• 

' ' ' t 

·~. ; :a x4 .... o. 
""' 

... tt H If 
·~ XI X& = .. 
.~Jf; Hl1 H1 tU 

·1·. •a ¥ %4 ·I .... 'Itt nn t U I 

~ ~- •• a, 
itt;Y tlu't~ ~-~ aot b•l.oaainl to the •• $JttnOU !nt,el'ue't in a 

poiut. ktt the eq:tM:tion.t ot the li'niD plJl.Mt lite 

•JJ"'l oft· ~~ .... •ax1 + •4x4 : o, 
ftl:ll. + l'it:W2 + ~X$ .,.. l$.4%4 : 0; 

'1~ "' r1x2 * »rs "" ''*• = 0• 
!ti;el" bil.Vt tke u•ique eolutiql 

141': "'s ,.4 "'1 •s 114 ;~ ., m4 ~ . ., •a 
xl tll'2*xa•:w:4 : ~ n3 n4 l •3 n4 t a:l ·*i! n 1 ~ •• 

'1 ~~ P4 P1 Pa P4 pl PB Pt 

5 r. s. 'looetJ, ~~- Qsaum (lew loll'kr (Uu •• oo., 1112) Jl 
l>- l96. 



thl} eo~dl\1cm aat fou ;phn•·• k, 11 m,. n han a pout in eoaotl 

1t tht~\ the de\trm1Utat ;~ the PUocilted oo~tr1c1r1nte be •qul '() ae:rc~ 

k:l kl kl ~~t, 

11 11 a.a 14 

"1 .J ·~ ., 

~ ~~ •s ·t~· 

-a .... 

lt the ftak 11\l ~a11 tb.e to® itJUael ton a 1nuuU.e1 it •tae rr,.~k 

"1 e.t •a ~,. 

ll1 ~ m8 m4 be ttt :ran two • 

• 1 ~ n3 a4 

fha t(!luat:i.<ml tJt' ~~ line ot 1at.eraHt1oJ!l ot the pl.al'lel a, lll 6re 

u .... o, .... 
~ 

'Thill! •q~t1on·J et \bo lint fQ Mt be wr1\'-n b tht p&ftllettie 

xl = h Pi + k<ll ' 

~~ = h 'a + kq;~ , 

%$ = h p1 + kq5 » 

)(. : h p"' -+ kq4 ' 

wtl,e:re h1 k w:-e P'A~ttl'm not btt.b. ae:ro. !he;r mq •lao tHt 1lilf'.itte.a 

xl ""' ~ ~a '"" '2 x& .... lis "4 - q" 
---·- = ..... = =----

pl - <\1 Pti~ ... ~.~ Pm ... Gl.l P4 "" <14 

Th• Ue41 l:bl& in a :pl~m~ • i~A 'the lilr.~e o,t .1Qt.;r4!t~ot1on ot the 

7 



lJl•ne ,a~G'! 'Wl• Wt~ol. plat • lt.- IQ\1t.:t.icn 1.

.m1x1 + -~lit! + m8lti~ .,. m4~4 : 01 

a:l)l(l..,. At~2 + .. ,:)I)'s.,. "'•::~;• = 0• 

!':bt :lu'l peint Otl tke li"1 flJt U.tertCJc\itn r~t t u u o,, ~ ttUC' :;r o 
111 the point wbe:rtr a thiN pl41!tU\1 a ute:rnct~J the iQ,e6llint, Mhl;r• 

.2 "a "4 if$ j.' • .... fil .. 2 1$.1 'a " l. I 
"'l n!•xa*:&:• : 1\2 ~ Jl:l 

4 
,,.,. 

!IllS 11,1:. 

~- m4 rtta. 111 .... ~~., ~ ~ 
ni nl n tll a4 n 1).. 

nl nt 1'11 n, ., 
" J. 

the id~N.l point Oll tho line l'Q ,t,, 

~ :: h , 1 + kq1 Wher-e btl¢ :: .. .[aq1 !'• , 

lt P {~1' p~, , 1, '") (rlp.H I} 'ba AQf pout, tb.t,rl 11\e •qalt.t111•• 

e:t a ltt.le 
4 tnrwr11 P _, ~ ~~~~ 'h• eikl#tiatea .t Q * X .,. • 

• ,.ct1wlt (q1, qf' ~~· q4) a~ (:n;v x1, x1.- x4). 

A., 

.... 1 
,.... .,.. ,I 

_.... I 

I 
I I 

I 'f, 
I 

I 

A LINE THHOUGH A POINT P 

4 c. Smith, Solid; .Qeome~r;y: (London: Macmillun and Company, 
1928), p. 167 



-----· lllia .... 'a 
= 

<~s .... Ps 
... ----

11 = A lA l·.tt."l :: l/1 ~.tt;, 'WM:r• primes. •r~ UIIG<f.. to «eaow ~ 
4is~n.ce• 1n qWA.d:tiplau..r eoo~inatert. 

1!i. = A .XA jA:t'l. = 1/8 l$:1~1-

/ . . .. 
~i ... J1 : l/! ~1("1 ""' '!)~) : l/8 -.i:n, HI Oi' 'fhtl't Qi d.Qo\e:a tht 

angle nt.w.e~ tbe lit• PQ ixtd tb.e alit\-.~~ tll• ~u.tal tfrtRhe ... 

cUtOth 'll'leu 

littoe \lle a\Ut ¥111 the ~JH._I ,;t tov raeet ot \ike t•~~o~e 

(Jirl .£11 pl.a~* pt:t'pfllad.1oultar to tb.e l;toe PQ J.~ tlUO:, 

a1 'tO$ Ql ., a1 GOI Qf. + -~ 101 0! .,. A<!l 00~ 0
4

::; 0. 

~l = Pl • ~lcos Ql 
I 

X~ : p~ .,. li.$! COl Ol, 

I 

~~ = 'a + f,t,s oo• Qz 
5 



:14 = ~'4, + •• f!tlfll ~ .. 

I 

fhe pa:l'UWJ\r1o to;rm O't th,Q GflUI.t·lQU or tbt l:Lne PQ are 

xl :e P1 ... ~lt;; 

:;a = 't "' li,t '~· 
•.! ~. ,$ .... ,,,, 

)(4 :# ,4 • ,,,. 

'ml . .-n t = 0; 1 S P. \n\en t • o.1 l' E Q~ 

. . ""I•tl'i % aipi 
%'flij.Pi + t!f.iqi:: O, i ::· .. ,.,., ~"'q, 1 lt1,: 'Pi""qt 1 

z~1q1 

o:r -( = P1%a1tt ... q1~a1p . which u -· ~Ml poim:t o1. tb• line PQ 

iu panm~:tt!'io t<)r•a. 

AT111 pliat JQ"&llflll to (m) 1J ot thle ltrm 2 u ... ).lx • o. rae 
pl~tn:e 't.hrW«lll P p&r4*tUe1 to {»a) 1111: 

zm. p l~ 
~ •tx1 .... _·.·. 1 1 : 0 o~ I P1 ~~~ix1 "" % •tP12: xi= o, er 

A 

oz•1x1 ~xi = 0 

%•1Pi Z:Pt 1 th.ltt mq be wtttn ~~ to:Uo•s• 

('"l. ""~¥1 ~ C~- f~ · <•a ""f!-xa ... <•4 '"'~~)•4 = o. 

By lettiq 113 :: •s ... *t• the pJ.,nat iJU'&"'P P par.Utl t• m aq: 

be writt.-n 

:1(l.{ ,!(•~t*l,> .... '•<•, .. ~].>• ,,,.,~)~ 
""1~f'1<•1"'m2) - Pt~<•tr•~)- P4(~,-ma>1 
... :ge1 pl. ( ml""•a)- p~ (me-ttl) ..... p" ( ., ... •s>} 
... ;r,fJtl(~ .... m,)-pt(•l•11114) ""l>s,(ml-m4) }• o. 
'thia IU..)' bt writ'btn. CUJ2:i '.!:'.j Xi(PJ*~ • ll!li'!; P;t) : 0. 

l.O 



Th- ~iuta om the id.$\al l.irnt ot • pl~De (14) art 

p;l.Jlne :~l #: OJ. (Ot ·~m, ... "4mi a *-4"2 .... a2a4a ~t,a"'a .. ttam!) • 

plAne xt • 01 (liia4 ... -,•1• o, a4\ ... t~o1m4 t -
1

m& ... j!i.••l ) , 

pltl.n. x3 : Ot (~t•m ... l.~li~t ¥11lllll4 .,. t.4.~ 1 Ot «.fml "" &lfllll ) , 

illllt\0 X' = (); (t.2~ • •$m~ t -~~ .., .1\llll$1 "J..:'~~fll .,. &2"'J. & 0 ) 1 

The ;p$~dicula:rs$ hom tb• tu~tPlu pointe ot the t&b$hedJ"cnl ot 

!"$fe:rcrttcfl.' oa ·~ phne who&$ •<aua.ticm 1.1 

m1x1 ~ ~~~ + ~~~ ~ ~4x4 a o 
41N prQp~rtiond. to*'~; •e" ·~·· m4• (lipre I) 

!h• O<t01-dirutt~tl (tetl'uodrll 4oot-~atea ) of 1
12 

i-ll'• ( ... ~, '\t 
. . . . ' ' ~ ~ o1 o) ~ then xlax1 = ""'"'ttm1 t1lto& m.t>:.1 - m2x2 = o at-!:'"'::;- . 

t. 1 

=A .... 1.1l'J1~ ,,..tll!AI 

: Ift..., ~. 

fheretore "l' rf = ~ • ·~:·$tu! aimU..:rlJ tor the e~J' <t:ltt.•o•• 

r1 .and :r4, r~o then r1• ,-2a ~"~* ll'4 = ~· "1* •s• m4, al'Kl Y1 : a 1• U 

~- acttt1l dtttii!Ct,, ~i ot *'-'1 'ftl"\t,. ot th• 'htrabedron. llot l)'1q 1a 

th• :t~c• tain ~ne (m) be knoa., k wq N ~~,_..the ~la,,1~1'\

ttb1,p 

1'he dillt·t~.nce. tb•n, ot Ul7 polnt P from tho plane (11) 11 li1"M 

'b7 \be tor~ 



r, 
I 

:}t 
I 
I 

r-------~--------L---------~------_:~~M4 

natm~: s 

PUPIIL'l;t0tll'.a.Ur8 All)) AIGLSI 



.• 

l$ 

~ 'tJ lb. ( •s.J-> 
~ = . . ' 

