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"'~"'dY¥' aa, ....y •• The 

so1 of t 1 1 o Greeke, as 1a1eY' 

e the ti 11ze the prinolple. whioh 

vern 10K;;I.oa.a. to t01'llul$.te the.e prinoIJ)l 

1nt onen~ in the development ot 

10g10al th Greeks was Aftstotle, who to%'lll1Uated 

the ~I'I." f ola88 lnterenoe. The tfJrm "olass" 18 used to 

reter to w.ll-defined ,"oups suoh &8 the Cla88 or human 

be! r .Aristotle, the tact that Soorate. was a ma.u was• 
t claS8 membarlih1p--nameb, Socrates vas a 

er ot the class ot men. 

Aristotle utIlIzed the idea of olae8 membersh1p in 

tormulating the' rultls of 1Dterence perta1D1ng to the c 

slcal 811log1sm. He realized that trom the prell1.es "all 

humans 'are mortal tt and "Soarates is human" the oonol'UJ:I;&,OD 
,. . 

"'S~orat.s 1s monal." depended not upon the oon't ent of the 

eta nts but upon the torm. With this dlecovery thtt deve1

men~ of eymboll0 log10 •• 1t 1s known todaY' reBted tor over 

two thouaand ,..ars. Xant beoame oogl'11ZaD:t of this lack of 

develoPment in 10gio When he obeerYld that lo~1C va. ~e 
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• 

n1y Bcl that had not DroRre•• s1nce its 

beglDJ11 1• 
The JIladem 1, the r. gr 

hl108oPbY but tr :auemati • .e tl 11t 

B in this direc

t.ion was His methods were revolut1.oDaZ07. and he 

UBue ora ~ne of' n~ta'tlDD Vb10h ls the basis 

the !f1st t theoZ7 in existence 'toda;y. 

4. Le1bJdz '"u,..n.... 8 studles 1n the field with the diU

ge. to d1fferent1al oa].ou1.us. he would have 

en't 01' ma'them.a'tlca~ J..o«10 by oDe hundred 

tifty ;years. 

lite, ....a ..ft.th .tury 

to ol'l11 ubl1sb 

nUBor.l'Dt;:, • 

A en development t 

during the m14l!le of the nlft ",,4I••ft 

clans 11ke BoDle and de Morsan be~an 

IDJZ1a in BYDlDO 

pr, beneficial in mathama 

develoPDfell't ofaxiomat1c th·.ories 

'Bans Beloh8~~.w~, 
( Angeles I Un!veralty 

2.w.A,. 



, 
tforte ot t e re 

aCllievement. b1 modern 

nd axiOJD theory 

tical tiel •
 

bove, the antinomies
 

%i.t not onl7 a8 intere.ti ideaa, but alBo a8 a cruoial
 

• 

M"'i+Q1,jih9M'· Betore tU. 'paper oomm.noe. a more 

detailed aooount at the 81~nlticanoe ot the antinomies; a fev 

de·tln1tlon8 are appropriate. ... oontradiotion will be deti 

aa a stat_ent torm whioh haa onl7 falae sUbstitut10D 

lnstanoe•• 8uoh aa (p • --p). All log1cal mathemat1cal a1Dl

bola are defined on p 1n the Appendix. An ant1n, i. 

a oontradiotion whioh results in the irrecono1labilltr ot 

....iuall nece.8ary inter • or oonclu8ions. If the antl 

ar18.. in a specifio theo~--.~ch a. axiamatlo set 

heory or mathemat1cal loglc-.then it appears as the 

seemingly valid deduction o~ two contradictorr 8tat8men~s 

trom the axioml ot the theory. even though the axioms at the 

theory alSbAar to be oonsistent and the rule. ot interence 

valid. 

••e11,•J 

oh they developed 
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often u syno oualY' th 

on this wrt ter, however, 8UCh U e 

is mllSJ.eaa Tl·?ft~o of'tel'l U to d te an 

e 

an'tl 

A1IO, in therent 

has often beenot matheatl 

01" whioh there are logical 

eX:DlanatioDI. ere~ore, ~hrough~ut this paper the term 

paradOX w1ll be avoidod 

appears to have a 

pIled z OO.a.U..J.I.lU 

oh it 

ticanoe. 