l"•:t .. 'f *'j 

lfhe l«tDtl'4\l. tt<q\l-t:1t:tn o.t a lllphfiH$ 1a 

~~~t•~!lltl•f.' "" •ft\ll'l.la&x1Jtl • ~f,•l•4xr:4 + •ls#t•a:ttxfi * •l.,•a"\o}tax4 

+ •:4a8~;4x1:r:4. + (~:<1 • my-2 + tu$l:5 .,. m4x4)(a1~ .,.. a8
; ... a

1
x
1 

• a
4
x

4
). o .. 

Tho •'i•tion ()f the e1::tti'YUU¥s~tre 11 

2 . 2.. 2 .. 2 .. ' 2 . 
~l:~~l. €l2Xl :!(fi + "l'6&l~s~;,S'$.'J.'/M'6 + "l4ala 4xlx4 .., $!1!a•!:lfll!~l\ra .. a!·~·ia4X!)l4 + 

a.i4a5a4:~.al:x4 :: 0,. !he eq,ua:til')m ot tl'!e !dell plar.~o 11 11
1

%
1 

+ a
2
x! ·-. .. ; 

t ~lx& + a•;-'14::: 0. The •'ltmtion ef 'the :n.4iolll plata• tf tlh• o1teu.silo.ex-e 

ff.llfl ~!:11 Jphere 11 "\,..l + •2.~:11!. + m$x.1 + Jti4~· :: 0 .• 

Tht center ot 1:-h(t l•*•ra.l. sphtl'& 11 fo'Ud bt solvit:W the ~qu'Uon• 

, 1 tr»/'1tr
4

: •
1
.a

2
cf(

1
ca41 where 

. 2 J 
Pl:: 2Alltl:Jtl ¥ (~1!1'1&2 4 All\! + t.ftal)"-f + (~a.11fllfll '+ 61lltl "" 4S~):~tl+ 

(~,~..,,·1~4 + al.114 + (l.l1)'Xr.4.1 

(·2 ) . ·(· . ) 
F2::; al~.''1~1 * ._l,.! + a1•1 ~~ + 2"Zl11~%£ • 4!3"2•8.,. 1i'a + 4 '614'/J. 31:5""' 

I . 
(a~,,.~a4 + e£211.4 '+ "411t)x41 

2 ) ( 2 ) 's= (a1:~;Sm1a.~ + ~1m~ + a15m1 x1 + a1H,*t:aJ + A2~ -+ t~.1'\ a! + 2a8mSx! + 

(.va.:4a5a4 ·+ 1 8m4 + ~.-•s>"4' 



14; (•~4~1*4. + Qlm4 *' a4ml)xl + (•=4af.l!l4 + •t.m4, + a4.mi).tf .,. 

(a:41":S*-4 + ~~m'¢ + 4.\:WI):xl .._ 24e.4M4lt4• 

.Ul. t:phe~•• pas a \1\JtOup th• abel:att; '\be equtifilll ot whl()b: 1t 

lilt~. -+ ('\2x2 + >t.t~:~s + -.,x4 ;: o 



AtU£QOta.t•d tt1tb anr p-oi.nt iet ap,toe aro • rm:llkr •t poat.a, l1ntt, 

plti~MI, &D<l S)lll$~tll bt.Vitll .QN lip:lficUI.t. IIOMOW:i.oal. OOMtOtion Wi\h 

it. la t.h!l ahe;pt•:r the N~~lJt:1t.W. ftjll"llon-t:L~n ot the •ott tta

p0l"ttlnt will ~"' pr•Ht:$•tM, 

1.h! .Ia• ,IWJ;tl AIUS&IW l11il.• l.et ll(pl, l)
1

t P~• P
4) be 

a~1 t1:tw po#.Dt. ftt., pet!•l. ;ptJ:nta, P l! P 
2

, -&'
1
, P 

4
, (1~• 4) •r• the 

p:roje~•l!il ot tht ,.:tnt P upon tht~t tae•u• ot the t.etr.Wedrow. ot reter--. 

ece. 'l'h• OQo:r~t•• ot :bbe pedal poiutl ut tl:rdout~ly 

P1s(O, p2:, :P&; p._), 

'a' (pl. • 
0

• 's' '~)' 
'scbl"' ~'e• o. p-4), 

,,,c,l. 1?11 ,,, o). 

!i!. ~ .it;kllatdlll• -th• ~l. tri:ruedron ia hu-e cAet1ned 

as the tetr~e~on ha'rin; the poinu P1, f!; 'st r4 a• wrtio••• the 

fltiO&$ o:t 'h• ptdal tt\:.rodl'u IJP1P t! P1P,4, P1Pj 4, t.ld PlPtP,;u.•• 

tt)C( tqu.ati~-

.,. 2Prt.Pe;P4~ "' :Pj.:P5P4X1 + P1»!J4X1 + Pl:PtPI:l4= 0, 

:P2P1P4Xl""' 2 PJ..PsJ>4):2 + lPlPt.P4111:& + P1PttPI:lJ4 : o, 

':r.P~4~J. + PJ. P1P4~~ ... !1~J1P4"s -+ 91P~Prslt4. ::: 0, 

P,v.:PaP4Xl -t P:.t_Psf41r:2 * plpl!:p411tl ... f.plp2pS~~:4 11 0• 

nt, H~ll; llfRAil:t • The p~Ual. t~er1 ot P it tbe epbut W'hit.b 

pa•••• throU:~h the tour pt~l po1rM~~ t 111 !"1, P11 P 4• Bt i1lllilat1tll1:1q 

the coor41Mtls f>t f' 1 , :P ~, P' &' P 4 in the general equ~·j tion of a sphere 



'' 

-.'- ., $.. P: p + *I a ,fi p fi • ,_1 t. • ,.. 'llfl. 

1. !if, I 4 I 4 ll 1 I l I . l.4 1 4pl_. 4 · 
,lit = til I ;j. p~~~l,l. ~ --~'s ...... ,,,)111'1 , I. I • 

I I ! 
I ... "e4t.l14p2p4 ,.. al4"l"'t'l.P4 .,. ·l~.,.•tP1P1 

s ... , I Ps(~lPl • ~~'2 .. ••P~) . I . . ' 

. 4t•2•aPt'P; ... .._.!salatsl)lPs "' ,~ .. l.~t'l~'l 
~, = 'I 0 I p" t.

1
,
1 

,-+, ·~;~ +I.,,~,. It I. , . I II _, 
al'ld lttt 

B : (Rl. + 12 .., ~~ .,. 14)/1. 

'•'•• \ht~. ruuJ ot ~)_:. •a• :~,, lfl4 ··'wbioh de~ne tht pdl.l •P•• ar• 

•1 • Jt1 • s, ~ z It • s, •a : a1 • s. a4 : 14 .... *• 1.nd the 4111\WA'U,o• 



ot the pedAl a.ph.trt l$ 

ll!t-.le.~)tl~~ "" ~~:~~l·~~~~ + ~~,~~l~..~J.x,. "" .e:l5't•r2~ + &:"ll\a4\•x;lr14 + 

.t 
"'t.4a'6~47A"~" "' {Ji.:rl + Jt!:x~ + l$xl -+ a,~.,Halxl + '•~ ... •rG + "'41t4) * 
S(:x;l t lt:2 + XB + ;:~\o,)(l,l:lt!l. .. ~!X~ + "al:a + o.4:4) • 

!iGlA4Jili!!lU: IIi!£ .Qt. 1• AISO·Oia'kd With fiZIW' tfilttl po1at P lU't 

a :tlWtlbe:r ct otn•~ Joiute Ybioll. ~;r~ thta ur110n..te oe,l:qat.e et 'P, o:r ot 

ttl• ~l poil!t~ fit P with retpeot to ()tJaex- p&lr• ot poillt.a ••oeut..a 

w1th the t~~n, and 4lao \he ha~~te ••~JUI't•e ~t tatae 1n 

tU1!1. flu~· l!!tl&:\1attiJhip• ot thts:e t::rt indfo.tett •J:tb•r b t1Pft tov. 

o~ bt · cotta1defi.q ~·•1r •o:rf.ti~atte1 w )q both, !he b.aWJAOait tcm.N

~~te ot f With ;t•et,.()t 'to A4P 4 w.Ul. 'bt d•:t\O,td bf fiTJ the PfG#aaUon ·. 

(/Jf P 4 on the $dp Alit. h• ·the "N~tex Ats ' ' <irnlo'hlll 'bJ 114• hilt 
•u hta111QUC conJw.pte #}f l 4 w.tt.a :ttlpt'tt to !flit 11 dft.o'-tl bT ,, • 

t th~ bumon1e CClljllp;to ot ¥1, with l"Gillptc:Jt te A1A2 if d•:uotiJ~d by P
64

; 
' 

aiad.hrl.l tar otb.•, p&U!• ot :point•• 

!'ht~ COOMine,'b«ta of thtat po.1Jtt:fe, llN liWa b ~ •ooM,.,i.q 

t 
I'll: (01 C)', •PI" p4); 

• r15 (o, ·Pr• o, p4), 

r~, co, ,.,2, P.a; o). 

t 

1? ( .... p • 0; o, '), II l. . 4 



( ... pl., 't' .P~t p4) • 

,u ( ) 
p l 1 ,..pI 1 pi, p 4 ,. 

'" 
p h,l_ Pa• ""'~- P1) t 

,:tv (pl •· P2' Pa~ ""P4) • 

ttl 
F
1 

(0, p; ~, 1 p ), 
rt f: •. 

1i" (o,. 't' Ps" -P,.>' 

tn 
Pa (PJ_, o, ""'s' P,l, 

... 

' 1 

1t (pl. 0' ,$. p,), 

;p & (pl, Pe• o, P ,>, 

" ,, (pl, ·Pa' Pz• o), 

~·'·•· 1 4-'·"' (pl' Pa- ·-Pa' o) • 

the eollineu-1 'hf ot sets of theae points whica lit tn the HM 

pl~ne is welllmoq. 

. .t ' t t t . ' 
'l'ht l!b; pohts ?12, Plti' P14l r23, P.24,~ 134 al-e OQ:platla1' ahce 

. . 
th• ra.nlt. ot tblll mat~ix ot thtir coetticient :b. thne. The plane ot 

the.le }l)Oints ie eallecl tht Q'U4dripl•Mr polar pl.uel et P. Its 

e~ua.tio». it 

x1 x2 x~; ~, 
_ .... _ ... _ ... _::0 

P1 P2 Ps P4 

l N&tllan .it.ltl'l.lbiller-Oout, li~Kil.iu ls.1i! atwk.i: (Mew 
Io~k• Macmillan Oompa~, 19!1), P• 2$5. 

ll 



(• a! .. ,.) Xl +(-U_)'.¥2 + (i.t_)Xg + (~))1{4 • 011 
;);lt.l P J :~a r- ;):.~~ts p ,j)~ · :P 

la •i• Ms~ tbt~ A'tttlee.- t(lf:t• •t•· ~:1 , x4) = e) lu fiht -~~ 

att Anttt&<l41'1•· :r....x~x.:~4: o, ua (...U....' = ,p2p1p4 (~t ·~ = p p 1 , 
l~u • I · P .~· lti&. 

l. p ! ' 

~ I;~ X Jlt 
l . ·-· 5 4 1'1 _._ .. _ ""-= t,l\l· 

'Pl ~~· 'fi~ p4 

'h• poi\\\ p !s au.l.~ ·the ,ule o.r thia ,~1 • .ltatoo1ato4 m. th 

tAr!t.'f tiV4Blt ~ne (m) 111 .~ p~iat wl.ti® ia Ut ~;w,. 11 tle ~'ti·l411"ra ot 

t.h• pl~u• ·~~ + "!J.~t:f . ..,. a5:Jli5 ,.. a4:~4 ;: Ot ~· eo~ctiut•• .t 11Ae J!Ol.• 

•t-e (-l...t -l.., _..,, -1..) • 
ll,t J#f! 113 :m4 

BMwui! Wtikmlili~l· 1Hm \1~• Nl'•i ..,, tht t•·•llh•~~u~ 

p~>o.teot: pl~:~Ut$ trl:wwp l. !he •••t1oa• ~~ thtt )l•H clehftia.CS \\>7 

the poixlt P &mi tbt su ed,gttt ~~~ 

19 



20 

A1f 14 • !he l'hmt~ p1x1 .... p1x3 : 0 will out t.h.t :taoe throulb the line A
2

.'P !4.., 

• Alfl plane thrt.'Ngh P14P 24 will. iate:raect A
1

.&
2

, m~~~>l'.lilitd, i~t the poi.a\ P
84 

.· (~~!• p2,. o, o) w.hieh is the ~ni~ c&njqate of P
34 

nlative t. A
1 

M.4 

A;t'· fhe tov phnn Gteterminecl br the tdtt AoA4 -.nd the po1n.ta 14:
1

• P~4, 

it.« P2~ + Pl:tlit : O. Sim.Uarlf othf!l:r pirt f!Jt C'O'lil:j:1Pt.• plaftea •••oti
ated •1th the point P ~ 

.. 
P4~ ... plx4t ~ 0 and p4;xl + 111"4 : 0• 

., 

p4x2 • p2x4 = 0 .nct P4xt + p2~4 : O, 

•phtre 1e 

(Cetajueate wi\h .l'tSfttCt ·te~ 
"'l ~ o, ~ .. =: q~, 

~ l 2 2 . . 2 
al2al"m'1. xfl! ... allal aifl x!i+ "l41.1'll.l4"1" 4. + IJ2~ai!!63JCC2x5 + "tJ4411t 61 4"tx 4 • 

aLaa•4xt5x4 • o. 
Im tnia •••• at the poiu\ :i(,1, p1,. p8, p4) the pa.rtul 44rva~ivee 

with :t'&lllptct to .1).• ~2' xe• x, "'' 



p''' 

flQUB 4 

QDADniPUNB n~ouR or r; ®l'AMONlO OOIJUOA!lltl or P 1 

AID or AISOCIA!IO f0llf3 

21 
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t. I 2 1
1 = 111

1$
41'1 + "l~~l·~l~.,. "l4ala4Jt• 

! i 2 1
2 = •2a•fPI + '11t"lillt:aPa ... •t,"'m.,.a''' 

a 2 m 11 • 'ttz"!Pli + •sl8 a .. ls»l ... «~<s46fi.~A4P4• 

1
4 = 4~41l"'P' .,. a~4at•4PI .,. "s..,•·tl"•'a' 

~Jond the lqtltiUon f!>f tt\111 p¢*lar l 11 

~ . f1 . . ·I t t 
(altt•lPJ .. •·a2Ala2pil + 414..,1*'4Pit)xl • (4 2Sfl2"t's + "lJ•'llllifpl • ":e.t.6 l!li"4Pt).x2 

~ · I t ~ 
+ <•~.s':a'5'a .. an*'t~•l'l + Nr!el-,"l',}x, • (~~ol,/.144.'1 ""'1At4&!141! ""Jls4•a 

ot a t~~phtr~ 11 

· I . .. . . J! .. I ,;: l 
'*ut•l.ill;~~l.~!"" •lma1a,,;1t.l~l.,. i\t14'''1*4 l¥4 ... *t'&fit1 '1S•txl"" 

._~4·!~4xti14 + A:,.,.attt.la.~:,. + (~:~:l "' •,.~f! ... "'1xa + 114:t.4) 

D~11ote bt r1, r.,, r1 t r 4 tht V4!1lUllll ot tbfli ~1',16.1 'civattws ot t~ 

lfjf't 11eilther with Jof,)$,.Ct to ~~ ~~ x8, x4 .o.t 'lile ,P~il'lt P(~J :Pjt v1, f
4

) • 

'1 = 2 •1~Pl + (~~A~411.la~.,. •1m~: .,. ,..~~)~1.,. 

'"'·~~;;'l. as + .l.$ T 41.~1ll.h'ia + Caf,a14l-4 + lllj;ll;i + &411l) p._, 



I :::(a.
2 

a. • t+-· a ta + A m ):p + (b).~tl!i.aAfll + llt~'lll41 + •·'~~.m,)plllt* 
~ lfl 1 I l 6 J l l m1/J' it<#. ~ "" l;j Iii #1. ,.. 

(2 •s•:.~Ps + <6u~l\\~~t4 + (It~·• + ~4mJ~;)p4' 
. 1 a 1

4 : (e.l461•4 + al114 '+ a4*J.)Pl + (-.t4.ae"4 ""'·~~t~4 .,. 64•e>'a "" 
t 

(•a4aSa4 + a,m, .,. ~4m8)Pz + 2a4m4p4 

!be ·•~t1Qn of the pol.U"· P it 

,1~ .,. , ,::t.t. ... 'tl't; .... , «rl-4 = 0• 

the. oenttr of tht Jplloo 1• tbe point :whole JOlar i.f tbe idul plaae. 

Id•nt1frbl t.be: eqwr\ion &t t.he p~ur ~t l with tht eqtaW.on ~ ~ + 

A1x.2 • lll5x1 + * .. ~ 4 : o, it 11 .touDd that f' :lf the ot~nllttr ot the .tphert 

ct thEa f!lqt;Af.t~ona 

11 t.V1¥F 5;:r 4 :: ~,1Ja~ut1ta4 
t.l'e antllfifrd:. AI{ 

FIGURE S 

:tBOOOMAL OOM.n7GATFS 



.i.IIJI!SUll!iUlJUUI·I• lt two ~>le~ma~ thHU,l\ \h1111 Y$Melt ot a 

d1h.&<b:Alll IIU'lll• uko Gq'fUll ~~~~~lta w.t.tb its f'~:Qtl, t.bt1 ~~tll'e t.~aU to be 

ff110troMJ.•
1 

of '*1t0lfOilGl OODjU.II.Ustt (fiiurt~ S) • It 1e tvidtn\ t~t 
tWQ i:sogonallf ~tJnJuptt plues are .ay:mraotr1(1"1 wi tb !"ep:rd to tlat 

bia~to~or ot ·the ~uqle. 'fhe iao,!WW. ;l&tutl, w1.th nopeot 'k ihtt 

C(llft'ctlt'ondint 41h~•l wrle!lf ot a 1ivrtn tetJ"IIIh•d:r&n1 ct th• 11:1 :pl&Ut 

x:-t1in, tblt'oup a st:J.nu. poL•t ~~ the td.~ tds•• t~t the t•t:t•a..t•, 
a~ve a; point in~ coaon_. Let r be tbe ~~:nlll. ~t.. 1'M ~Uolt\a ot the 

pl~~et i)Q<.ough tllt ,.1111 J(p1, ,
2

, ,
1

, ;p
4

) •4 ·the ~ta A
1

A
4

, •,t'-
4

, 

A11f..4t lll.&J!!• 1l.A$t Al\d A2A1 -.:r~ X't!IJllt#tlwlJ 

J1il;l2. ~ p2:1t2. = o, 
p~;K;l .. PJ. ~~ :: 0 I 

Pt~l ..... P1~~ = O, 

Pi'~ "" pSX4 : Oli 

~.~! • PaX• # O, 

1'4,:\(l ""' P;t.X,f. = o. 

f.~n. the eq.u~tiont o:t the be~tgone~.J. oonJu.p'k-.- ot 'th• uov11 pU.net ue 

l'fli•Pli\Ctivelf, 

92~2 • ~~X~ : 0; 

Pl~ .... p!xl,: o, 
p1rr;;,. ... p1x2 :: o. 

i'&~l ... p4x4 :: o~~ 

p2~., ...,. Ptlt4. : o, 



~lxl • P4~4 ~ 0' 

111 ill~~ ,\\l.f.lp&hnt tl:kit. t.ht sb: .taott:~lll eottjU&Tt.tt p4h~ ~• •on- · 

,n,U,W«tl'lt :1lil. tt potn.t- Q(l-1 1,., A...• 1...). !hit J)Ohi& Q 18 oallld \be itoprtll.l 
P1 'P~ »a P4 

(h,lt'ljt:lg.,'te Of f • fh•et }.,oU,I ll'l JO~MtiM• J'.t'RtM ~· ~~ in""• !'O.illltth 

~'V~ tf pC)int in $Pi elf not q1ng in ~o t~ce tJ.t t,~ tetr~dtri:ron b&l *ta 1101~ 

bl pout with ret~&et> tG tht t«tt,a.be(iron and oal.J ortth ';h• tU .. •t~o~•\O.fltl ot 

t:tto pointe 1 atd Q t,_.o• 'the t.~~~;e•a ot tke t.t:t~,.. fi.ft :l.nve:r••l.l ,..,. 

po:rt1onal1 lud; oonv&J'flUJlT, i.f' tm.e d.bV.nQee ot 1 and Q t:ro:t~ th• f.I.\Offl o,t 

tl~e tet"rahatdron an lnn:ratlJ p:t~"o,pori!Q~, the t"W:o pout& 4U't i•G.gonal 

with ~tpeo't to tb.• te~ht16i'b!im.w The< onlJ ••J.t•Q.oDS\lie;'h ,oint-1 IU'lll the 

ttqU:lee•'b@r'lil• tt 't ~ U tkfl CUII)Ullllph$l"(ll; 11htt i'opnale Of' 'll' am 
it.!.J. 41 '~till b111 pe,r4l.lel. lt then tollowa that \rut UoptW. OQIJupto Gt 

~n.r pail\\t P on ~· eit"ow.ouel.• it: at :tatktty. 

· Iteim1111 ·sa4Uidll• Let P(p1, 'tr' 'a' '~) be •nr po1at ll\nd let 

p 11 p , p , p', p • • p • 'b& tbG: poiaw ilh»• pl.~ a~ ):r."~jtctad t..b:rtimf;b if 
J. fr! S l I I t t 

and ocmtata1q d edt• cu'tt 't~ oppcrud.te. tt414h Let ~1, Qa• ~, Q
1

, (tt' 
t 

Qa {lt~We t) be. p~iats tm \be ~tipett1n edge• tll(th tlwAtt aonst4er.tntt 

l:li:r•cted ••aan~a a 'tb11 Hits, Aa.P 1 : fill'at• A1P1 : 'il1A1t All't. • qr'1• 

if!leu the plt.r..e th:roqh A1;.4Q1 llli.v1~. w Ureo\$4 tdl41 a
25 

b tbt ~~taM 

~~~tio J:a Wh10b Jr. . . 1.. fl. d1V1<ie.l ~~11,, bt' tht fttiOI itt 1!ihiGlt :P, t&l!ld Q
1 141 ~ • • 

divide tbe edt:e •ars ~JI$ reoipra~lih She• "" ut.:1'budel t.nd lNJIIIIUJ !)t 

the tetr.Ued:ttont~ toNeCl by' th• pldo• tb:toup AJ!-4'11 dd A1A4Q1 are 

eq:'Wii.l, the: ratio t11f th~~t~ "'toluu• J~~tl'ta :r•oipromt~lllf • lild.l!U' sta:tt.uaea'• 

~ be -.ut -~0~t t~ otbe~ ~orre1poadtar t&tr.ht4r~n• t~ ~ the 

other (11(11•* ll!llcl the re/a;peoiive po:f.ntt ou the oppoaitt tdiG11h X\ 11 

·cla~!!rl;r ~tvident ~m tbiJS tJII•t-



qla <tt*- q,s• q4 : 4~~ '*'*• •*P • 
~·~ 1'1 I~ 4 4 

7he oc:~otdw1u~• ot ~ ar111 (<>~ •:'a' .. !p
2

, O) ,... 

' • t 
liUU.t<J.r thtt Otn~.r¢i1M,O$ C»t ~~~ Q$' ~; Q21 Qfi 41"$ JltlptOiliVtJ¥ 

( I .. 2 ) 
.. 1,1' O,, 11'1' 0 • 

2 2 
(ai:P2t ~lpl, O, 0}, 

! I (a4p41 o, o, a1p1), 

1t I 
(O; IA4P4~ o, A2ptll). 

. t 2 (o, o, ~4p4, e8p~)!l 

t ' ' !u dx plaJWs Al'•4l~' A.2A4Q1, A'*'i'.trl Afe{A!f;ll; A:J/~J'ii1.2 , A1..Ag;Qz 

. . . . . l l l 1 
W"l eon¢l'D"r«Ult ill tl~~a poin' Q(-' _, _, -). 

! t I i: 
'1'1 Aa'r •JP$ 64))4 

Th• poin.t q ita o.tllt4 the 1aoio!tio ~.Jupte &t t. 

!he ~all isotn$oall1 selt ... oe3vp'k pot»\a •.r• \he tive ~1~'b1 
f •• ••• • ••• u., I , » ,. U , M • .~JMlT, tbt~ tucU.am ~:bat &nd iiht toe e:at«laa 

poiat1. 



JIGtllUI: 8 

l001'0MIO OONJ11G.U::U 

A a 



'fhit IOti«J)" aMI. U. \M-e• o~:pt•r• toll.o\Wtc th41t ot ftl'tftl. 

.f)OU\t, ~net, IJU lpht:f'el ot tS:ptaial, J:nttJJ'fUilti 11. ·$1;)Qt0\4.oa Wit.h \bt 

etu4y ot the \&~!!>»• ~- ot the pc>M'\d.o ;pro;pen.teiiJ htnbt 

conta.:Ln•4 ue wall Jm•• .U ~" ,..,, ... «w1'tl'ed. u otur wo* •••l.lq · 
wS.th toW po•'tl1'• Howaver, welt\ ot the ••hl ta •••• .w •' le~;at, 

l.t baa GIQI~ tbt ftl.lt.erts knt.n'l~ 1ll ail IQNA .J.a ihi.l tJ.al.d.t tlle 

pr~llieatintr ot these PQbta, ph.o.e•, •n<l ~--,_.,_, :.t.ll ti.e analJUol M\ho4 

1at •utP•''"' ot 'l'ftmt oao lilt Citone wita ~ f•ots .,, wtll .,., ,rovicU..q 

& .lfif&n.lli ot ~o.t t:t.'f! uw oaea.. Oao.u f.::r.t•• 'l'her•1a eo•o•••• hi.• ke 

tcwkkell iii tr<l«i~ t• tll.till the pupoae- .of Ule ttltaitJ ret thttM f~• 

•rt wd.~• and ~to p:topt~X'ties to~ hi'~ ll'iuQ'. 

J.U. &illltl.£ .uiiJiiWMI•· (A .. o ..... fa)1• SS.noe tbe bMtliler it 

equidil~nt txoom tht raoaa ot tb·t \at:tllklliltldJta of ret•n~••, iti!ll e(>ori1 ... 

Jia,·t~s ~:re (l,. 1, l, l) • A tett4btcbrou hit '"'~ nttater•,. \hree <Jtt 

wblch a:ro l.oct.W in '\11>t :roQfl -~ tou:r .\a tl\t U\mes, Ill ot atoll ue 

4a<tu1ditt~ult ho$ ~· faces ot ~ ta~C~~<i:roa ot raf'tl"&).C4t., TU 
t H Ht 

<~oo:rdtutelfl of X , 1 , X 1 th& exoen\e:rt la•t.4 tA ~he ntr,., a11t 

(l, -1 • .... 1, l), ( ... 1, 1, •1. 1.),. t~~,\'14 (·l.- ... a, 11 1), cw (•1, 1, 1, -tl.), 
t 

aii!Kt (1, 1, -11 •l), wku.•ll'• I is &oloohted witla the ro•t A
1

J.
4
or A

1
A
1

, 

1 
'· c .... 7!, :ro::t.'era to .lltil:tdll.~O'm"ti'• ltitD 1!111. ~t 

P41• V~. !bit 1Jt11ttll ot f)J-~u•• :rete:rent•. ~- 'uutd th:roulhftt. ~ ~ 
.tv, V, t.nd VI. 



H tn 
I 11 aoiQo.iattd with 1m• root A1tt4 tr Alfe• 1111:mt % it e.uoout•u:t 

witn the root A~AA 0r A"A... 'lht!i oo.oM:lnatee Qt l 
1 

1 , l .. 1 are 
Iii ... "" .... Ql •at 4&" 84 

("'11, l, l, l)., (l, ... 1, l, l) 1 (11 l., •l, l.), A\M (l, l, l, ... l) where z. 
l 

.11$ tt~e e~oente:r &Sioll'tb\td. with th• face a1, aM DbU.r leea\.iotua fot 

th• otht:r oc~ut•.rs" 

It~ W!~ Ad ~n U&r.!J.i!• (lu o.~5l). (fii'U"t 7) Let 

I d&nQte the- •cU,an point ot th$ ~~Qlh 'ftuua .a
1 

ia "' ra~D 

po:iilt ·C>t the fat;!)$ "l • 'l'h• CU!»Ol"<U •. tea of 11 aNt ( (.l ...l.,., ..l_
1 
~· 

· ~ 'a ·~ 14 
!.t:\4t M¢l.'l.4lln :pl..\ime is~ad bom tht tdfe A1 11, ~•t h, thli ,lane. A1A2ttt~v 

htuJ th~ t{t'@.tion II.SXS .,. a 4:~4 = o. limih:rlf, tl1e tq\UI.UQl'.lll or tht u&:na 

iSIU<*d hom L1A1, A1A41 &1A8, A1A._, AaA.-, lt'e 

6.2X2 .., flttX4 :: 0, 

"13X2. • &s,7:.,a !: 01 

'l'i ... "•"-' = o, 
al. ~i """~'xtf'i ;: 0 • 

~l.J'l "" ~f'"l :: 0• ·'•' . 

:tt ia evident th&t ~ cooriimtttJ of 1, tllt :potut ot inttr~Jeotlcn t;f 

,U_,_.,_,_._tl~t 

.. l til:$! ·~ •• 

J. }>hrte conta.:hti.nJ ~tt tdge ot • u\hb$dr:rer. aM panlltl to the 

OJposite e4.r(ll ia roto~TN tq u fait• tktsit •• u •xlM441.ui. phae o~ 

lillplf tl$ ~an o~edhn. (JiilUN 7). f.bet ..-.sia,xus •~'• t.he luJntrud.c 

t.tcnJug~Pttlltl ot trua udan p~.a•J Witllt t'C!It;ptO'\ tG illt 1PlWiinl f'Ao.tlh 

T~ue pqi,nt ot uo.racur:r~nc:.r ot a udil:n .t.~d tlhree •Dtt<U.-~• ia o-.U'flld u 

efxmedun poin.t. 



A., 

flOUR! 'I 

li!.IUI$ .AHIJ AOOmD:u.li 



!At~ ttqUA'Ut~nl ot tbf) •ix ~l:lians u-• obYiou~~tlJ 

~Aax~ ... a4:x4 = a, 
1-lltJ. ... <if,t)W4 = o,. 

f/f.2:Jt.rt ""' 4114J':4 = o, 
4ll~l + e-5xl : o, 
l!l.:trl + a1~1 : 01 

•,}t! ... "rlc.z = o. 

k~iiU W OUII!f&UDI• fh.e ,,_.a~ p<~~1Dt, 1:, of a 

t•tr111.hedrort i• 1m• ifOI<>Ml O<ill\l~qa\t ot the media• ,o1Bt. A line 

thl-OUfh a vet"\a> #ll.ad 'tiha l)''lltl't<.U • .aua pQint 11 ~Ue<i 14 lf78ed.ii.Bor t 

pli!t-l().ft ~Sh all ,q. 1,ott ilbe .v-~n J)Oint u O.UH a Q'IIMdiAitJ 

~Jt• (.r!pt~e I) • S:l.ittt the '11\Ml:'clitlatea cp,f' tll!:~ •tU.&m poiat ~,.. 

(.....1...' ...l,..., .~ ..J....)' tht ,oat I hftla ~l'd~tes <~1, •a• a
1

, •
4
). 

~ ~ ~ ~ . 
'tht *1~1.,.n p.Gila\1 th~n. 11 -. ,oat ·G.ot• di~o.t tt-o• the ta.eea. of 

tb0 'W~b~a:ron ":re Pl"~po:rti~ to the j~• tt tbe faoae.. tha ~u.Uona 

~f thet •Y•e<i:lfdl pl!in«tUII Q~,h 

4 X • A X • 0, 
Rl. l~"" 

•s~l • &2XS ~ 01 

A ~ • ~ ~« = 0, 11 l t,W 

~4~l • &1X4: O, 



~,~~ - ~2~6 = 01 

~ ~. • a ~ : o. 
4: ••! I 4 

fh• ~~u.~aoni.a conju,-.te ot tho Q1U«MU.A\n pl4!1nt w·itb :rallpetl/tt to 

the 1nclulit1nl :t'~tO.ta 1» Nf'ert>td. to hen at an ext.r-cadlla:n plune (ripre $). 

Tbe eqW~tions ot the extt;t!Ulelllil.n pl.uGs &U-t· 

·~:N:l .,. f;lJI:~ = o, 

~ll)tl + ~!;x,l = o, 

&~~ + "l~l = 0• 

.,:1(1 .... lll.lt 4 :; o, 

a4x':! + "'t"-4· : 0~ 

a 
4
x1 + •,x 

4 
::: O, 

A Q'mmed~n parte ~ tlU!ote ~tT..,iaa pl..tan «tt-41 ooncuren ln 

• PQint Q.illed d PI$1Mlllt4.'t&n po:int. The r~v •• .,.~. poutu ~r· 
.... tt tH. . 

I ·.{""'•l # 
6 2t 4 31 t..4) 1 K {flll.t ~~~ $1' a,), I (t.l' •e' '"'"1' a4)' 

Utt 
r <• , r. , a , ~ ). 

l. ~. a 4 

S1!1SRIS!SIW.• (A. c .... l?J I • ...J.81)2 fhe tq\Ulii.~n ot ti\e cir~ 
IIJ.ph&:rt' 18 

2 ~ I t I 
*l~Ml&f.xl.x2 + •ls"l.•!l:rl.~a .. "l4~l~A 4:rlll 4 + 6t.r/'24Bxt."'s ... &.t.4•tt. 4'X't.'JA 4 + 
~ 

~~4 ff;atk 411'1$')(4. = 0 • 

Tht~ cent-r of th& c.trcu•~r~~~ 11 found bt ·fol·dn, 1
1

•P
1

•P
1
tr

4
: 

e.1ta2t~1aa4 1rhtr' 11, 11, r5, r4 •r• the p.rUal ct.-:lwative• ot x
1
, ~t' 

lt' 1 lt wtth rtt,.ot to the equ~'tioa ot the. (l!iH'WQJ,phere. 
! 4 



J'lQU.U I 
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1 .1! ~ 2 0 l ~." a 
~l,. @!,15 .... 4. a:U. ..... lJ 

1 0 1t 2 ! l ~.:~ I 
all •a4 $12 a24 ;a •~ nt

1 .. ~ = 1 t .. •• • 1: 

l ·~ 0 tift fl. f. l 0 a,t ~)15 M ll ~· 
1 •1i! ~ 0 ! 1 •• 0 &.24 454 .1. h 

0 ~,2 l 2 0 ~ .s~ l l! ilil.4 f, 11 

£ 
&lt 0 1 t m 

24 
a 

111
11 

0 I a11 l 

• I 2 l m I I 0 l. 4
la "'az •s ~8 ·~~ . 4. 

.! 2 t e: 
"l.4 •t4 l Q .14 - a64 l 14 

cos A1 
( 2) $4HII Al 

(ll) 
OCUli Al (4} 

tiel 'b b (':\ij, "'' ' + - 1' ) + ~21"tll4 :: ! l~ lfibl, ' 'I b I . 

bl.l -.lt u 
~~ . 2 2 ) 

-(bl2 + blB + bl4 ' 



•(bll .. b!lfil + .,,,>, 
,,. l(l) . 

4 

Or b7 ~entrali~inc1 the o.ordtnAt~• ar• 

CQe ~(~) OQS A(k} 001 A(l) 
i 1 1 

~1;;: l b1j"&Ub11(-l:>-tj-"' 'bik + bu ) +IJk~Jlakl 

.... (b:tj +\lit+ bil.>• 

2 a t 
lfb.er.e bLJ = a1J4kl' 1:11lt = 4ili1'3l1 bu ::: •u•j~t• 

1'111~ 01m~r or 'the eircttliSpbe~o .mq- dao be exprene4. b: \he 

.toll<~~wi.nt :!Umlti"l 

2 I . I 2 . 2 2 
~l = " ! A!!~~,a$4 ~ •a8'll + A~4A2re + ~$4111' 

8 2 I 2 ~ t 
:x~ = ... m e.llll"ll A\rht ,.. *"1i·u + «~,l.,Jt + o.zsl1a• 



>&r, demoting b7 f 
1 

the: 4#11'4$1 of the l!tud.U.a.Jf' \rhflll• Dboae d.<kl ~oJt 

• a rt!< tL 1 a II 14 :f§l 24t 12 14' 

:n :: a ~ f&.t o.'t. {ooa (£_ ~ .. c.Jl) ooti } 
l 151 lt 24 54. l . 4 l • 

1¢; ... . 2 f ,. . . ( 4) . lf) ) 
g • lill!'l2Jit~4el4 OGfh~ "" COl~ IO$t 12. i 

XI ,: lt!3&5l.«~4a=· ( 001{4) ""' Ci.'UJ-{1) C$1f I) I 

. _ 2 I (. . . (l) fl :~: ) 
11:

4
..- ·~l~ll.!A!I.~4.aZ.!l CCI4 .,. OQil, eot::rl 1 

.~ a (e) . (4) 
: "l.t"eafla4""34 (ooa~ ... «M~''i e41ti a} • 

,: a:
3
a:

1
a
14

a
24 

(oo•il) ... Ct1UIIC~~-~.t) 1})01! 
1
) • 

lt ;i.$ tlt'$t«i4 that 

Au : t 'ti1ik4Jl~kl to•f :1 • 

!'t!DO fitm• (At C • ...OI) Tb1 ab plue~ tuough the titi-pointt 

of ttt\$11 ~4«·•• ol ~, tetr&btdn.n 1M. ~J>•Mioul.ll' t.o t.be eqet r.a.pee ... 

·ttvGtly oppoa1.te ban a ,ptlJint i~ OQI?lMW1 ~ lollltl 'etiftt (f1p>t I)* 

The tq,w..Uona ot the planGf trhr·ou.gb the •l(l ... ~S.U\a AM gttrp•micul•r to 

the oppoaite .ctc•• IU.1 b& tou~ 'by ftllliiq the .Weal p~int e~n e&\1\h 

pl9ttpo~iou.1A~~r in tl.• :taoe1 ot tb«~~ t•t.r&l;ullt~on which 4t:~~tkilll• the Gp:po

e1te •4s;e. !hen uaiq th.tlt \wo ,o.tnta &fld tAo fdtll,..~intlt \ae equ•'\llo"A 

••1' be .toWild 'b1 the I'MmW-4 utnott. 



f:tGUU 9 

lliOWlt f'Oltn 

57 



1;11 

. CU 
the: 1det.Jl £)Oint U tril.ine•t- OOOJ.'cl1Mtt; ot k\ b (0, .... 1, CIOI A .• ,. 4 Ill 

QOJ A~). fh11 -~be oha~!•d to ~~dr1pla~~ c~~1m&te• ~1 the tola\iom
._ . 

ship ~i :: 2 f wlfl•r• f 115 ot'le ot the tt-ilin•r oooMirmt.• ~irt\e • 
• , i 1 

. (0~~~~ ooa A{l) 
I• q,wa.~1.pltur oocw<t~t~u11 1 'ti• S.tlli!M.l ~bt em. bll) ia 41 . 8 1 

(l) ) ... 
• . cos·~ ""fl2tl: ' 4t W+ , . l.l 

H 
!he oooriirudtt« t~r A1 • the m~-:potn.t. o! A1A41 ue (L• o, o. 1-),. 

"1 .,. 

f.be nqW.:f~. plan• 1t ,P>~Ualle:l to bfltb. h.(l) and: h(f.). lt 
4 l 

co•t•ial the twe idw po1•u aM the :po:t.fllt A~ • • 
In ord~r to a;'V!J)ie ib1 use flf4 meUont~~1 -h&..-.11 oomhit:\ea 

,Q'fl $l*pl.!i)JM h#41. !h" f'tb.t:1Jpnab1Jt betwet1 'b•~e@a.l ~~ qudrtpl•u~•~" 