- o. ofS _.
the antinOJ:lies in an axiomatic eon- reveal_ 1tself in 

e wa:rB. obviou_, of eour , lei the faot that a1:l1 oon

tradictlon de.troys the u8etul~ or an axiomatic IY'ltem, 

for fram a oontradlctlo~ can he derived, and the 

sjstem beoomes trivial. It 1s u 

e the r-eeult ot onB1s~en't QX10me 

apJJarent 

or 

faulty rules ot inferenee. SUch 

to the lns1p.n1t1canoe of the BY'st 

zoe trlvi.al due 

trom whioh theY 1Iere 

veu.. 

The antlnoml.. consldered in 8 r do not Ie to 

ot a trivial nature, tor they ap at the oore of mathA

matles and 10210. 1 le8, whioh 'Were first die

oover t the rn of the oenturr j cODetltut ,hird jor 
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01'1818 In the t017 ot math_atioe.' This orl.1. ocourred 

during a period when mathematicians were a.Bel't1ng that math.

matios had tinallr approached a .tat. ot :perteotlon.4 In 

1900, Henri Polncare ',i during an ad4re88 betore the Seoond 

International Oo~r... of tiolan. t ted thi, th_e 

1n the tollon 

Ironically, at the same time that Polnoare' made the 

aboTe claim, the dlBeo'ITo17 was made that the Int1n11;e By 

rs. whioh was but a part ot set theo17, was resting 

upon Bome~1ng other than a totally rigoroue foundation. Pi•• 

Teare previously, Oantor bad disoovered an antinomy 1n hiB ••t 

theory; but he did not pUblish thi8 d~soovery. TWo rear. 

later, Burall-Jorti rediscovered the Bame antInomy. Tho 

5 
~... ,. 15. 
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••1the1" Oantor nor 11-Port1 vere able to oftel" an 

~.41at. solution to the antInoMY. theIr dIlcoTery dId not 

at tirat oause too much conoern among bere ot the1r 

01. This antInomy d ged in a techn1cal re~lon of ..,
 01:1 and 8 concerned with the idea ot vell-or4ered 

"'1. It hoped that a slight revision ot the proofs of 

th.orem. beloDgltJg to th1s lon would reotitJ the 

l1tuatlon~6 

The opt1mi_ of Cantor and ot his follower8 regard1 

thi. antinomy was not to be realIzed, however: tor in 1902 

1·""''',4 Rus8ell shooked the philosophical and mathematica-l 

w01"14 with the publication ot the 41scover;y of an antinomy 

wbich waa inherent in the foundations of 10g1c and set 

ory. Russell'. antinomy could be symbo11zed and deriv 

the oalculus of mathemat10al loa10. le Russell's 

ntlnoDl1 -.S not the first to appear. it was apparently the 

tlrlt antInomy to be disoovered at such a basic level• 

•••never before had an antinomy arisen at auoh an 
elllllentary level, involvIng 80 stroD§1Y' the most 
tundamental notions of the two most exaot" soienoes. 
lORio and mathematlos.7 

RUBsell , santi a disturblng ettect upon 

loholars whOse 1c wor. B In the fleld ot
 

6.nJri•• PP. 1-2. 

71ll1!-, p. 2. 
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foundations. Dedekind a, at that t1Jlle, worklng on e88&1 

ooncern1D6 tb tue and the purpose ot number.. In thia 

d based number theory relation 

ana had utilized 'he not1on ot a .et 1n the oantartan Bense 

tor the proof ot the existence of an 111fin1te set. Upon 

18&rn1 t ell's antlna.1. he stopped the immediate 

pUbl1cat1on ot hi' work, the rudiments ot wbloh he telt were 

de8troyed.8 

berRn-.. n 

'tr experienced a 81mi 1mpact tr1 he disoovery 

of 8sell's an1iln He ent ,!J.Y1 s doing• 
research in the S at arithmetic 8 t1n1I1Jh1JUt his 

rlt when Rne••ll wrote to h1JIl about hi. discovery. In the 

very fir8t sentence CJ! the appendix in Grundgesetze der 

1tbmet1lt. ge admitted that one of undations 01' hi. 

work had been b 

The math 

8Da~en bl RUBBell'. 

unit)" 

7

owever, re.t\leed 

at tirst to plaoe a gJleat deal .pon the .ero
genoa ot the antlncmn.fIIlR 1n set theory logic. It 

believed that the antinomies vere t a cal part ot a 

highll speoialized reglon which had little bearing upon the 

basis ot mathe1ll&t1oB prQPer. Llte:rature 1n the fleld. indioates, 

• P. Bamsel, 
Jer8eY& L1ttletield, Ad 



• •• 

, 

however, that such attitudes displayed more w1shtuJ. think! 