GOil>X'd1tu~.U# lll Xi t ai~i' Whft'l 11 ,..,h'-H!ltJ tbt tlt»u~ Oftdial.ttlt 

the t-ution tOt the p•e in \etll'ueuu tHll'iiaatta b 

ll X 2 I t5 x. = o, 
l. 0 0 l 

0 "' coa !(l) 
41 I 

1i QOI A(l) •a 
41 2 21 

~~~5 a11oot A~4) a12ett •14) 0 

o-,.. (~1scoa "'') + a48cQ;a "ll))~ .,. (~8ooa A~4) + ~~o48tta ~l) ....ta )X + 

( a Ctt ~~;(4} >\> a 001 Jl.(l))X +- (6
1 

.. eoa A~-4) - a.t
1111

0GI .l~l))X_.. ::: O. 
·11 a ss a z · 'IJ ~~~~ .. u . .., .. 

" !he •q®tion ot the phne \h,qh .a1 • the mid .... potnt gf AaA4, 

ani ~.NJ.lel 't.o t·be ~:lt.itudcul h( 4) ud h( 2) iR 
. a ' 



( <•> ,,>) c· (4) (I)> ..... 
1
coa 11 ... •.u coa A1 . x1 + . a e•ae .l ..... • ooa A

1 
X +-. (-aft" cot 

~ t.l l il t ~"' 

(4) . . (It) . ) (4) (4) 
Al .,. a41<.tl!ill .Al +I a15 X8 + ( .. 21utl Al +· &4J.Oot All )X-4: 0 .. 

'fb• ~iltmt -O"Uib. A~ •, the .W.poibt ct A1A4, ut<~ pePpelltdi~ulal" 
(5) (4) 

to A1A2 ia ·pa,~llel. tot \b.e uti'bttd•• '• aDi a1 • The •llNUoa ct 

tills pl.de .ia 

(a41ooa Ai3> 't' ~11tots Ai4>>x1 ~ (-.41ooa .Af1> ""'.$1oo• 'l') .-t *ls>x2 + 

{a «:~os A(l) .... -. "o• A(4))x + (-~. eot .!11.(1) + a .ooe 1(4)):x - o. 
41 · · 1 11 1 a 41 · 1 11 1 4 ... 

fh~ pllillt th:roqh< A~, tht) '"''-.. point ot A2A1, a.~ ;ptJrpN~tliwl•:r 

to .a.
1
A4_ ie pil"•ilil to 'tiba altttu«aa hilS) iftd h~l). Tla• ettutiol'l ot th• 

plane 1e 

(~~; cos A( I) + a Oets .l(fe))l' .,. (-a 001 A (IS) ,.. " ooa A (l})l + 
11 1 n 1 1 $\l 1 11 1 x 

(a. ooa .t(fi) - • :cofll: A{l))x + <• ~o• A(l) .,. ~·. oo,. Ji.(l) .... 1 ~ )l :: o. 
2l l Sl 1 I ll l Bl. :l. 14 4 

• f-e pluc. 1/.br"fh A~, the #t:W-p<)ifit •r A1J.8, a:fld P«*!'Jullft41o.U~ to 

A,_J·-
4 

11 pan.llal to the alUtlWitl .Ia~ I) fl.!\\~ h~l) * fie fi4U&\io; ot thifl 

~!.') 1:1 

(-fl. coa A(l) + .!i 04JS ,A(l))l. + (a. 0$1 A(IJ) + a_ .. Ool\ A(l.) ... 2 a. )t . ,.,.. 
l4 . ' 34 4 l. 14 4 ~~· 4 24 l 

t (I) .. (l)) (' . (I.) .. (l)) 
\ lit.l.~<l!OG A

4 
.. a

14
o:ot A

4
. X$ + a14eo<~J A4 + &1._ou A4 14 ::: O. 

f 
fhflll plana tluooup A1, 'the ii'W"'1loint ot At.A,1, t.nd Pfl"pel4. 1ault.Jl' 

(e) lJ 
to AsA4 is p,~t'AUal w the al.U.tu.es h1 u4 .a1 • 1'~• equl'\iou ot tho 

~an.o .is 

(o;Cl4<l01 •i2) + lli4COI .&il))ll + (!A.l4eoa •it) .,. at.4<001 Jl.il))I! + 

(6 001 _.(~) + til. eoa A (l) ·#• )X + (a coe A (t) + fJl ~~- A(l))X ,... O, 
14 4 24 4 .154. $ lA ' 14 4 4 .... 



Stnoe thrtl'b 1la~ea 1n the t~~au l)tao.U ln.twud in • po.u\. th• 

M.unate point -.y bt t~ bt tolT1ng litml.tan•outlf t.b.e ltfilUtiona et an;r 

tll.r'lll o.t tnt au plat:ntJJ!S. 

L1111t :~1, •2, •a" m4 "F•s•.n' the Oll>ott1cietd~ll1 oi' x
1
• x

1
, x

1
, I

4
, 

re•p«;ct1ftq, lJ1 tl\t Elf:l'Wl tion ot 1ih• tu•t MG;)ra.so ,FJl•:u• or tile sv1••. 

~Utewi!tle ltt n
1

, tl. ·' n., • r•p:r•••nt the nutt'!tli&»tl ot :X'\:, :X , 1
111

, X 
'2 ~ 4 .,J, 2 v;i 4 

in th• $q~\io» li>f the 84U;I0ltd pl.-.M, fllllil l•t pl J ~~~ Pl,¥ p
4 

Npoat»nt \b!IJ 

t)oetti<titnt• ot xl, 11- 1!, x4 i:a ~t et\a~t.tit)tUJ or the tl:.l:l.'n pla.nt~h !he• 

by hrW#la 

•a .II 
& .l'fl4 . , ~ .. ~ $4 ~ •t Ill ., ·~ 

X tl tl' r:it. ~ n n ~ l ... n n nl 1 n m n , ... 1:{ n l\ 
l. ~ I ' 2 I 4 I 4 4 l 2 l t a 

p a ,, p 

' PI· '• :1. l 
,, ,l ,,. 

'l "t Pa ' 

llli:L" tllt• eool"41~tea ({if t.be lo11p .Point. 

&.4~ .ail a alai .. ! It itiWdra.st. DtltW!•· (r.i.pra I) 

sA ts.A •A . •A 
n.l :. "'l. • b2 : ~8 • h' ::: a ... • m4 : . ~'& ... ·. • 

T.fl ;:· b COl Ql~ 

0! :i: h Of)$ ':l~4 

-o11 : h ~oili o.34 

'5" = 0 

!1.11 1.5 "'0!ffti' 

:¥ : OOft 914 
,. : 0,0111 ~. 

!It = e<t~t 'z• 



po1n.t Qn t'rht ,..l.ti\\tdt h4 1m 

(co a tl4r, "' Q14, eoe o84, -l) • li:JJet the oQ~nib•tee ot the 

1noettte:r 41.Jle {l, l, l• l), t.he tq,Ut~.tions of 1 11,, oo, the .U.ne thl.tofk the 

incente.~r tum \be idu1. pQ;f.nct et tbt~ uti\\lde b4 u• 0.8 followru 

" ""' l ... ). + eoa t, 41 

X!: ). + 003 Q&f# 

xa = ,l + 0$1' OJ•/ 

)!.4 = it +1 

:x4 := 0 it A :: 1. fhtrettore the COI)r~U.nat:e• ot l ar• .... 
(1 + oo1 o1-4,* 1 + ooa '!•' l + cos 914, 0) • 

Th• ~ uat1ont ~t A4I4 •:re 
4 

~ #X Ut tX :; (1 of" 0'>1 9,. )t(l .,. 10$ 1, )t(l + 001 GJ!r .. )l ,\ • l I $ 4 . ~ ~ ~ 

x1 :: 11 

~lt ::: co.a. Oz1 

x1 :: COl QZ:l 

x4 :; cos '·Ill 

¥1 = C~·$• Qla 

u 1 ,:; u 

X$ :::; OCII Oft 

;x.4 :: 00$ Q 41. 

1tl = 00$ ~ 

:J. = 001 ••• 

11&1 = ll 
x4 :1: Ql I(J 

the ideal po1ntt on ~, h2, aad 111 an li'RUlP~JC~.ti•elf 

(-11 COl Q$tlt 001 a.ISlt* COlS 041) 1 

(ce.llt Qlll!' ... 1 11 ~01 Qtsl' CQI 041), 

{ QOI QJ..J' COl Q~~; •lt 00$ Q 4111) • 

Thet C·oordiMt•u• ot l , l 1 l t % 1 l'tP"-\i.ni tholOt lift» abaft tor 
"l •• •• •• 

41 



:t • are 
1.4 

I41$(0J l '*' C«<J: Qlt' l + Otlll Qll' l. + C$1 Ql.t)' 

:ta
1
•(l + os tt1o, l + oot o1~· l + eot o14), 

l I (l 'f" t\()1 Q 1 1 + 0'011 t r 0, l + OCII 0 ) 1 

~ u Q " 

x._
4
•{l .,. ~c~ g41, 1 + ocu1 o41• l • otllt o

41
, a)"' 

fht~ ~"Wttil)tll of the llnos ~ tbt "f'Vtj.••• ifJt tb.e tetrtlldrcm 

ot H,f'•ronce 'bo \bt t••' ot ~ oo1"relpon4iuf ~~toultu.•s 1aau•d h"ota 

l: illt:t'6 

1' 

A l • X Ut 1): Ill! = l. .,. (.\01 Q • l + 00,$ Q • 1 ,, ¢01 ' • A • 
• l.t 4 l 2 I 4 l4 ' 24 ' I ' •• 

poit\tl et o~n'k.ot ot \bt tllacr:1bt4 •ph•~'• ar• the HU Pf'intt at the 

tttt ot th$ p$ll'JttM14.\uara lt~AWd t~ l ~ the lace; a, 

they u~t relptot1vel.y, 

{0 , ,l + 001 ~~# l + 008 01&' l + ll)C):lJI, ~4,, 

(l + COl Q~lt O, l + COf 0JI5; 1 + COl Q24), 

(l +CO$ Qal' l. t 001 Q&t' 0, l '/'> 001$ O!i)~ 

(1 't CO$ QJ&l' l ... COl ; 48, l + 001 Q4il' 0) • 



'l'.biJ oh~pt~ll' oonilftl.j:!!ta o!. 1i:lol<.:.'~~Jd pl:;:n·l.~~:a .!~ru.l. or 41l~Z>neB eo r.,. 

l~ted ai to . b~ oot~ddoX"tid in ~:)u;:lr.r.. •\asooJJtli: ... ct tti\b tbtafl pu&ea are 

~om& point$ that oould. not he "~t~Mil'lil!U in \l~.t ohttptor ot tpt.ot.l 

pointa d'® to 'flhfi t'flo.ct wt tj~(llt'e its "' dCll.l!)$n<l0llcy' Upon tJtfll intetttf)Oti0l\l 

Of ~p$0Ul plAin-as tor U EJQlUtiOJl,. 

!!~lld~ (it. u, ... ,a)" A liM l(d.rd.aa tn• m14 ... po.tn\a ot two oppo

site ml~fn~t ot -. tstreillldl:"on ia <:m.Ut\ld IlL baedian et tlll• t6in.bldron 

:relat1v• to the pail' of edpAI ootu~idtre.d, A t.etn.hedron baa three 'Di• 

ut.U..anu (l'il'tttl lO). ftq will bfl drJdpe.W •a
1

• •a,.• ra41, the ~d .... 

m~uta -.
1 

~e1u«. rel.I:Uv• • the pollnta A!, A!', ~ad $i!Ulll"' 'ftotations 

for • ._
1

, aXl4 •as• The flid•pointci ut two ;pirs of oppotite _._., 0t 1. 

tevah~n ~ oo,.uar, J:a u eu.mpl.e A1A4, 'rl"'s and a1A1* Af'4! 

two patr~& o:t owpoJit.• tdgtu~, uy b• uken. fht eco.rdim.tt.et tf Ar' • 
.A' , A •, At 1 the: td.ct-po:tnts or tha reapeot.t:v:e ects•a pwn uoTt • ue 

l g $ 

(.,.l_ll 011 Q_. ...1...) 1 (()I -l.,, ..l.1 ()) f (...,!_' _l., QJ 0) 1 l.'lld (QJ 0, ....l..J ..l...) • 
•1 "' a.! 65 4l. aa "s •4 

'l'b$' determinlfl.:nt iO 0 .Jr... .... o ,.. 
•:~. aol\ 

0 _.... ..l... 0 

•:t ":.~ 

..l.... 0 0 

.l -~ 
0 0 ....... ~ 

"a .4 
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Th11 :p:ro~s t.he. t:~opll:n•ri 'Q' of t~t !d..d-Jboittts I'Jt t.ht t'l'l() pd.:r1 cot oppo

.~Ji tfill edji\llh 

tho ~uat~n ot the pl~1e ie 

"-l::C:l - 4l2X2 + 48Xa "" &4X4 : -J-. lt Oo.>lltfi.itlts ttte. b~.lUOOill\1' lift 1\ll'd • 41 

~ •a 
t t H U H t t H 

Jt2, A1, A.~ , A1 and A1 , A
2

, A
1

, .A~ are two utm •t copltJW;r pointe. 

lfhe eq.uation of tblt pl~:n" dett:'~n~d by the :t."iret flltt is 

-a1lfi + fl2x2 + a1~tt\ - A4:lt4 = o.. lt cot~:t~tw the b1MI1Uns a,.
1 

and •o~c,• 

amx~ ... ll"'x"' = 011! It oo·ntains tlle bimedi&n.$ ~ and m , 'l'o tir.%d the 
~~ ~~ ~ ~ 

point of uttrJ.eetion on the th:r$e pl411ee1 ono neede but to uae the 

umM~.l detftnt:LM.nt ~tethc>d. flU.. :r•ccut t~ '1. tx
2 

n:ts nc
4 

::: ..l.•-1-..• 
'1 •a 

..,l_t.,j_ wfd.en ~ ... 1~11 •r• the coo:r4.inatot or tht centroid., l. this 
., e-4 

point ot btex-t~.otioa 11 el1o ooeoft te ibe lllMU.ns. 

~etf.s£ (.&.., C.-4&) • A plrdle pa;r~U.l to two oppadte ed.pa ¢11 . 

._ tf't.hh~on ia tetet'ed to "'' a dv&etlnf plane ()f a d.irecw of the 

t•trAh#dron. 

lt a plti.11.e is J'Ut.&~Sftd. thrOUgh a.ny poin-t P(p
1

, pl" Ps• p
4
) in \he 

tet:rihtdron ·l\nd l*:rulel to A1A1 ~t'J<t Ar'4, th.re p.l.4l!n~ i~ dt,era1~ that 

point &~ thdt itlul point o J,1Ats •ndl o- Ar:A4• Th' e~Ucrt ot tbe 

platul'! 11 



J;• 
l t6!'~ XI XI#, =: o, 

pl p2 Pa p 

' ..... 0 -.J.... Q 

• 1 •& 

0 ..l... () ... _._ 
•e .4 

or (a!p2 + •.a.J~t4)(al"l. • ·~x.~> = c~lPl. .,. ':fzH•:t:rt T -.,x.,,>. 

!bt ~titn ot t.M. ,Une tl:A:roulb the N» "ut 1.1d f*l'.tll~ to 

A2Atr't e.nd. A'J!' of, ill 

Lik$W1$1!\l ··the ~qution at the pU.11u' t.Jlrouah thAt~ hllkll PQ.$:nt -.o4 f*l'\tllel 

t;l) tnt :rt~M.i~tlq •cit••·• .A1A1 ami A8A4,~ lt (~IJPI .., a4p4) (a1x1 "" (l!.!:rt) ::: 

{fl.l.Pl "'" 42pl)("&~$ + •,~4). 

Wht!l tlUt ,.int fJ lt t.h• ''~~ld, the dbt~tt1at ,:laao rUl teta.tn 

4$ 

tht~ two lid,fMicail'tJl;S nl.t.Uve tit Wle two ·-w. ot ''"'"• ~~ no• pu•ll•l 

tG tltto 4i:ref1i«W (11Ft 10) • hoJI\ Wf lt f.lf .tnr10U$ '\b-.~ .. , $1lWl\1.tiU1i 

ot tbtJ thl't• 41reot1t\l pl.aaut ~- ~~ ostmroid. ~~~• 

"l.~l. - ulxl + ... ,~~ ... a.4trt.4 : o, 

•hie~ •s:r•e w:i.tb. th• eq,uat:Lont ot "• pl.nMt toun.d udft' \be: t~«~ptiell of 

biae41un.a ~ 

:tt 1111 .Pltiinlf Je11ta tJlla\ tho lirut ot lrlttrtee\ion ot two dirootur 



~n111 eonta.:tn• tJ~~ lilh tdw :po:Lnt 41 tht biraMilln ~~ tbe ttwo ~~tik 

•41•• .not ~el£t1.w to tht~ cU.rtuet:tnr pl.ut~a. fb:tnt~e, tll.is lbe ef 

lntt~t:r~:ectiol!l ud tb.., that! bi•tdiMl l'll'«t p~U"•l.lfll. 

l!SU!6~ ailall• AD iloCli:mtl j,llQUil ot & tetr~ro- il «Jn• 

uld.l1-" eq~l •nal•• with ~ oditt ot thtt 'r~t4!'H (A. 0.-41) • Aa 

iaocli~l phu ot a trilili!114re>n outt equal. l6lfltQtJ oa tu tltr•u•· •4.PI 

1;!)!£ thi!ll \riht:t«ll'Ot:i (.n. ... c •• ,,) II lor••'""· .. ,. 1Htl.inal plu.e tt tt\~ -i
h~'H'l A4* AlA!J.I (rllm"t ll) 9itb.iel\ pl~tal 'llft\\tl:h At OQil'l-iU ~ ~ 

4Ucte:rm&l biiHtort Gt ib.$ t-.,. •qloAJ of tbo trihMM1 ~t~t~le at. A
4 

• !'ht 

$q~\iQn$ of tbe11 bi .. otore ~~• 

x1 : o. •,_'IJ·'Af.xf. t :a1~54:r1 :: OJ 

tile pl11no co•t•itt1ttl 'bh~n lir.'at~s 11 

a14\14:r1 + fl.rt"!':ti" + •a~a._~3 :: o. this is tht •ll•1U.C'I of the 

isocl11:U!~l pkne ot th• trihtfAl'Ot!t A
4

a J1A1Arl ,aaur~r ~~U:P th• vt~rtu 

A4• lllt>GIUMl pb.U$1;1 iMiHd.aW Wi.th 'the t:riht~Q but tte\ nt~8tffAl'iq 

p~atd.»r th.rough A4 -'" tb1 equaU~ 

\al~l + ~~al4xl .,. •saJ4~3 :; :r(~J.)fl + ~~.,~,. + alxl + •i"•' • 
Th• ~, a:ppta:rilag u the ~t1on, 11 tlHl J'Oll!IU1d1~r 411\aflH ot 11rke 

Ye:rto A, boa i)be 111oclin•l pl.trte liii!JIOfii4\W n»l '4· 

t.bt~~ 14tal VQin\ on tlht liaa »
2
B1is 

aS4 a 24 "a.f'"'24 01 .... _,_ # • 
1112 •a •, 



n®u .u. 
:tOOCLlMjl, fWJfD AID PLAMI8 TDQtfOH f!mB I'AOE cmtfJO:t,bl 



and th11 1dttal lt~t 1m t'h«t> 11oclitW.l plllao lllftlltddod wit' A.4 bAt ~~ 

·~U&.titllft 

.~~~~~ tiiCS'IIdl ~l.tul Ull'Wt'il• It ~, ~-• ia p&ttttlK\ tll-ou,P 

\l'lret fl!\Ct ~t~oid.;,. thii pli\11.~' will 'be p~,:rtJ.l$l. tli' the fc.urtb f~J.O. ot 

\hill tll\!tratu~tb:"AA (fi~Ul"*" ll). 'fh1 equ.~.tion ot tl.ui pane t.b.t>cup tbll 

oetroidB .tn t'K4Ce#! 

;, ; :w:, :1'4 = o, 
...1. 0 .J- _.... 

""l •s .4 

or •'- a1~1 .., tJ.l7.f. .,. •. 1:~t1 .,. ~i'' :: 0", lt it p11$ftlltJ. to a1 • fhe t4~"\iou 

ot the pl"ne.e Pft..l'all61 to "·a• a1, t~~4 •ud ~~ the f•4t $d\Hidil of 

tht Ot.blillr fAII'I'.I fi\ftlt 
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I 

I I h" 
/l(J) 
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tw1t ~!iiU IQ. .da W IHil'lUW:tit !t .l.tlu. 12\lb~llK lta. 
.!l!H C riga're l~) *· .A l~la.ne eoat•U:tina \!~• •«•• A!';s mnd ptn•pead.btd.tU" 

M :r4 = 0 ia ct tl.tt ftr~~a 

ill.ll\l~ + ..... #. = o.' 
fb.tt· ;pol"p~ll,~r dbktlOeB Of !l 1 A., f'nW~ the plarae I.U'It pJIOp0rl1t!>JUil too 

i'lh• Ott'llt1~1•nte '\; a 4• lilut 1t t:be ~ne ta pe:rpeai1(tu.lftr \• x 
4 

: 0 • 

tllon 1ai -4) 11 th• l\llO\tW.. (\itt•uae tt A
1 

bolt liw pltne -JiWJ. l:l ~l) ooa o
14 

i1 t.bt: aotul tiiaance •f A4 boa t.b• pl.ttdMt !h.a e~\!oa ot tbe. plt.u 

iSJ th.&a 
(4) . (l.) 

tt1 ,.1~ + a4 eoe o1411\\4x4 : o. 
' 

»t m•• ot the 1deattty aa.f'>:: a,hil), tllil :rtduoet ,. 

::lfl + 001 ,l.,¥'4 : o. 

Th• •quat1Gnt ot timtlt.r plaMt tbr~ '\ht otlu•1t tttee• _, n 46X't1'ed 

bf· 11\. Uke litlan1!le.r. 

~- WJIQJ&Ib A wm m·ml\1a~ lilU. auuua .l.tlls 
W'l~t.e• lt .U. .da, J1 lQ! SU229Bb .tu! (fipe ll) •· It • pl&.D.e ia 

J*II'Gdl. ~P the Ye1"tftx •, &t a.a to l>1 ,. .. ,_adicmla:r to tn• taee 

:r4 : 0 •:rui J*N.llel "' tht ~· A2.A11 tta eqtH.t1Q •1ll M 

a . .)1: t 1. :J. + 61 :It "" & ftC Ql·· ,.:tl" l l 2 t. S I • 4 ~ 

fU.mi~r ,plt:.ne~ tlhlt'<rop .t4 ~pe:M:icular tflt f4 :; 0 !irld p!t.!'alltl to the 

edg'la ~~~l An~ A1.a1 art :re•pec'tivt~tl,r 

~xl .,. ~.~~2 .f. "ssal. : ~.,no Ql!4xl• 

Sl 



1.1 fJ; oh'6Ck the tq'UI.\i.o:n.q or 't.lat -.lUtude Ji I a:rt 
44 

~l u:il#llte = ooa. ; 14 ::: a<t~e 914 : ooa IJlS-4. 

C!l!U! ~U51sil ~4 ... S2ja'Jt .rat lgllil .Mi au;&J.14 ~ tittl 

('lpre ll) • ftl:• •caution• ot the ,pl.&¥nl• throup tu illlid.·p•.h.tt 1t 

tbr~~ eei'lcv.r~tnt. edltt, O$ll~nt ~;\ Al, A
2
, As• A

4 
llkl"a r••,.ct1n)3,. 

alxl : tlit~~ "" e.a"1 ... 114x·f.' 

•,.:~~ :: al.~ + ~~~:n;~ + a;,x,, 

a.~*a = al:MJ. ... i(lt~~~~ + ,,.tc,. 
ar, .... = ~~~l ... -,.~2 + ae'lf.e• 

r1.t·Stl i!s:2lalt1 DQ&Sit C~l: ll tiiBt&:ll .W.U. ('1....-e l!) • 

14¥:1 :pltnle JU•ll•l to • liftn plf.\a• ~x1 +- •all! ... a$x!i .,. •,x 4 ::: o b ot 

tb.tt tQrt~ "lx1 + •sr!l) + ·~~ + a4x4 ..,. ~ (;,;1 ... ;w1 ... :~t1 4\10 x~) := o. Rtnc• 

ia tetJtued:r!U coo.rtiMt~a t.ht ~thn of tbo pl•u (l\, ... ltl!t) th!'Wil\ 

an, point P(p1, p~r' Pa• r;4) •t'! ~a.UAl to a1I1 + •l·,. .,. •{'8 ,.. 

~J4X4 ::: o e1n ~- •~prefllttd in ene ot· th•· tollowiq tcn.1t 

I '.t z •111: ~ ·m.1pi.z xi, ·or '2 91% •t1i ... ~ •:~.Pi ~ 11:: 0~ o:r 

.. o ... 

fhi~ in tur:n _, be upot1Utt4 '' 

.:fP1 {lll:ltl .,.. m,/1..2 + m-11 wto m,x,,> : <•1'1 +- •1P:Ii +- "s'r; .,. m4p4)(Xl + 1m + 

x1 ... x4)• 

~ p
1 

•,t th.e '"rtex Ji.l (11 o. o, 0) t,a l~ fiu>t ~ Wlit1o:a ot thf f44()o 

t,)p;,ord.tflll Al 11 Xl :: O. 'fht MJ,utb~ ot the pl.au t.ftr'oup Al t~l~ S*Nillel 



ll4tJu:u 

'tWLL!L PLJ.DI 

II 



'to x1 = 0 ;1.$ I f.. '+ 1! + X 
4 

=t o 1 or 1a q.~r ipl•Qar ooo:M1n. teal 1. t, !.a 

·~·x2 + u~lll'~ + .,. 4'$. 4 := o. l:lid:Uu:-11 the ·tt<il'l.wttionlll ot the pl•,ntt tbro\tlb 

.&2, a5, A4 and pabllel '\{1) tho11' Jculptctiw oppodt. t&uat• art 

allltl * fll.l:.v;& + a4:~4 = o,. 
"'1~1 ... "'n~,. + 14x, - o, 
11\lXl + flW'tf + AJXS ""' 0,. 

IA!tuti.~M ml,9ti!B I¥t~ti: ». MUAa ~~· ta• 
~tion ot the ~- fl,ane ·Oonktninwr the ed.c• A A lillld \bt mt.wUe:u 

lJ 
point ot tb~ :\tt:tah•on ifll -.$~~ ... ~.,~,:: Q, 'then :the eqUAtiol!Ul ot \he 

p~ru1u& thr.11Jh A1 4Ul<A tbJ~wab A 4 ami pi.Nlltl. to th• ..a.t.aa :pl••• uo. 

-.1:x1 + at.xt + 2a4•\, = 0 NUt ~1::t1 .., •gx2 + !1511:~6 : o. 
tu eq,uat1on .f)t ill• IMCU.a:n pl.au ~tt.1niac tb~ tdl$ -l

1
A
1 

it a1r~.,.;'fl' 

a4:K4 : o. the fl(lUte.tioa• ot tb• t-wo p1t.UN t•OI.Ih 1
2 

Ali\ 4
4 

alti )*l"alltl 

'M· •a~ • a4x4 :: 0 aN a1;_ + •,/'a ot .. 4:.:, = 0 and • 1:.r1 + ka•e + ~la'll.l :: O. 
the •<tv\117>1'1 ot the lH4iul ,l.Mle cooaWW, tht .e1• "l·su 

•l~l ... "'
4
x
4 

: o. The equationa ot tbe parallel pltnot tlu'o• 'l al$d .A 
4 

ar• •ra?'m + a1x-1 + sa4x4 = o ltlH 1a1~ -+ 11x1 -+ •r, : o. 
the fJq~tw~ ot· tlle •u~ Jllla .. a~: ~o~n'taitd.ftC the edt&• A

1
A
4
1s 

a2x2 - •sxs : o. T~• eqWi\ilf>ru'i ot til& p6rillel planea ~o-qb t
1

uct .A.
1 

4tJ'e ~l.l). + 2a5x1 + a4~4 : 0 t~,ad "1.~ <~> !al:xl + e,4x4 : o. 
The~ ~ti~¥1 fl)t 'tb.-. ~~ pl.J.ne cnnttd.a.tta.r t.h~~~t edt• A l· 

4
1• 

a.1:~e.1 ..... a
5
x
1 

:: o. flu~ e~t!ons ot ibt plttmt• th:roup A1 ·lil.fAill ;.1 eJ\\4 

~allel to a x • a ~ • 0 ere ~ ~ + 16 ~ -+ a x a 0 end. t.a
1
x
1 

~ 
1 1 5 a • t e a a c ' 

a2:r2 -+ ~4"'4 = o. 
Tht e~\Uttion ot th$ Md.un plin• eon\aain:Lt14f th~~t ~~~ J.r/"41a 



il:\U~t .2!: WzS·DI D.ti.ui lad~& RSI&Gl Ui:!U~ B i:IOI• lt a 

bP<llo (llr pane• bvi.Qr tu • .-.u •• ~. pti~t ot -.net totmeutlr-on ~~ tke1:r 

ptllint ot 1nttrtect1oa lu.ua o pl«ute paraUtl tQ tach tact, tht pl1.11ea 

mtulf'b ha'te tbll tollowtq equtiol!lat 

'lu1e -.:tr"e p&rd.lel to e1, "a' a
1

, a
4
, ~u,eot.i•el¥• 

i.Jidit .it ~-~ ,~ uca~ srmaata st IdlY u~ 
a:t:IU!l..li. .b.Qt• ft.L«t oq•'t41lna ot 'tht pl.-ant• tar- I, '-h• 1aosoMl 

~onJupta $t :u, IM J*rul•l ~••.JK~oti••ll \o a
1

' a1, "•' •
4 
"" 

a (a! + .,ta + 4tl)x ... .,t{a Ji + a l{ + i'JI. x ) , 
l. 2 I 'l."" 1 !ill !\1!\ ~4 

" <~e . .,. '*'" ... ~2):~ = a~(~,~l + a.,,;s.IE <+ • .. :tc:"'), I l 6 4 2 ,. .,.. ~·f>l •·• 

'- 2 I 2:. 
-.$l(a1 + ~~ .... •,)x1 =:: -.1(•l.,;l + ~r111.8 + .a4x4), 

2 2 'it 2( ) 
a,(til + ·~ t •z)¥4 = •..,•:t•l • •sx~,• ,.,;.:~.1 • 

Th~~e -.7 b• writt•n ia th• tQJm 

~l ·~~~ ~ aSxl + ~,x, 
~ = •4-ll ~-~~ 1'.1 l'· ;J t I ~ 

.,l "'~ .,.. *a + "t 



X~ ~l~l + -~~2 ~ 44~4 
-= 

lll-! + .. ~ + a2 ' ~~ 1 2 4 

ilC al.~l • ·~~~ • 'z~1 4 -= .a·.., a~'~ ~,t. " ., 
l 2 I 

lt.ull MU!alb •. !lf!&ett HIIUll h lilSlliDMf.l• 'rht t~Patio~• 

ot M.. pl~11ea thll'o~~b the .,,~c•• ~tl!ld 'tatqt:at t~ the e:ttcuampbere _, 

be toun4 'b1· ~tt1t'llt!f1# tbt point• ct .ao~taat. tta the ~ttot~ ot tl'ltt 

pol$;, witla ~-~~et '' tll\11 ebet:UU~t, fh• equUo ot t.he )>Q>li\;r ot 

arq point I Lt 

<afe$J!taJ>t • •~s'\•sPa "" a.f,•l•4p4)\ "" (a.~al-..t'l .. •:,•a"ts'l • 
.~ · . 2 I .2 .. I tt~i4~ct4p4)~2 • (•liS•lalpl+ •llt.l&lp2 .,._ tt;,.416 4J4}x! + (:~l4-1la..f?l. .._ 

$! . 2 
*i•·~'''m • •&,•!•,p.)x4 = 0• 

·r~ et,atll.tione ot 'the ti.rl#tmt ,tl&JMJ& ~\ A
1

, A
2
, A

1
, A

4 
are 

rfllS))SOt1'11!G!lf 11 

~t • e X + &2 
4 a ~ + AI & ~ ~ : O, 

l! l 2 l 2$ I B 5 14 I 4 4 

2 . 2 I 0 
~lS"l~tZXl + ~tW.!tP.alllxl "" 111.'61/13&4;:~:4, = * 

&BltRIEWI. Ul:i1SlDI (A, o .... J:4'1h It ill. ~ae is pitutlld ~p 

t.h$ odgte A 4· 1 /1. .tl 1 .j, A (lii\Wt 14) 1110 tht.t th.1 poi.mlt Qt bDJIJUilOtiC~n 
1, 4 ~ • e 4 
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a:re ootp~~~!hl wJ.tb '\ll~J~~ U&rtt rtmii!.1minl wnite«~ ot th.a tttrab.~~t4t'Olll, 

thtllt t•t~a.b•dl:rcrm OUtlit CJtt 01\. tht pltU\$ e~t i• DO'~Hl 'UI Gin enU,parallel 

,.,.,oti~n. \'he Auwetioa J(~l is w1patHllel tt? s.
1
A

12
A

6
• t'Jd.e Au aett:lom 

ia ~U•l •~ t.ho 'k:lllt•nt ~>~•• to tb• cir<mupb~u·t ot th411 tdt•uedren 

at \.he ftrtaJ.~ A4, !he coordina\eo ~t P are (p
1

, o, o,. p
4
). The,a the 

~utio» ot Af¥1 Jl.ut• \brna)l t ud :pe.ra.ll~il to tb«t t.IUll<fiJlt paae at A
4 

11 b11 + p 4H•f4xl. -.. ~+:.-xr + •Lt!) : <-f4.,1H~ + 12 • x
8 

.. x
4
). 

Ttta •q"~Mi.tion of' tht t.e.~nt a\ A 4 1t.i «{4a1~1 +- a:4~1x1 .,. "=•·~~ :: o. 
'til$ two plan•• IQ.l 1mlt it• P*l'all-.1 tlu•oqh 4 

4 
ehc\illd tora a ,.oil 

wi.th th~c ltiet.l ~·. !h~t lo1ond111o~ ttr: this it tor thtil' •trix t• bt 

tit X"6ttk tWI\h 

!he Q'llbtU.an point• or th• ~An\1'P*li'C'olltl HGU\'l!U'I rel.aUft 'C) • 
Ji'td tao• ot e. tetralv•tlb~tl:S l.i• on ~ lin• joinilttl the Q1lltH<U.a.a ,~iD\ 

ot tb.e il'~ioe tonJ1d•:rtt4 to \he •Ps»t:l:t4! "ftnt:J 0t ihe t.etralu~;lbo¥1 (!. o ... 
241). 

!bsue (.A. o .... ?!)" The ot~ttrnal bbeotirlg pl.MfUS O:t the $b 

d1b&dr&l. a~clt11 ot a tetrabttdro-* uet tht re.apect1vt oppol1\a Ml•l ia 

sb to:@llllilfi:t f.l')inta (Fitp.:re 14) • 

~he equtt~n ot th,• uterMl b:Lteotinc ~ ot o14 1111 x1 + x4 ::: o. 
'tit~ e~Uf.itil)a ot ~ cppof.ito el!gtt1 A

1
.A

4
, 11 x

2 
; o, x

3 
: o. SolvS.at 

these 3111Nltan .. ~~.Rutlf, tbe pelJi~t rJ iat.el'411ut1oa ta t!lnm<l " v•. ~4(l., o, 
Op •l) • !~ m. ttiJIJ.J.u -.rult't' 1\ht otb.tl' poiniat ot UltiJ'ItO'UO:I. lfG tnlltt 

t¢i 'bfl J.24(o, :t, o, •l), x3,(011 01 l; ...J.}, 111(0, l, -1, 0), 111(1, O, 

-1, O), I (1, -1, 0, 0). SineEl three points det>~rmln~:J 11 lJlt.ne, 1.~ny 
12 

three of the above s:lx points muy be cho:len to form t.he equution. 

If I I I uro ehmH:m, the equu.t.Lon of tl1t: l)L< ne 1:3 :x1 ·t :x2 t 
14·' 24' lZ 



I i, 

~~ + :lr. 4 : 0- 'fheu 'bf Wbltitutinl U tht fl!lUt.ioll of the ,Plane \he 

Q.-l'din&t•Rt ct .ftey at the CJi-,t: pdats., the tb-.o.-ei'll 11 Htt4il)" vtl":i.f'1tlll. 

lt _, a.lao b• veri;rie4 hy Dld.n,; -. to\lr-H~ l'letentnaut tr011 tht 

cooJ'din.tta ~r pwpt ot· t:q fO'Ur poL~te. 

%lltU'Ul (.A. o .... ~n.) • '.th-e poiet WHr~~t an aqe ot a tevA\he~oWl J.a 

~t by thi~ •~:tt~mu bueot1J!ll pl.i.h ot the eppo111J.te 41Md.nl aarl• io 

OQll.J.ntar witb. the two p&i.~t• in wh:lch tht -two edt•• eo~n•,. wt\h th• 

tbst \fU!e ut bt tht in'k:Mal bidect1t1« pane• f)t tbe d:Ul14:ral -.aal•• 
:rtulpeotiv•~ opz!1<uttt• thete *<llei!J (f:Lpre 14). 

'fhf ooo:t'di.M.tett ot 1141 tht point ot intel"rttetio;m e~:t ~ Hp1 

A11J 4l e.~d tht Pt~l'lU~l 'bile(ltinJ p4net fJ't imlf tU.htdral i\llll$ Qlli' Ut 

( 1, 01 0, ...:1) ., t 1.A1 .. M At.A 4 al'tll coplc~t< with the t4p AlA 
4

• the 

pt~irtts Qf interJef:tion ot thtttft etageJ atl¢l tb.s HS)ltOtift ib'*r»l ~1 ... 

&liCti.nB pl~eil ot thfll ~pjpetat:lte dihe4ral angl.t1J a.re (l, l, 0; 0) A• 
( 0, 1, 01 l) • !h:Gt dat~rfdt:Utr..t, 

;_ J.t1 :~1 .x4 , is Utntical.lf tft'o1 111bith ,Pl''*"' tbe 

l QO 0 1).,.1' 

l l 0 0 

0 l 0 1 

Qollirxea'Z"! ty ot the tbr•lllt ~il!lt~t • fh• dllltrt ur he pJ~GYmd a a 

ait.miltur mamw:r,. 

·~ (A, Q ... f!), !ht tiwttt pebts d.ettl"'liatd. em tal 

th:te• copl~ ta;ee ot ~. .,,tnhedroa ·bJ tht uh:rtW. binat.U~c pl•M• 

ot the· OPIJOiitt Uwadr•l a~fl:t:t are eolltne.ur (r~~ U) • thill lint 

be.l.ong;• to the plQn& d.~tte:ruxuua \Q' tbe \bl'eo ,..;inia 1a whlcb tbt ~ 

ma:1ll')1n.l thrtw ( concul"rent) ·edc•• are u'\ br the !J\temal bbe.oiinl 

pl~nes ot the .. rt11•otinly $,ppod.tt d:llae4w t~.•trl••• 
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take Al"•l t 1A,/ AlA$ f.$ t.ht tbhtt oopl..alllf'Al' td&tt~~l• !kt u'i~trnU 
'b:i-·tu!)ti.,l pane or Qu 1~t.erahtttJ ~A! &t the point (-1, 1, o, o),. the 

01»'ternal b1ae~t1q pltarlt ot Q in.t•~••ota A A at (""1, o, 1, O) 
1 

wldle 
l! l s 

iJl• •xte:r;nU b1$&tt1llJ ·plane Qtl U'\.:'IGO'\$ ..la-'J 41-t (0 1 11 -l, t 0) • 'J:hllt 

three plillintl .n oollin11» to~ 'bhtl 4t'beJ~ad.M .. t, 

~l •• ; ·~ 

4 , ie identlo•ll;y ""• ,.,, l Q 0 

...). 0 l 0 

Q l. -l. 0 

81 

'Ike eq,w..tJ.on ot tb• btu•l b;.t•ecnue Jh.D$ of 1
84 

u :~1 ... x.., = o. 
lit £ntttrsecta 'tlbe ~ A1A4 at the po:S.~at (01 o, 1, l). Wtc:awtae taa 

tnte~~l. bit~eet1nc Jl•n.• et t 24 aiel ;l.4 1~atanm th• e«tp• "a'• ~ 
•·l'"t& •·t ttht :poi»t• (01 l, o, l) -.nc (1, o. o, l). fbe equ\1-oa ot tM 

plane Which l.e dete:raiRd. lit the po:Lat1 <m tbt dpa ooa~•t at A4 11 

•t »a X$ • • = o, 
0 0 l 1 

0 l 0 l 

1 0 Q l 

o.r :tl + ; + :ttl * ::r4 ::: o. 
!b:b plde tntvaeoit the pl.au. •• :::: 0 ia t~ lin. llt\eN1JJH "T 

the three col:U.•nr peinta em the phne x4 • o, or 'Ult three OOJleu 

•daet A A 1 A A 1 J. A • .for b;r aml:l(ltikUq tht OAMS1u:t,n (•l, l, 0, 
11 lS 21 . 

O) _ ( ... l, o, 1, O) • t~ld (o, J., ... 1, 0) :l.rs ~~ abow tflUtW • UtmUtr of 

aero 11 o.'bki-ned. 



••M0QI:silllla !!kYt~W (A. o.-s!) • u t.hro,uea the 'M"tio•• 

of the ttair~d.roa ffJt ,..t.,.relloe JUlies ate 4nwa panlltl t.o ~. <~.'Pl)GI1" 

tacs1, tht t't.c•• of the Mfl tt\rtlh.on nll have te:r thea eent.l'oidft 

th.t11 ~•r,:t.o•• ot tlit gtvon tttfthelb'ol (fi,pl't 1$). 

The tilGeJ et the t.Dtieopl.~\U'J tt\hheb~n w.b1oh .,_,.. iiU~ 

1.
1

, .A.
1

t A
1
• 1

4
, ~ Yt:rticuu!l ot tl•t tt'b-ahtut.ron of nteooo, ..,. 

~•speet1wlr, ¥zA4.' 't¥c4' ~laA,• ~¥!· fht equ..tio&i ot tta••• 
ltl.le-a are, .tn the. oM ~.-, 

~lit~ .. 11\l:lr~ .... ,x, : o, 
~Alltl • 6 2'J!f •• .,.,., : 0 /1 

4\lXl '+ ·~~~ + -..-.. : Ot 

-l~ ~ 4 2%1 •• ,xz = 0• 

The -.:eniota (l)f tbt~~ aaticGmpltMntAr,r tetrabe~ are 

!ht 00¢~1'd1n&'tll' ot tJ:i.t Otl!I.Vo14 .f.a ~- taoe w. 0.1"1 (1, 0, 

0, O) • Likewiat the coortU.J~~~tt.llil ot the ootroU• in tbt f•,o•• A1¥4, 
k ',/Ji • ami AA .11. are (o, J., o, 0) 1 (o, o.l, O), ami (,o, o, o,l). 
""l"'T4 ""'l-n 
The ca,ntf'4!)14 r4· the anUoompldfllltary ti\RbHnn ill evUeailf \ho 

:1tul~rl)te:r ot tat ~evlbM1"<;~JA .t "'''~••• ltt oto:nU.u.ttl •:r• 



65 

~, 

FlGURE 16 

i•NTICOMPLglV!l~N'I'JJtY 'I'r~'l'RidlEDRON, MI':IJHI. TETtu.m:lJHON 



{l,. l, l,. 1), fhe q~~Udun po:J.nt. ot \he au'\ba,pl.emeataq teualu~d'.l"¢~:n 
4oinoi<Mril with 'th1t otavo1d,. 

b~W :U~adtea (.a,. o ..... sas). Xt t.klr-O'Qih th ontl"01~~ ot t~ae 

f.t.uJtll ot the tetrfib.edron of reterenoe tht planea cleteailltll by \f.k1.nr 

thhe eent:ro1d.a •t I. \1• Ut ~~ t0 i:ltuaao\1 t..ht)" fQat the M41\UJ. 

tetru.adrti>!B (1'1pn ll). !he ve:rtiota tJf. tke udil.l. tetl'lhllndroa are 

Th• .., .q.ma.t1cn.e ot '\he ,taoea O:Pk'{l)t1.te 111 1
1
• 1

8
, 1

4 
1re rtspeotivell· 

.,.:2~;. X + II. ~ + t\ :X + A X : 0, 
.11 I Ia 5 5 <& 4 

'119ZM&U }UDl'l!dEM (A. o .... st1EI} • !1\t \•uahtdr• 1• Wh1ob 

tho three ;pro4uot_, ot the thJ>t~ JUl.~' r;t oppoaUe M.pa. a:re equl il 

;rete:r.:rt4 to at an 1todJ~1o ttt~Alt4b'<JI (f:1prt l ?) • 

tht poi.nill a(L L J.., ""'> :La the \Udm peint ot ~· uta· 
&l •2 '"I 114 

nt.~dron. !be point 1, t.b$ t4J~o1:ne point ot t.ie tevueucn, 11 \1:\e 

itogonal Oll>njUJa'thiJ ot 1. ft• oeo:rdi:ntta o.t l u•t (alJ •t- "IP •4) • 

lm .U1 ;.1.$Q4ytUAidO t~tl"CIIUdrOI "'jAol\ tdlt it llt't U the lll.llt po:J.l:tt )q t.he 

two ta;r~.ttu~• 0t tu two too -.QleJ ot the t.tr.-hd .. cua bJ)potit. tAw 

ed~Je oonli.<ltrt4. 



,"1: 
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the •de• A2A8 1e m~t br A 4r.l. e~~,\ the pQiat. ltl« whom• C!iooriiuttt 

~n."tr (o, a2, .. 3, O) • the ,,. e~t i.f# met bJ A
1
t
4 

at the poi~tt (o_ 't• 
a1 .. O) wh~ch coincd.6ta with tt14.• ln a. l.tl!tt NftRtr the otbo:r tdttt t.:rt 

•t at 112' ':us• ll!' 1!4' '•• ~ p~~ira ot qaedof.alt• 

The eq•tietnS> $t th• ~~13 p~ta- 'be planet tit'kJ'il\d.ned tq 

~n edp and \bet a)"Metio:n ,o.int, are AlA 
4
t.• a8~1 .... ·~~~ # o. 

A
2

JJ.4tt •J.J~ .... e1llt1 e o. 

A A Ia 
& • 

• x ... a~ 1!11 o, 
! 1 1 a~ 

A11,'i.a • ~ ~ a x • o. 
4 I ·I 4"" 

~.,..()r.. ..,~l ... flllt4 = o, 

Al1$I• -,~, - llk4 : o. 

the tour WDW1·ue Ut'IJ et tht taur t•CU~e ot all LtodJ!lWiio tetra .... 

. i\\'$dll'cm aJre copl&\l'lU. fhe l>lfArut toalt.in.tng tl• tov I..euint U:.l ot u 

1sod¥Dule tetrahed.rQt~t ie eAl.l.efl 'lht ~ine ~"'' ot th• t.uc.htd:ron. 

the ttqution of tho Lt•in• ,Uoe ~~ 

•t.-f/"4...,1 + •le.r/·,..,x,. • "'l•,.•,•s * 014 t.a8x4 = 0 

'*'hioh uy '' ... ,.,, •• 

"1 ;'lt2 "'a :~., 
-+- .... -·-= o. •1 •2 •m •, 

It is o'bvioWtq thet tetrtll.htdrtAl polar pl.i.~• ot tbo J,'llllint lt, em: oo~

v~rstlf, I. b the tetr~htdr-.1 poll of' tht Ltllloint pl.«ne (J'ifl\U't lll) • 