than c11.t~oal observation. !he work or Ru.sell, l1"ege, Pea.no. 

and Oantor had opened new insights into the foundations at 

mathematios where 10~lc and .et theor,r were an lndi 

t .. It would seem that if contrad1otlo~ aro.. 1n ~8S 

areas and that steps "ere n!~.~~.a17 to al~.v1at. them, 1t 

be preferable to formulate preoautions rather than to 

dis_r.~ard these oontradlction.~ This attitude "a8 Dot alwaY8 

the preval$nt one, however. a. indioated bl Praenkel'. 

tact that one cont1Due4 to speaE

expeU

0 
or antinODlle., rather than ot oontra 

indication that deep 1n 
tioiaD8 d14 not want to ba 
to whioh Oantor's discoverl 

th 1cian ft. nothe choice 18 o Ule 

obe 8' 

a pleasant on.. He could p01nt to the progress made 1n 

analysis, etry, Q'A'h1'"A; but he waB toX'C elther to 

maIntain nalve faith 1n the eSBentlal soundness ot ~e.e 

d1so1plln r to adm1t that the lOJl:lc 111 their foundation. 

I not tree trom c&rta.1n cant iotions. The ohoice vas 

certa1nly an h point ot "dew was the 

antlt 18 of the at fhe psychological effect ot thls• 

9'raenlr.e BAr-m..llel, • 4. 
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411 on the modern thematic1an is exPressed by 1 in 

an artiole in the ._.__.... ....._._-.., 

and 
i ... 

The posltive, rather than the negative, lignificance 

of the ant1nomies is expressed by the work ot logician. and 

8 in tormulati their logic~ struoture and in 

then attempting to reoautions within a theorf to avoid 

th The disoov , 0 s.iflcatlon, and ana1y81s ot the• 
reveals that they were not merely a 

"nuzzle time, If but were a 81 f1cant problem in the 

foundations ot 

lous anti 

tics. 

"Mathematios and Logic," ~ 
1. 5' (1946), 2-1~. . 



CRlPTER II 

HISTORIOAL AOCOUNT or THE DISCOVERY 0' ANTINOMIES 

.bJJlfeD1a.,,-,_ The history ot logic reveal, 

that the M.~ar1an sohool of 10210 formulated the first seman

t1cal antinoIlY. Igar;a.aJ1, or "dialect1cal" .ohool, • 
founded by Euolid of ra, a pupil ot Socrates,c around 

400 B. C. fhe Megarian. devoted muoh attent10n to var10us 

fallac1es and paradoxes--s of: whioh were concerned with 

the problem of the continuum, while others were problema in 

vel'bal reasoning. ;ne of these paradoxe., the "L1ar," has 

considerable 10g1cal interest hal been estensively studied 

by logio1ans tor centuries. 
' 

.&1thou~ theant1nomy known the Liar paradox 18 

olass1tled a8 an epistemological ant1n (the SUbject matter 

ot Ohapter IV of thill paper), 1t 18 diBCU at tMs t1me 

beoause at its historical significance. The UteratUX"e oon

cerning this partioular antinomy ill qu1"e exten.1ve: thus, 

only the more iJD.portant versions ot the L1ar paradox will be 

exam1ned. 

1I. H. 13oohensk1. 1.H1..l:t..Qn. , I~al ~ (Notre
Dame, Illdlanal Univers1ty o~ e ;.1;-T9!1), PP. 107
109 ; 130.1 32. 



The Liar paradox 18 often oal1ed the Paradox ot 

11 

p1men1des atter a Greek .oholar l1ving at the 1nn1 of 

the .i ~ury. However, it '1s doubt.tuJ. that any aotual 

oonneotion bet. 1menid•• and the formulation of the 

antinomy exist.. The oonienSU8 at opinion by histor1ans in 

the field at logio seems to be that Eubul1d•• , a member at 

the arlan school, t to formulate the Liar 

40x. ~v1denoe - ort1 thi fJ oP1nion oan be found 1n 

the faot 'that a form of the Liar • in Ar1s

totle', S9Ree,j+i 88IUs-j20SI, 'hioh peared 1n 330 B. o. at 

the time bullde. val aot1ve in hi. VOX"A. 