1'ho ·li~•~ 114~25• t 1fr14, Jtlll'ta'' J·f)id.q the ttu-ee ,ab-e ot 

points dttertttinlfl(l. o~ t.t.lo pail't ot 0ppooib tdc•• of an it~ld.$ 
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te'tri;htttreu by the \w•lvt~ 1111«~Ud:1~nul ot tht taoe1 Qt tho te'fl.n,hldroh 

p&tnN t~ougb the Ltm.o1ta• ~int Q:t tho tdftht~tc.i:rott. Tkttte .1.illtt "~'' kaown 

$~ billlJMMd13l'UIJ (fi~Ut"• l. 'f) • 

;r;,w~u it:kutuirraa (A. o.-lea). 0:1,. '\iht it0~uo tetr.-

' H h~~~~on AJ!-2A.,i'~tt. I.M 1ta LefU\oine }Wint 1:,: the har-.mord.c oonj•k• I , I ; 

r; · of I 'dtb. t4nlpeot to the tbl"ee pai:rat et oppodtt~ ed(Ctl J,l'll A
1
Azl 

A,_:A4, AlA!$ J.511.4, A1J..,, ia r-.ter»ri t• "' the h&l"'J!Cld.e aatooia\tut or I 

wi.th re4ptc't to tb• \otruedr$1'1 (Fipre ll) ~ 
f. H tU , 

fl!le ~utt it 1 & • K lte il.a t.bt uri'AQm.o :Plant ot I wi~ 

l:'aspe-ct to A1A2A,j-41 .1 .• ••• in ~& LtJ1.01lSm ~- ~~J! Al.A,_A,f,• 
t tt Ut · 

tll• tetJ'o!Ultclr"n It K t :OC irJ hterrtd tlo •• the Looia~t 

~~u-.h$d:r0n iii£ ~- 11«frumic tltrtth.ctrc•h 

Sine• the tollqw!nl ttla\io$1bipl 

f Al' Al ~ l r.i \ :: ""l.+ 

fA~ 
tt 

Afl , r ~~u\ :: -l, 

1 A; .... 
t • I ~~t f = ·1 

ua :retU!Uy •btai~ed, 1t is u ttuay -.'btn to t.tth \he propH aipa 

f u "' to the coo:t'diU~~tetJ ot 'l_• K2 ; 1<6 • 

'fhe coorditu\iloll ot the J.ei*Q,1nt te'kta.lledroa art l(a1, •a• a1, • 4) t 

'fhfi eq,ut.l.ti,t)nJi ot tb• taoe1 of the Leu»oint tetftkeltroa •r• 

k ' •tt1 &._-&xl + ~1•a••"1 + •l.1 21 4:Jr:3 ... t~~l•t-a"4 = 0• 



llGVQ J.l 

LUOlD ft:!lU.QlliON, !..OlD ¥LAD 



..... 
r~ t i;;J~ta5a43t1 + &ltlstt4~~ "" a1a~~-4x5 .... $l&2a

3
x
4 

:. o. 

The taoe 1( is Gpposi tf$ the ''lfE~X'te~ I, tlnd. aim1lar·lJ ror tho other 

Ja()ta ti.Orlih 

J:. X lt X 
The f#I\I.Utt.tioa rJf k uq b'i' e•eAUti~/~4 tii.S '""1. 2 .L 8 4 1'!1 -+-"T'-+-•v 

ttl a~ 'a '• ... 

which 1& reootniffled ~~Ai 'hinl tbt t~t~at:Lon ot tht Leuinfl phl'l$. 

l!tiS!BU i!H:UIWI (A- o,,..f.fro) • It ·tbt\ U.u1 ~oWn~ ttl• 

vertio.e:s at .,. ·to~ab.eda'¢11 to the point~~t r.tf ~on~ct ot tn.. opptli\t taocul 

•ith tho inf:'l<3X':i~ s)Nttn.•e ot iht tetr~"'•d;on er& uonc'W:'t'lU~t, the \eva .... 

httUron is Did to be iiQI)fOMl Ol' iiOflll)UC (Ji~ J.9) • 

!he oom~t0n poirlt l ot the tftl:' oolw.rnat :u.nes wW 'be ~•t•rreCl 

to &lf the '•~t point ot tlla iMJ()ltiO te\rahed*">Eh 

'th& tetr•bedron deter~tinel! lit tht po1»ts ot uo.ntaot 16t the r •••• 
at an; lao,onio tetr~Ah&dl:'oa ld.th tbe inuri.'b~ ;,pn•re w.Ul be :reftnMt 

to aa th• lcu:11b.t 'h~tl'~tMcb."oD. ot tkw if!hl~Ql~1e tetrakoUt»h !he fe.r-.t 

t•tr~fid.ron 1$ iJ~C ai111ot the :U••• trom the vertic•• to ~~ pointe 

ot contact ot th~t i!.aiorl.'bed. e:P)lU't ~nc\ 1b.' t~M.M O)podt. the ft:rt.u 

••t ill a poj.nt. r • h-011 4etinU1o!l1 tht point 1 11 the t.euU. ~oint ot 

tn• r•r•t t.tftbedl'mh 

'fl!le ~tqu.tioa of the tace ot ~· lt~u\ htrab.e4tcm titt.t"ltined: 'br 

t.lUJ poil\tm of contact il1 ltl<UUI X! :: 0, lt$ : 0, X4 : 0 b 

::'&t. Xv:. ~.d : 0, Jjl "' iii~ ... 

l .,. ocl! ~e 0 l + t104ll Qtl'J 1 + cos Ou 

l + co' ;11 1 + cos G25 0 1 + COI:l G54 

1 -t cos G14 
1 + cos G24 

1 +- cos G34 
0 



PIOUU .19 

IIO®IIO fltruJta:r:mott, IWlf 10111', lOlMS Of oom'AO't 

01 ;tlfOOWED ll.ttm 



= o. 
2 a 0 1 + oo' o?.t· 1 ... ~()· ;,, 

" s l + ~OD G 
12.~ 0 l .... ctl Q84 

as l .,. QQI i
2

4. l + ~0$ ·~, 0 

Th~J ~it\t r cli.n \>Qt d•tE~;ratn•d •r t!Mbtg tl'l• point, or utt,r

seetion ot the tlu'.. pla.~*liit ti\X"aup t.b,e d(e A1A.1 fUlll1 thl pa1at of 

~ontaot :!A f40t tta : 0, .ilaA• and tbft ,Pdtl\ (}/' CGtttaet iJl t1~e -~ ;: 01 

A1.i3 l,l\1d th~ point or o-n1:1taot in feot ~l : o. !he 11;!\.UI.t:l.olll of th1uu1 

three plaMa •~• :l!'ftll'Qf.ttively 

(l ++ aoa Oa4)~8 ... (l + OQ!i ~28)x4 = o 

ue 

[<1 ... f:Qt;l taHl ... co"* g14)(l ... cos t 24l. (1 ..,. cee ~1) 
(l + co• (#,.4> (l • eot Qu), {1 ... f)os ~4) (1 • oo~ ;u) 

(l ... Qolll 4'!4} ~ {l ... eo• Q14)(l ... cos • 2,Hl .,. o.c>a ;s4)J. 

This J'eint it the ltrA"~.ot poiat, 

.lr.II:JQIQ .. II HlEibd£1i (.t\, o .... 94). A tetrah..Uon in wbioh MOb 

edce 1• equu. 'he> 1 ttt or~i;oatte b r•terr•4 \i) at .n btflielta te\ra-

7l. 



In an i$ooeelti t~trah$¢r~a th~ tmcent~r, ciroumotnt.~, •oft~~ 

,po1t&t, and the centroidt Ch'>ina~d~:, 

!he coolt'tU.natet ot th~tt centroid. ot the l4nutrd '\$\r(l.bedron wt~r• 

fQ'f.Uul to be. ~t{"-• 1,.. • ..... L) wkd.lt iht Cl04)l'CU.na'btta or tho incuultlbir 
~l •! •.a ... 

u~re l(l,. l, 1 •. 1) *' the taces fbt o11 bo~~t~lea 'it'tr&hnron 11.:re conP"''lent. 

'fn•n ~,l. **t aa3 ;e 4 ;: l tl al al. ':rhe ooor41M1ifllt ot the fUIIZlboid. the 

btgCCme {;tt l . .t 1,_ l), iden\11'111 \o tUOif. ot tb.e inootc:r. 

the ceorcU.W~-tes ot the oiwwaoenter ot illt l•ntra.l tetrf.lu;drenJt. aN 

001 A {j) CO$ A (k) ~os A (l) 
' . f· 1 1 11 Ill 

)l.l = 2 btjh:tkbu ~>1, .... b1k "" .,u r + "'Jk0 ~llllkl-

{b~J .... b~k + b:l. J 

lVb~l'l!l b1j = ctil~· Sinn the tAOG$ a.r• co.n~~t ul t<tc•• aH •qul 

~:n4 ell aurl.ea are tq.u.t.l w The p;nf!l:r&l lltq!WI. t:icrn :Hd:uc•• 'k 

);l : f •fJ ( 00$ liQO} + l~J wllf.fJ : ..,2 e.fJ + •tJ • $ •tt• 
Th•n tl'l.f.!l oo~iW:Lt.~• ot tbt~~ «d . .rauutn'bttt" art 

!fl. tx~~>:.i5t:r4 :: "" 4 ~~!t -4 &f2• ""' •frtt-4 •f2. ::: l 'l rl tl, 

!he eoordbtatt.s or ttl• ~nse point t>t the iao1c•l•s "tl"ab~on 

a:r• l"od1ly AJeo$n to o~ot.moiiie with \U~ ooo"'-i•t•s ~t \he ac.,:ntctr when 

"h~ flHl'll!l'l.:f.ty <1f e(lgenJ, tAOtl1 fJ.U l.l!lllol 11• ••etide~. s,tMt the 

eentroid.~ <d.rttlMente:r, aM lone:• :poin.t coincide lld.tlb 'ht 1n"•mt•:r, tb.q 

muat &ll ~eineide w1th •aoh other. 



!hit ~pte~ tontil\t ot ooat®riil r&~ti•e \o 1ht apht,._ 101t 

Ot.tUOnlJ' t10tmt1 atutGo4A~•d ~Wltb. t)ll te~elil'~a.. atoat ot \twit JpUrf!\1 

amt dete:rlli.,$d. ~7 apeoitl ll\t~iilttt w.h as \t&r'tiotlJa ·l>l" il11ie:r••ct1Qht ot 

p~Mh tlir.lct t~ .POifttt 4tti!)):tllif.lt a $plV.tl't; J1 wltitude &t lphiHJ 

.., be ctetol'IU~. b;WW~~:r1 ~b thaptu dhlJ '!'i\:b "'' a taw. Illu• 

trati{ll!JII.I Q~ fif!;\ll'(l!it 111"'$ ·l.,tt. m~W!ll\llrirtArt t.o \hi 1MJ~Uon ot the J-n<ler. 

Oec!ta1onal.l1 parts ot • t~e a:rfl ao:re Uluat:rat1ve tlaan 111 the •hole 

ti.WU'tt.• /lh•:r& ~ pa:r\ at;tffiee; U 1a tttplGfed l!'Atht;r tbi.n ~· Wllo:t... 

AkS!YISU:i·• (A. A.-t4) • T.b• c:trcu••~•re it tbe ap.rt :Dtob 

paru~e• th:roup ~ verlJ.ttet of the fu'Qtt ... m.l t$\.re.hi!HtHll• .fft11 tb• 

co~J·di.rw.tol ot "l' A2, Aa, .a4 tt. is e'U4ot that ~ : o., •a :: o, •u = o, 
114 :::: 0 1 ~tnd the~i ~~ tbn e>t the c:t.~oUb~:r• ia 

&2 a ~ X X. >1- &~ a .A X :J + $~ t a iM: X + ;.2 ~ a 1ll1 X + 41 i! ll lt X ..,. 
lJtl2lf. l&l5ll 141414 tSIS!I 2414e4 

a§4 .. 5a4::.r:,:x4 : 0 

.Iqgr!lttS& JWl~f (A. (l .... ?$) • !b.s lt~al ~'Mtio~ of A lgRtft b 

~~ .It 14. X ~ + Ql &, 4l X :X -+ -~lAAlA-"X.X:il + 'l.~llt:fl41114111:l<~~<~>111 + •!4t.!4.\.4X2X4 + 12 l. ~ l 2 ll l $ 1 lt ._ . '!t J. ..., ili'iU ~ o; fi" U >'~~< 

·~•'s8'4xlx4 + (~:~l + Ye + 11Sx8 + "•.,_•) (alxl + ·~~ + "&~I + •.;,.,l : o. 
r~om th1t it 11 found tAat 

111lxl + •2~2 + ~& + at4x4 : ""JA Ca~~l1!~x~ + "'~a"l"&J:l:¥1 + 

a.1 
fll, ~ ~. x + -.'- lit ($J x. ~ • t.

1 •e.• A%mr...~. + "~""'*6 ,irlxt) • 
l4 t 4 1 " es t 3 2 ' 24 Ill· • 10 • "• Mil ,. 



..,, 
"" »2(l + colt gu) + •s(l .,. oo• ; 11) • m4(l .,. eo• 9

14
):: ·.tvz 

1
, 

..., m4(l 1' co• ot$4l):; -~J.. z 
. ~ &t 

Jill (l. "t' O.Otl D41) + ~~~(l-+ 001 ~4£} -+ m
1
(l +CCI t8 ) : ... t.~. 

w.ber• ~ 1 tienot&a tbJt opre.aad.on o)t.aihd l'q a\'l.baUtuting the cool'dinatee 

ct l in. thfi! tl~.prlllHit.n.t • l 
~,'- * a l€ :x .,.. ........... + -."' .-. a .. ~ x • 
12 l 2 lr~·a s.t 1 4 a 4 

2: 1 .. ooa Q:ut l + COl Ql$ l ... (.l()j Ql4 l 

'%:" 
2 Q l. .,. eos '~s l + COlli ; 1, 

•l. = ... A. • z l + COl Gzt G l + 001 184 
gy I 

.2:" l + 000 Q42 l + COli 9
41 

0 4 

Q ,, . {~~. ' ' ':. idlt + t!lO$ 012 l + aos o13 l +®I Ql.4 

l .,. co• ~l 0 l + oo' Ge~ J. + COG ~~. 

l + Oo$ QSl l ... oos 932 0 1 ... oos ou 

1 + eos QC.·· l .... OQIS Q41 1 + c~»• o43 0 ,, 

:z l. + 001 Qlta 1 + CO:B Qll l + 001 Q14l 
l 
~ Q l + eoa 9~3 l + cot o14 

ft ll!r&tl. = 
.2 ... .... 
~ l ... 001 Qlf 0 l .,. 001 o,, 

t1 

~ l .,. 108 Q4$! l + 0~111 Q48 0 



fl 
l l + OGI 0 1 + coa t.l

11 l ... 001 '\4 l~ 

1 0 ;J.. + OQ$ 02& 1 + QOI 014 
l l + CO& Q 0 l + eos 'l84 52 
l, l oft OGS Q l• "' Q 0 

' 42 41 

~,h«l'e~tt;,1 .,., +a.,..,,. 
Z I 4 

"':!. = - s a"'; ... · { Cl":~. OJ. 1- ~ a'12 + z ~ + 2: 4114) He OJ. .. o2 ~ o1 .. • 4>~ 
wbeJ<tt Qi 1• tll.. cotaewr l!)t th• 1 th •l~~Mrrt in tllo f'1rtt row ot th• 

det~r~in~ni in Whi~h 1t 11 a.no~nlte. 

$1.Jd.l«~!t" ct:tpr'fi/Utii'H~I ttxbt for ~; ll&t m4 • ht!m Uiflt Y&ltt&lll ot 

thiJl\~e~e. t~t el:pr$iU~ion to<r thtJ 1neorilt>ed ••n wq 'bt wittet)., 

il9i~4 .. »11 taw;. !be tq•\ion ot U.• tpb.o:re through t.b• vmu 
A 

4 
~ thrc>\:llh the point• il• fl 

2
, 11{,:tltpr• U) equiAU.t~i ftoa Ula 

v.u:t't&llt om th& thr•• t414Ul o<>n:~nlnent "t A
4 

!.1 tc~ rhAUllqlo'-i.q 

t.h.~ o.o.o:NlUl..,t~• fSit these i)lointrn 

1.4(01 o, o, l)J 

:nl (~, o, 0; 6.14 "" ~}' 

B
2
(o, r, o, ala4 ... r)j 

i 1(o, o, r, t 1,- ~). 

m.l :: "lt. C.al4 ""' :") ~ 
112 = a.24 ( a24 ... r) ' 

m5 : 4 154 <•s4 • :r) • 
m, : o, 

thea• VNllUI'III at Ill *1 'be nbttJ.tut•d in ill• 1•neral equa.,ic!1 ot 1 spht~:ret, 

ther~br ~•nder.b.1f the eq~.urt.io~ o!' 1\bt:. !sool!-l ~:Jphe:t"tt!. 



T•lvt ni~~ i:Ph!tt. a MMl:L IBID (.i. o .... ul) • ibtl'l tht 

p:rojt\letions of' i(p1, p2, P~r· P4) ooino.Wt wita the entNidt ot t11& 

f.t.C'~~~I ~~Jf the tttl*:A\hel'lre~ ot :.f'erenct,. the ptdtl iphert 'btCOllettJ tbe 

twelve point sphe~e ot the 'kb•"he<aron. the tph~tre de,«u:•lliaec bt t.b• 

tour oeult:rQids ot tbt tneee lNilf 'bt o.on11m.t •• • aeoomS tulol\1• of 

th«t nin• point e~le ot a · \;rhJllle, 

!:f ~nbtt.it.utin( the ooQriiu.tu ct the cu\rcd.4t to:r p
1

, Pm• p
8

, 

p 4 tn ·the va.lu.ea ot ~, •~!• •a• m4 ~~ tl)utW in tht aqnti® ot \b$ peclal 

1pher~~ tbt new ~lue:t ot a1, ma• ~~~~, ~4 •r• a$ tt~Uownu 

:e t Ia tt ! ! 
~2~ + ~" + aa4 .... re •1a • 2 likl.z "" 2 .,14 

ml = ( . . . .. . . 9 . . . )al. • 

... t al (!) .· (I) . Ct)) 
-,r' (~!-l4coa Al T (l,ltf4UOH Al + al21l$001 Al ' 

2 2 2 a 2 a 
$11 t al4 + •z• - 2 ~ll • ~ ·~~ • a •t• { >•: .! .. i 

2 a2 {l) . (I) . <•>) 
.... - (et a 001 A... t a21• 24col A2 t •aliUGOI AI P t 21 24 If< 

"' I 2 n I _ .o. I 11'1 ,.2 *1£ + "1• + •a• - j!;i 
615 - ~ a2s ... ""' ... ,s 

•s = ( · t >a, :: 

(1) (t) (4)) 
{a a coa 1. · + e. a cot Js. • •·""•6oo• 's • 

52 34 I 8l U I u• "' 

ea,. ( . ooaA(l.).,.a a oo•A(2}+a~~ • tol\A~I)) • 
... T"' *42"45 4, G 42 4 41 4!S • 

!hUI by' su})st1\utin£ tbt 'trllll.UEUII ot lllf llll' fillt 1114 IIJ t~ el~OVI 
b t1 n ot \be tnl w point in t:be ~~nor~J. tqnution ot a sphere, ~• lllqtla o 

aphll.te M~7. be uec:nw.U._ 



'fl 

!YI! ,lWti:D ·u~ JRQS! J1t M .tttis9U~ UWI#UB (A, c .... tll)' 

In ottt~e ct Atl orlilo4Wetlt:ric ~.trahtdroa tbt ld.d.-point-. of tht eb MftJ 

t.nd the tt11( teEai ot tt~• bit~~.lU\\le1e$ 6\l"t t•elv~ poin\t on ibt suo $,hare, 

thiS) centtr of '«!b10b ooincid.ta with the . ctntnid or the: \ttt'abtvon 

(Pip•e 20) • this $;ph~r·t 1111 eptJ.l.t<l tht tirtt twelvt ptint aplle:re of the 

orthoc•nt'"1c tavt~.ht4ron. the biud.it.rus are the radU o.t tht •'Ph•"• 
!be tnttraecU~Jl ot: tl:tt sphttlNt u.nd. ~~oh. f'ace ie tu& nine-point cil'o:l• or 

.neb tact. 
S1ne• tour :pG1n\lll not in the fJit.M plt.tl'Ut 4etft'mine a splun.•e 1 the 

v•lu•e or •
11 

•e~t .,tl, a
4 

•ar 'be. t~ h'om ttt~ ()O~i:mat•a Q.r 
•l (o, 1,... 1,... o), A~'<f:.• o, o, .u, A11 (o, o, L• .lJ, A~

1

(o, 1...o. o, .lJ. 
at ·~ l "4 5 '! a• "t •, 

'l'be~te value• rut~ \ttea. lwJ .U.tetituuil .b the general. tqutit~ ot a tpktH• 

11 II a'# 
2 + I .,. .. 11, ---·-$1 al ! 

m m At 
l ... ':•-!!.. 

- -:-" l al. ""'4 
II :II e.'-

1 + 4 ... .. K, - _ .... ...-
.. , "'" 2 
• Bt :al, 

-L+.-i. ..... _, 
•a -., t 



a~ta.l"t + alma + •r.•l :: 0• 

.2 ... 
.. 1.5"1 ... 1 + ~l m3 + -.3'1. :: o. 

2 al46l~4 + ~l~4 + &4~ = 0• 

a 
1123"2.8 + aa•s .... "rl1t = 0$ 

a (Al ,.. at .... al ) 
4 l.f l4 24 

I = 

f42 A X 2 . . ! .. , j . ~ 12 1."2 1"2 +- ~a41"a"l"a + 'u"•"•"l•• • "all•e•i•·a • "elt"l-,.&• + 

"~'"s'"i'f", +- {"""la12 .. l&00* 'i') ~<1 • •a•l!l.•.,- '~4)"'e • •a•1a"a• 
(4) (i) ~o.s Ats - a4al4't4oos A4 H~t~l. + •t)f:l + A!.$XI + 't.x4) : o, tr 

2 . . . (4) i 2 . (4) l l . (4) I a a a col'S A x + a a
1 

•
11111

.t)OIII AG s~ + a.,a.1~~~•11'll•'o• A,., :r,., +-
l. l$ 15 l l ! 2 I" !if "" .. Q . 13 .. 'Iii ~ til 

~!~24~~ooi A~&)x4 ~ o. I ! t I 

fbc valu~u~ et •l• m
1
, m

1
, m 4 ~bow tlut\ •14 + &I! = 'a• + "11 : 



! ! 
~34 + &a o.r thai thflt 'tectrahea:von. it urtboc,en.t».lo,. F:r01a thh U fellows 

that ij,'ti. .tant vert~x thl;) proeiuot of two •di'Gai ·t.iatha tht o1dno cf tht ;t;n ... 

olu4'i'«i angl~ i$ constttnt. 'fha.t 1~, &t th• v"rtex A , ~ a 001 1t1) : 
. . (2') ... . (I) . . . 6 24 M ~ 

tWilf~!4000 A4 .... a14• 24()oa A4 1 a!:\d. 11mwrl,1 tor tht othtr 'f'tn•Uooa. 

Th~ tollow1:mg Nht1onsl:l.ip$ J1U1 ~lso btl~ d.Otto&dt 

(l) . (2) (I) 
CIOI A,4 J CO$ A4. . l COl A4 : a14 l •t4A l a34 ; 

001 A {l) f <=CUI A (I) l OO;J A ( 4) ... a I a I a • 
ri t5 I '"' ll t~ 14 " 

cos J1 ( l.) J 011:11 A (I) t tO I 1 ( 4) • a I it. a a f 
I l t • lt II 24 

(~) . . . (I) . . (4) 
CO$ .Al l CO$ Al 3 COl J.l :: "lt l "la l a14 • 

l.t 1
1

joos A~i) : •ki coa A~j)~ tniff tHarit ihl.t the projeouoa ot 

.11 and. AJ Uptm. tht ~- Ald 4oin~d.4e.~ whicn Wic•.ttt ttw.tt \be ttdp •tj 

ill p&~~,cU.Rl.e~t!< to th• qt Akl. ~F 

11\at lsbtfU ~br~ J. umts .us!. ltlaa\ 1i .Ia IRR9tUI J:di .11 

A WHJ• It iJ:urH, atm•~• ~r• patstd. tbrQ'Qih "vertex ot tn• te~ 

htdron o£ :ttfeftnoe 11> that each is 'Ole~\ to tht ·t!H:& oppoas.\& 1 Noh 

At a tifterantl ••,.t•:r1 the7 will U.tel"•ect ta a pobi o'he;r tht.ll tllle 

ttr$t vort•x (Figure 21). 

the notafiian i
1 

-.t+1oh :1$ Uflt4 b this topio i..U.ca~l \h6\ tht 
., ""~·>!' ......... 

11pbe:re i.a tAngent to tbt taoe •t t.\ the n~x rA1• J.1, A4; A1• "'4• 

ia• A
4 

:J.& the notation. \\ll$M to itld:f..o$.11• ••t· the o~em Wli'\P. ot tbe 

t:.lu'Gt tpher•a 11t "•' wn:Lle ifbe poirl\ ot ill'llttraq ia ... t expla:ll•«l ia 

fib$ .f'i:rt'ti p«tl"t Qt tb.il p~;~:ro.~l'Jh• -6ird.:W at'H:UoJUl Ut Utt4 itt Mkiq 

:ret-.:renct to othe:r I!Apht:re• ~~~;nd ~1Qittta ot tuc•nq • 

fol.lowi~ it 11 'kble at the 'ftll\UII t~t "1.• •a• •1, m4 ~u••ooS..W 

with th .. ,spb.i'flll'etiS tb:re'Uih • "'*~ •n4 'krlff«d \o tibt op"d• hH •• a 

... m.::u 



fltlUU U 

S.PH:ElUtS flliOUOO: A VIR!'Ji:l AND '.UIGilf TO 

OPPOSlfl JAOI ~f Oflll V~ICt5 



8l!! 
m
1

: o 
·~:: ... 'll".t ' ~: .... &lill 

ll1 ....... ,f .. 
"'a = o •a = """:a•a 2 .... U: I 

il,. Ai 2 r,. '," 2 '~'!• A4c 
•e~ = 0 

lill : ... "l~$5 1421 :: ... •n:•a 

m,,:: Q ' .. 4:: 0 •• = 0 

~:: 0 i ! 
~ = ... 21~ II). = ..... 41.1 

I 
-~:: 0 t 112 = ..,.li"a 111a = ""41.4t*t 

t~- .&51 
.... 

1'1.:' Aa' 
-~ !: 0 ~»~a= o 

A,, J.a• 
•s :: o 

2 m, I ..... :,,,.,, a .... o J ., = 4 14414' 4"'" 

lltl = () I it. 
.l = -.&&.1. 4\l. .l :: ""4111 

•a:: o ~ ;:0 ~::: 0 - -A .t A l 
I ·~~ 'a' ~ •• '2' f: l 2 •a;:: ... ,\!fl\1 .... 0 •, = ""•s"a lSOOIO 

m4 = .....af4"4l .... ""rt§.•,.,· 4... . ., = 0 J 

~ = 0 fill= 0 ~ :0 

.. 2 = 0 tat = ..... :,-. t 
~: """4t•a 

'I~, A1t 2 il!l, Jl,lj 14 t Al' 2 m, = ..... 2s•a ~~~~ :: 0 •u ; ... ,,•a 
! m, = ....t;,l4a4, •, = ..... L•t• ., = 0 • 



•tJ&i • JXi}*j ., . . .... !, . ,, .... , ... ;: Q, ~.nd ii'l.thatitu.t:tl~fit' the :v.e.l'llf.!!\1 ot "1. ~,, rowd i-o the 
~ 81~1 

t..,;ole «lbove, the eq;wations of tao •J.tb~rfi!Hllt~oeia\1!14 with iha T~luu ot 

ai •re 

l'1, '•' "lt•..-a + $~ri4ZJt$ = g, 

e 2 
I2, A4& 3~1~*1 + "t$•~1: t,. 

il• "&' ·~!at#2 ... ~4·.~, t.o, 
,. t 

It, All 112l"l;tl ... 1..144 41ltt = o, 
2 . e· , i.,, 4s• •.u'l,.l .,. •,£a~:&~a. .. t''~J 

I 

71' ~2• "!5•a"ts + ·~•&•x• = g, 

- 8 ! Q 
!!' Ail a~lllll!l:l + &54"4:x4 :: ' 

11! 2. Q 
T4l All!• •4l.•lxl. + a.,tsaa:xa : J 

84 



l}J aolviq simul twnaeouslr tbe tqua.tlerua et tht tbl-ct~ .sphtru 

thi"ou.p A4, 'tJltJt o:oo.rdi~\411~ ot th"' p01t"·t ~t iuteratotit}ft Gf 'Mlot~ta l!lpb1rea 

&l"o t'4~.t'U.l1 tQ'\md • 

IE!ib•W ,lq:£Eii ~ XEi!Stl Alii. lilt. ,l.uS!D~IIIt• !he $phol"e 

~Uib A ; i t i. 1 I PA«lltl tlu'>oU~b th(ll OOliJMinat.a (1,. OJ 0; 0) • 
l 2 $ 

(o, 1, o, 0), (0, o, 1t 0), (l,. l, lt l). 11 ma\itut.bl tbt coortliMkl 

ot the fqu poi~tlt in thftl PUN'al tqtmtion of a aphere1 it ia totmd that 

'the ~S~qua,tioJl ot the 1plmr• (A.l'r;,'r/·> tn6Jr bf.l writtu 

I 2 2 t 
Cal + •a + ·~ "" •,.><•le':a."tsl:rJ +- 1l86l11~J.xl,.. 4l.4'l•4~l:a:4 .., ~~~241xt=l 

2 . . i , ) ( 2: I l ! 
.,. 

11r.4}Al~.,'X.,_x, + 6r.,l'·'~~o.'l'r}", · ... •4 411£:•l•t .,. f.lz"J.•a • "u..,l•, + 4 tl•t&ta "" 
2 2 

~244~4 + ~~"'~~4) C•1:Jel + A~ + •s:m5 + .,1r4) = 0• 

!iiVJ..lM.l'~ the tqmtt:l<>~l of the Cllp~l"ifil (J.l"'t!l). (Al'l• i) t {A
1

A
3
A ,.X) U'ff 

Z e.12"•:tt•l'ixj "" 11( ~ "~J~1!3!( :!'t.ix1): o, 

2 ":t. Z"•~t1•·~·~1xJ ... xi(:!: ~~t1"1)( :E ai\) :; o, 

':l:' "''1 Z"'a~jataliJi:J ... '1/i ( Z ~i/:t~j)( Z' "'J.'II.i) :: o. 

#tM\D ,.,,,...:111'1 !1M Bubttl iU:SJIAa .»a 1Uii'W1 hll!l' ii!U. ~ ~~· 
OOOH:tnttCf of t,be ti:O&:U.t$:tl l<!!Oatta i:U tat tntnOS UO 1,

1 
(•l, l, 1. l) * 



the eoon'l1Mtt,a ot tbtttR 1a the 1•ntn1 IQ.1U.ll'\b~t tt a ap~•.r., 11 11 

t~n<l that 

I 
.,.. +II +·Ill +m ....... ' ·~ ·~ .... 

l I 8 4< '* 2(1 ... 11) ' 

' .. 11
l ... "~ + •, "' •• ; ... "'aca : '"•' T' 

* 

2 a. I ~. I ...... t 
$1 - ....,. a a ..... a •. -. . ...,. al a, a + •fil._t..fllat + •~.~ .. •""'" '"'~" at .. •.• ,., '"" U l I l.tl l 8 · 4 "" 4 ·tt.~ ~· ~ ,., !{i "W ... u ,. 

t $ I. 2 I I. 8
2 = ..,.lt•lal'! + •1s~•s "" "J.4.l14 • •aa•a•, ... "'~ti~~.t"" • 1Mal-.4' 

$8 = •f2·l·$! ... &lfa•l•l + •f,ols.4- •:a"e"a + a:<\1·2·4 -·:..·.-., 

s, = ·~2•1•·• + ·~~·a.4ft,e .... ·~.•1•• + a:~·~·s ... •:.-•l•, .... •=.,.s•.a• 
a s s

1 
a, 

l. [- l. ....... t .,.'1'. I ' • ., ,]• 

*1 = e t~ • ~s· <s .... '"se' \s ..... 1 \1 .... ,, 

• sa ~~ a, 
l . .... • . + '\"' + ':: ' "j ]• -t,-... -.1-, (a ... •·e' ta ... •r/ \111 .... •• 

ma ... J. [ .... 
ll . 's 'a '• __ .,..o+ ,. ... I I '" ~~ ... • P I ' J ~ ts ... a1}' (a ... a1s (a- a1, \I ... ~., · 

Jt 1 [ a=e 

.. 4. =t [ 
sl. ~~ sa '• 

h~ • ··1' ... (a ..,.'' ~"' + tt:. *•' ... ts' .... ,r] . 



fh&. eqw'l;,ton t.lt the a:pbere tbrfllup ~~ tor n:ceat.:ra •.r be 

nit\ezt •a 

af~~l•'a"l:J(I + "~s*l.A$xlxl + -~481'4xl.x4 if. •:1"a41xl''s + •:4,,.e•4xlx4 + 

s s a
3 

s, 
2 X 1t + ,1 { [ - 'I ~ \'' .,.. "' . 2 ~,, + ..,...., . '\ + 7'l: J· ]XJ. "" "'ll48't:;~4 I 4 . 3 \1 • "'V \8 ""' •t (I • "II \~ ... a4r 

$ B I I S I r 1 . • s. .,. . a .,. ~ 4 J~ + [ J. . .,. . a . ... 
~~ ... ·.'l .. J' '(s ·~ "&,_) ta· ~ -~' 'fa ~:. 1 

4
) ~~ ... ·•

1
) t s ... ~~.,) 

81 

s t11 · s a a s 
~ 1 t 1 t ~ ·. ] :t "" [ l. 1 + · . ~ t .,.. ·. 1\ - . 4 ] x

4 
~ -t,-..... -~.3-5 t.• - a4J 15 ls ... a1f (i ... •tJ. (a ... a

1
) ts ... ·~) ) 

~~;ilfji 
'i '''', 
\1" 

f; 



,'' 

J.t 1.1 .most .dfVrt1nblt: to ha'¢~· awUt:ble 11. list ¢If' rtl«&tiona 

conueQt;ins tb~ eJ.$WJ~P.tJ ot the f't'mdt\\Nntal iietrt.bedrort. 11 tb the dd 

of t.beae l"$li!titJn~ it 1e oftt~ l)QIUdll}l.t to timpl..U) ~esliona wh:t.oh 

otherwise. -.o\lla b• moe'\ •*••rill and to:&-mWabl•• ll'hut \b• 4e*'trmi~Uo• 

ot con~enc, ot P~lli, tlU" e~lline~rrity Qt jlointe, or tb• eciuation• ot 

a &pherfl! when tQUI" f>.t ita )Joi:ote 'r" 1iwn _, be eeeu:nd. 

l'ollowing it a t~~:lon Utt ot l<i:rmul.atr~, lo1t ot theee ~• 

to:tJl\lltal i<Cll'Wally t~ a tblt oettntt ot \hit \heaie. 

the. 'tlOMt1on$ .07ed · ~'C \hi. U1t ~:te 

l. a11 ~Jlht~ a.r•• ert \he t••• A
1
At/' .. 

4 
of tllt terba.hedron of l'tf•reDOe· 

a~t l!'h11 uu ot the face A1Arf4 ot tbe tetr&bt~~dron of retereuoo 

a3J lfbe .a.ru <t.f' the .tact A
1
A
2

&.
4 

ot the t.(lltraheuon ot r•t•ruee 

a4• fh• Ul'll& ot the fflOfl A1A.2.a5 ot the t•tnMt.hl'om o.t hffll'tflte 

2,. a11• 'he lenrt-~ of th• e!ilgt t 1tft ot th' -.-btdrDn ot nterenc• 

•:u~ • Th$ l$nsth Qt the tdl• Alii t1f t11• t•~ron ot nter•Me 

a14~ !h• ltuatn <)t the e«se A1A4 ot \but "thhtibG~ of :r•f~renom 

•:u~t !he length of tb#J t<tp A~jl ot tht t.~triih~Oll of .rtd'nctltlCIIJ 

4
24

t The lenrth ot the tdlt A2A4 or tht tttrabtdron of rtfer•nce 

"a4:J rho leqtb ot tnt $d,;e A5A4, o£ the tat.rlthecb•tu:~ oi" :r•fe:rtnot 

1$, A1 ~: !':r.Uledrfl v•:t."t~&tx At lnt•X"••otillln of' t~oe1 •al *tJ' a4 
A1a 'f:rih$dral 'f.n1.ex at 1n,erA!Ifll!cUon of .t•ce• a

1
, .. ,. t

4 

I 



A8 l bih6dtal W1l't.tx c~.\ .tntnt.tc\tlll)n ot tact• a
1

, 't• *• 
A•* '1'ribG4~el 'ti"''Wt.x ~'b :1nteruction of taetl a * a , a 

J. I 8 
\ ... iii• 

At'' 
Ai l 

2 
Al•• 
Ala 

A''* I 

Th!i •i~~int ~t the o«~• A~:'s 

!b,., m!ti-potnt ot the ed1e A A 
1 • 

the: ~-point of' tht t4p A
1
A
1 

!ho !l1a~po1at at the edae A
8
A
4 ',., .. ~ 

The m1d-Pfi~~ ot the tdfte A
1
A
1 

!hi!!! Jtd.f! .... ~int ot 1lhe $di& 'rf 
4 

;., ~ t Vort&x ot? trht an\!ol)Jllplt.tant~rq ttttnudro• 

At • Ye:r'hx ot tht ant.1ociipl.eunta:r,y t.t~on 

A, t V$r\tx ot tht &Mitozapltmentll"J wtralaedron 

A.& ' V•ert.x f>f tlh:t ullullpl..meu'kq teU.:huron 

• .... .~..:l)t w l Jl .~ ..... 1.. ...... =... 0 
"'" :a~ • :v.aoe '-ftlf e ,..1 •••·~ ""~e ~~· J. : 

A (l) l J'ate •ql• A in the ttAce 1t
1 

: 0 
3 · I ,.. 

.A.~l) i P&ee cg:L. '• 11 tilt tao• ~ : 0 

{t} 
Al • laet aJgle A1 u the taoe x1 ;: 0 

ht) 
As, a rae. .tiu.\flle ! 1 in the ta.. x~ : 0 

.Ai2) l face &tliU .t4 1n ~ tace x1 : 0 

Ail) t fli'.Oe *iRI'le Al U the t&H x15 :: 0 

(a~ 
A 1 Fs.oe ~tncle A. u the tt~t.oe x. :: Q e ,fl 4;.1 

89 



(4) 
il ~ fact 41»4tl.t A1 in tbe :t"t.co :~4 :: 0 

(4) 
ia c :raot .tua1le .-.1 i:n td'ul t~.111 :tt 

4 
a:: o 

(4) 
A$ 1 lane angle .41 in the face ~ 

4 
:: 0 

1. 1
1

• InterJli&Otio ot 1tc<JUNIJ. plau U4 e:clt• ot teW!'&h•rb'clt 

»,e t fn~•o.Uoa tjf t.,.ooliaaJ. .PleAt *"*" 141• of tev~tua<b-ort 

!! • In.~Met:tu of 11~cl.~nal ~· •• 141& ot wu-alu•<b'e 

s. n
1 

t Al.ti t.llde ot t.•v.t~evon ~f reterencJe :fHlli'l .A
1 

h~l A l.\itade ot oq\~htdli'O:n ot l'ttftll'enoe t:rom "t 

h$1 Alt1twie at te~Hl-<m. et retott,_. bom .A
1 

.h41 A1\1Wt ot t•wue4rtcm o.f Hterenoo :bora A
4 

9. h~l) t Pace u\1\ud.e ~ A
1 

ln lao• x
1

: 0 

~l) t race t.l.\it\14• t~• A.8 in .tt.ot ··'). : o 

hil) l faOfll utit'llde trM A 4 in taoe ~ ; 0 

{I) 
hl i race &ltttuct:e ·~ 'l il t&o• ~: Q 

h~f!) •· J'ao• al:U.too• fl'oaa A1 in tae•-. = 0 

($) 
h' • ,~,. t.liitu.de £rom '• 1a taoe sm = 0 

(I) 
h1 • fa:ce e.1t1twte :tN• A1 in tate lfla := 0 

h~l), face altiwct• ha A
2 

h t1ce s:1 :: 0 

h~&), r.ct ll\1tud$ t.roa ., in tact~~= 0 



h(4}, 
! 

~4)~ 

llh. ~l t Al'!l• bet>•• h1 tdtt&. ~u11. rtrld.tl'M;f1 lin• a 

q2 t A»Jl~ lwft•'• .n.1 ~:n.d ·•• ubiii:rar:r lae 11 

;·I I !llg,lt bft'bftlr'.\ :ba llllll.\ an lfl'Di \1'81.17 lJ,,I\t • 

t
4 

I lUii.IU be.11W&H h4 and d arb:i.vaq l:l.P m 

ll.. 9
12

• Diheual f!Jlll• ~et'lli~tn the tatea x1 : o., x2 :: 0 

O:US C D:i.kfllUI.l. u;l& be\Wtlllt. tbe f.-. ott :tt;l ;: 01 x1 :: 0 

o
1

4• l>i.hetb.-&1 Mil• lJttwtj!Jn the t•~'~~•• :~1 :: 01 3<:4 = 0 

G}21a »Ul~tdl'al "fl.• ~•1>••$• the .f•e•• ~ : o, Xa: o 
ot,• D~edl'lll t;qle 'batWIIJl the taOfllllt ~! = o. x, = 0 

o
54

• D:Lh~al 'nil• botWH.n tbe racHu• ;:~1 : o. ~4 * o 

ll* 141 ~U\edril aqle beirt«H~~l'. t<~a• a14 tnd t•eo a4 

• ~· 
fr'~ aql1 'batw&en edtre "u .-. tue -.4 

,,. trib~l •ncle bet"~u1 td&e a14 tJM.l !'aee a4 

41 • 'h-1h111~ anile 'be\fttil -'P 143. tad f'•o• •1 
.. _ .... ,. 

I~. 2b Ont•halt tu tVf&OI Uti 

11- ~. CU()U;IU"t.di.l.\1 &IIOOU,.dl with e-.oe ''l 
:a

1
• Oii:reu.rod.1ua 4Uttociah4 w1~ t1ce •a 

'I • 01:rouue.d1U t.IUIIIQIUtd 'Wi\h flOG &I 
I 



11. :rt t. ~~:?.d:iUlll tUH~I)Oil.'tltd :ifi:tb \~u~ l'lil)Of Al.J. 4.J A1A1 
;rU t J:Uft.44.u ••aoc1att4 •1\h the n\O.t' Af!A.tJ A1A1 

.. ~ t t e 1 ln-~diua ll.ll$~(d.ii,G4 With 'iM ttof A 'If 4. J ll'a 

ll'l • lbl•A41ut altlilt:~l.atd ~1\b 'bht tnne 41 

r · 1 !nadi~• G.lli#OC1$t~. wtth tb~c \nne A. 
~ iiO 

l1's · t ~~uo a•aociattlld witll tllt tnm.o J.1 

11
4 

t E:r.r~4tus ~t&oEd.tds$d t'i~ the t~ A, 

lSi! ,A , VQl•• of. th• tltrlihi~on ll.lAii..f/•4 

,.~1;11 . 

l. $ : ("l, .,. •:s ..... "t • ._)/f. 

' :'! .,1 : ( .... l '+ 411 ... -~ + "•)/1. 
$ ..... , = (al. - ea .... , ... -..,)/"K. 
S .. a

1 
: (a.1 -to "M ... •a + a4)/1 

S ... a
4 11 (a

1 
• -.1 -+· a~ ... .,.,) /! 

a. a• :: (•lrt•l.t. + 'llf24 + "'l.e.•'t$)/a 

YJA sA 
$,. r· • ! a = <•1 · .... "a + "• ·..; ~~) 

VJi~Jf .... "l4•:u;Hs• .... •1~14Hii "" 6lt4 hJ' 
·~· I. = ; I • I! I IO • :AI II I p 

1• 41\*1 = 1ti!S'"t4.'s• 

4Ra•t = 611•14a14 

41s1s = "ta•l•"•• 
4R••• ·:: 'a"l&.i! 



e.. ~ :.: l/1 a1h." :: l/1 at\b~ : l/5 a, h .... l/i a h 
. ~ A ~ e ~ ~ · ' t 

1. .A = 2/1 JtS : 2/5 t"l. (I ... a1) :! 2/S re(a ... t.1) : 

J./8 '1.'1(3 ~· l.li;sl = il/'!.1 ;r4(1 ... "•' 

e. 144 A 2 = •:3rt~(~:, ~.f4 .,. ~~z :,. ~:, + &~~ + aL) +> 

6 2 al (a~ + 61 .... ._l ... a.! + 4 2 ,.. •" ) + 
18 24 1tl l4 l.$ t4 l2 M 

.~ .~ (&2 + .. ~ + fAta + fi;.t. - a'- - Q,t. ) ... 
11 u t! 14 l$ .. $4 ll l'l4. 

2 2 2 2 2 I 2 .2 I 2 2 t 
a • a """.fl. a ... e~. a • .. ._a 1. 

21 24 e' 15 ~' " 12 14 24 l'- l5 21 





z .A. 6 '!1 

''1"' o14 : ~j;l{\;4 

I,Aa1t 
ai• ; 21 ::: 2ata8 

tift .f.= JA•la 
~ .... , -~ """ 

3,Aa 
~tin ;154 : 

1~ 

!&"e." 
... ;ra ... 

a a a t 12 .~ + a! •' • 19. l& '\s.aeorJ :t:u = •14,•1, + •:e4•14 ... 1a $4 11 14 

•il41, ... •fs~~a ... "!.:•!& + •f,"ft, ... 



lO ~. Q .,. 2 . J;! . a .I . I I i 2 
"\4 ac0 ' ll • ~1441.24 -t 14.t4al-' .,. 124~2 + "t4*ll ... 

a2 ~t - ~! til ~ wl HI ~ a t 
l4 ~~ l2~2~ r ~11~54 T &14~~~ ~ 

1'1 ~ $! 4 
'"~)..~'24 ... "t4 

~~ ~~ _ ~2 nJ + ~~ .,t ~. d2 ~~ ... 
l$ ... 14 ' 'lt""'l4 '"1.1"'14 -.. "'1$""14. 

f,).,.t. .. ..4 
~14.""25 ...... 14 

. 1 a 1 a a 2 a a 
1' 8 w.4 s()r:t'!t Q2s = "'-14e.J.i "" &Ualli • 'i411!.S!' + 'u"u ... 

2 l 2. 1.1 ~ 2 ~ 
"1~ul.l - 'tt4aM + al.Sa24. + 4lt.al4 

~nlsil~' • •t, 
. . a I ! I t I I I 
l.J ~.,.~ 4 ¢OS 0,, : 11'l.2~l.l + allallS + ,.lflt .,. "u"H "" 

al a2. "'" at 8 2 .., 12 ,..t. + a$ .,t. ""' 
l.~ 1• iii 54 lA 1\1 .t.! Z4 

~~-:, ... ~t~ 
a 2 2 ~; Jt 42 .,. s.'t ,r. 

11 •1•4c~• I#.J4· = "li*i& • •lt&li"' "12 13 la 24"" 

2 t t't .. 2 + .. t .. 2 + •. 2 .• 2 .... 
8'J.$'ii ..... 2~'"24 '~'~18'"'24 :n 14 

tf .. ;l 2 4 
~a•a• ... $ili 



( 3) 

.... .... 

cos A :: 
4. 

._2 .,.. a2 ... "'2 
24: :54 tB 

~-24"54· 

41112 .... •t4 .... 8 l4 
:l¥,ijf d:i)11At.1"1* 