An ot formulation at the Liar p dox bT EUbulldea 

no longer exilts, but the axtens1ve 11terature 1n this area 

provi ny versions at 1t. The form o£ the more ancient 

versions appearl UD1 , but their 10 idea not 

only puzzles but allo ohall as the m1 • o1e.n: 

version be BUDmlar1 "y the following 118t, 

whioh d1vides them into tour cate2ories' 

• 
,d 1n tb1. 8&1 true, do you 

It I lie and Bal that I 11e, do I 11e or sp the truth? 

It you say tha't you 11e, y true, TaU lie. but you 
y that you lie, and y the truth; therefore, 

you lie. 

If you 11e and 1n tbat say true. you 118. 

If you 
11e oX" B-oS&Jt: 

• 



12 

. III.
 
IL I say that I lle, and (In eo saylng) llel therefore.
 
I fJl)eak the truth. 

Lying, I utter the true speech, that I 11e• 

It it is tru8w 
• 

it 18 falee; 1f it ls talBe, 1~ 18 true. 

hOBO Bays "lle, n 
truth at the same 

1188 and 
time. 

ea.K:s the truth as the 

These tour categorl.s are ~.al11 posslble interpreta

tlons ot the problem poaed ln analyzing the simple proposltion 

"I am lying." The flrst group simply .ta~e8 the quest1on. 

Is the proposition made by the Liar, 1.ee. "I lying, tf 

true or talee? ThOBe versione 1n the second cat8Ko .clude 

that 1t 18 true, while those in the third group oontend that 

it 18 talse. The conolusion in the fourth grouti 18 that the 

roposition 11 both true and talse• 

.A modern version ot the Liar paradox 1s Btated as 

tollows. A.sume that John Doe u.tters on Deoember 1, 1963, the 

tollowing EngUsh sentence and then S&y8 nothing else aU day' 

8The only sentenoe uttered by John Doe on Deoember 1, 1963, ls 

tals8." Slnce the .entence uttered by John Doe 11 & deolara

tl~e proposition, one 1s entltled to inquire whether it 1. 

true or false. Refleotlon Boon leads to the oonclusion that 

the sentence i8 true 11 and onlr it it is faJ.se • 

.~., pp. 131-132. 
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1tiona appears harmless. and 1t seems proper to inquire 

about 1ts truth tat_ent MA, 18 1s true 

1~ and onJ.y it .l i8 B; therurore. .eell_ qui'te apparent 

that proposItion S ls~ru. onl7 if the sentence 

• 

.A er modern version ot th ar paradox 1e th' 

folLon nee, lIb10 8 formulated by J. LUDs1ew1oa' 

"The sentenc'e printed on 1~, line 3 ot th r 1s 

not true~" (The above statement w111 o11zed by the 

letter S in tbe ! ilU\UiJ_;&.on. ) At" first glance propo. 

printed 0 e 13, line, Qf this c tar 1s not true. 

wever. if one count line 3 of 13 o~ t paper; 

he will find that the sentenoe prin~ed there 18 1dentlca1 to 
, :; 

(I .uu~, u~e ~6 led to the oontradiction S~~S. 

The ~uestion ~bich then natural11 arises lsI. lfbat 1. 

the source of these oontrad~ot1ona? In tbe latter ~x&DlplfJ. 

the source ot the contradlotlon 1188 in the attempt t.o formu

late the truth condltiOD tor the statements ot a 

itaeU • 

..........
 
• 

1 
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After refleotion on these two a le8, Dl1gb, 

conclUde CODOerlUug th • tI'oub1e a.ppears 

to lie the fae t -,hat t61t8elf ani 

1; h1~. tt 1.s n t .elt-re~er8no. alon• 
,Bouroe ot the 0 o~1on, it 18 the nature or type ot s.lf~ 

rererenoe 1nvolved. 

Russell presentee. a more sophlatloat lysi8 of 

the Liar para4o~ in the 10110 I Uhen s, 

HI 1y ,It his etataent in reted a 

equivalent to "The;re ltlon which I am affirm1ng 

•
fIch 1s :tal ents that KThere 18 s~-and-

so" may reur that the aPPo8l 

true. thus, HI a1U 11111£" b e8~ "It 1s not trua of s.11 

propontlo that I t them or they are true. tt 

ITt 18 not true tor• 1. perhaps s ill 

. nall pro~osltlons P :t if P, l' 1s true. T"
 

radox r
 tement as arr~ng a 

propos1tion. 

rd1 

e W11;h!n the scope ot 

the statement. 