~~~·,, 

11 fp );I • 'nll!'t liP t 'W~ 



~·c ~. 

.. >:> 
' ',. 

. ( 1.~) 
J:•· 

( .. ~ 
• \ "i. ,J 

'.•"17.' 
l• 

. . ... 



a!. ~~) = tSin ,~~).lJ. ain, •i1l)al.4 

~!) - tin A {a) • .... •1'!\ ~~(.a).. . 
""l ,.. . 2 l2 .. "' •• ""'4 """14 

hi 4) : lin A~ 4) a12 ;: lllih •i 4) •ltl. 

(l) . . (l.) . . (l) 
ht . = tin '' &el = au '' 'et 

h(l) • 11~ A($)4 Ji~ A(S)a a· 1 te= 4 t4 

""(4} ...... .t..,., ,<•>a.. ... lin ,t•>. '"l2 ... ....... J. J.2 ... · e aa 

~l) = 14n !~1>a.21 :: aia .. p.>a14 

h~~) = at~ •ft)a13 : 1ia A11).14 

h(4) .. m A(4)«l ... tin A( 4)a 
t1"'" 1 13- 2 ~1$ 

(l.) (l} (l) 
h

4 
: 1in At a14 : s:ta 11 • 14 

Jl(S!) -·&i.nA(I)a. =dnJp::>a .. ... l l4 3 14 

h~a) :tin Ai1>.14 ; ain .&~5>a14 



lOO 



tto. 

:· :, :: :: :: 
l 

2 

I 

4 

i. 
l 

A" l 

, 
AI .. 
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1*~xe : 41xl + a8xl "" l!lt4 

!alxl : 61%1 + 42~~ • 8 4x4 

IIA4lll\t. : al ~l + a.2x~ "" 41lt8 



Pt It 1 :•t: •11 .IJI..,if .. II. I'll' '!tl i l¢ 

fla'llft thto\lgh A
4 

tttl'l:lfmt tQ Ci'JC'Wtaph•l! 

. Plat\t ~ou.gb a vertt:~: pupe.U.eul.al' to tbe oppo11i te 
fJ;tt an~ :Pfi:r<4ttl.l.el to tho td.plll wbi.® bo\U'ld tl:l.o t111ee 
(:rt~ U!) 

1J.arut tnrous;b M 'P~el. \o «.1.. (:Fip• U) 

Pau t.hlt'ou(Jh 1rl pe.:rLt.lel to *I 

:Pltr.n!fl tnrwlh 1 :pt\r,~l to •a 

Pl•n$ t~ugh K ~lltl to a4 

1M 
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, SpheNs ~ap. th.r&& Vflit"tietfUt aJ!ld the 
lnoentt)J7 · · 
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II I U' o'.;;!IIM .. -~ilri~H;III .. i · 'ti.lit• .~ '1!1 .IJJJ:; l ll$ J\t' t Jl 
J ' r 1 H I T 1 d 

•a¥8 + •• x,> : o 

•fe4l"ixl.xa + •fa1l•l~lx!S • •f,tAJ.:a,~.-, + 

fil . I . . I •~.s•,.as:r,r.)!l + -.,.•,•,x,rl•• + •.,,•,•r,;z., :: 0 

4~a•l~.!~xa + •f&'1.'ts"l~s + •f,•l•4-,.x4 • 
I . 2 . I · •~.s .. ·l·,;z.,."'~~ + 6f.t~•J .. I'a~4 + •.,,•,•ttJ"'t ... 

8 1 a a + ~,e -. a H• :x * a :a: ... a x + • x ) : o 
14 I 4 N I 4 l l 2 t I I 4 4 

! •1 !. *~J"'j!'JX1'-j ... "'a( X •ftJ.•j) <•f•1> : 0 

tf ........................................ 



'I Alt.! :tV ( toliltiav.l4) 

IUIIAU OJ JP:Rm'm8 

l, A' '1 1. J 
14 llf $ t I 1 • 4 ~ 4 

tf• "" tt J . : 

S;pl'utH ~ the ••eent•r• et the tow 
tnmo• 
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! . ( I )( 2 ) 2' •1 % a.t.t•t• jxi.:a: J • ~2 ~ a1Ja1a J -.1 :r1 : 0 

%"1 Z' 1~t•1&~~L~:j ... xl (2: •fti'j)(a~xi) : 0 

~~.:l'.iajXJ.!1l:j + (al4("l4"" :r)xl 't 

4 24,1 2f, ... :r))t! + ~1,!4(al5'4 ... r)$sJ 

-----------------!!!!!!!~~~··· 
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Alif#hill•r-Oo\Wt* lt*"tban, biu'Jllm:l.~ gt.allia• ie• Xorin 
·~· lkundllam OtPIJ.P"QJ• ltllt Zll. PP• A eolleae eOUHe u 
:~ 10Ud .reou'by wi~ atpteil.l uphatb oa \he JltllOMU, 
(if thr.f ,VOb'h liAW,. ;pl2U'll1 td,falt1 ~U!Id t~t,Atrfli• 

C.h'od, Gbulee, The .lulttic.l. hfl'•••taUAm ot Pein\J• L.tneat am! 
C:U'Illta Aes~.,i-.tt~d wi'U\ a biamll.e. An ~pult.U.Ihed tluusb. 
Ka.~a~ limta !e&ahtrt Colle~&, .~l'la1 191$. 81 Plih 
!hit il.h$AJ111 4ealu with top;to.a ~~ 1n Al.,aWler-On:rt'• 
Ja~lllitsaaia: b\lt with a. .-u.trerent. 1n,ettpre;V.\t.a. 

Cb-auat.e.bat WWia.m c .. , io¥.9:!-VS!~~ lt DIDu btll\u,• lew Terlu 
!he laomUlan Oo•q, 19 • 481& P1h tn ad.Mnoe •evoe ot 
aMJ.¥t1cf-ll rel)l:'enn.ta ti.Qt:Uil• 

Smith, O:l'.lal'lea~ ~ itUI'kl• Lond.Qna the koaUlan Oo1pa;y, 
1:121. eao PP• 
J.n excellent t.r-.taeat ~!>l soli~ ~try at \be ptullu\t 
.l.ewl. Ota'tt.Ut o~ oh:pto:r on tet~ueib'al coft'diu\ee • 

IQDt~•.t D,. I, I •, AD, AlkS4w!!~SU!4 la lBl CAIIIIW sl.! 
~~~ii.Uh lew Ierltt !., I, l>lltt.oa lml O~J)1 t lM., 
l92i. Jl'f J)Jh. 
An its\J'QdUOtOW OOUl'l\1. dtt8111ng wi \b dilaf~lliOl\Ul othtr ~ 
ill• fil"t\ 'tilrf.O• 

l'iq.w, R ••• , lf9J!Ri&D 9tiUW• :ecstont n. c., INtb ud 
Cta,ps.llf, ~$1, U! Plh , , 
A tnat~t ot pro~eot:L'fe stoHtr, 'lith apeehl ••pl'utlll 
g1Y.m. to proje~tive ooord1Mt••• 

loode, fre~iek ,$", Jj'Qu i!Wirl• Jew Io:rlu Gin ~- Ooa,e.rlf, 
l~~~ .. 41l P'P• . 
Oond.lt;e q,t a'\e:rial prtuutnt&ti in tenrll e~rti.n..'H 11s't.u. 
Soli$ Attention ia e.tven to t;tuadri~Hr Ga!l>J:14int.tH. 