es, one is forced onal. that 

e 1 of "all 'Dropoaltlonst:1 1 t a 1eQ:1t1mat e one .' for 

lt the notion ot "all oBiti 8 1s accepted, then ther 

must be propo81tl0 yet, 

cannot, without oontradiotion, be 1ncluded ng the propo

,81t10na about wh1ch they ar'e concerned. HOlfeve:r. one m.ight 

r 
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define 8. totality of proposltio118. Onci thl. totality 1s 

spoken of in t II "-11 -osltlons," other propositions 

a~e «.nerated wh10h mu.t 11e outside ot the defined totality, 

or a contradiction 1s prlsent. It d.ols not help to enlarge 

the defined totality. for e problem a:rlses; hence, 
n .1 propos1tiona" JlUlt be a maan1n«le81S se.4 

RUfR++-gyAX'·p He'i9YPE+'P· The end Of the 

r, .of re ed interestmastsenth een 

and study 1. ,:lWlII:I.88 .. II that time, the r 

paradox n the only authen1c antinomy to be discovered, 

1 t ft. disregarded by ma!17 loaloianl &1 a :Dlayth1JUt ot 

semantics. Now there ,appeared a whole serl.e of ant.1nomies, 

at whioh 'tiere lORioal rather than 8Plst.eJIlolog1cal. 

Between 1895 and 1897 o. Bura11-lorU and G. Oantor 

inde'P8.ndentl;r stated the first logical ant1nomy,Wh1ch oon

cerned the set of all ordinal numbers. The Bural.1-Fort 

antinomy 1s a logioal antinomy. the basio formulation of 

h ls included at this "Point to il1ustrat 1. '1

o e t mathematics a :10 ot th1.s t of • 

rt J1 the 
he017' 0: T (t 908), 

p. 224. 
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Xhe BuraIi-Porti oontradiotion may be stated as 

folloW81 

The tollov1ng three 'heorems oan be proven in the 
ola.8ical theorJ ot ordinal numbers developed b1 Oantor: 

1. Every well-ordered ••rie. has an ordinal number. 
2.	 The eeri•• ot ordinal. up to and including a given

ordinal Dumber, 1&7 0(.,. ball an ordinal nUllbero(.l + 1. 
3.	 The .erie. ot all ord1Da1 numbers ill well-ordered 

and hence, by (2) ball an ordinal nUlllber, .J\.. sa7_ 

1s inoluding Jl 
greater than ~ • 
r of all ord1nal 

.w:t-p'l'p¥ "'±IIP'+i.+"ft"'+iM. In 1925 lIe1 mad~ the funda

men'tal 0 tion or antinomies into two 4i.tinct typ••- 

effort to analTze ..nd ciro 

monumeDta~ work F£+M9+H'R 

distinguish between th _ ot antinomieS. 

1e8 into two 

roup., which he simply oalll A and BI 

.81 01ass1t1ed the b 

A.	 (1) 
~elve.. 
cla.s ot all olas.es whioh are Dot members 

(Russell's antinomy) 
(2)	 zoelationbetveen two relations when one does 

va itself to the other. 

laOk,
Itegan -Paul,	 

(London 1 

1the! 10_ 

paper Intitl .~ 

that While Ru••ell and 
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(3)	 Durall-Fortl'. contradiction of the greatest
ordlnal• 

•	 (4~ til am lylng. It (Llar paradox) 
(5, The least integer not nameable ln fever tl1an 

syllable••
161 l!he leaat lDd.!lDable or41Dal.
 
7· R1ohard's Oontradic~lon. 
8) Weyl'. contradiotion about heterolog1oal.

tlgo.ay was first tormulated by Kurt .) 

The principle according to whlch Ramsey olassifled. the 

antl1101lies into two «roup. 1s of tundBJiental ortanoe. 

Group j oon,ists of antinomies that are strlotly 10g10al or 

themat10al in nature~..that 19. tinaml.. whioh would oocur 

in a mathematioal or 10«10al sy8t.m it no precautlons wete 

taken to avoid th "-hey involve only 10,;'10&1 or mathe• 
mattoal terms suoh as 2l.I.U and nUlb,r, and shoY that there 

must be something wrong With our 10g1c or mathematics.-7 

Those antinomies in Gr B are not strictly 10«10a1 

or mathematical and oannot be atated in 10g10al terms alone. 

oh of the antlnoml in th1 oontains a reterence, . 

u8ually a self-reterence, to thought, language. or ey.mbol1sm. 

It 1s for this reason that antin01ll1•• of thia type are otten 

termed epistemological. It their contradloto47' XUlture 111 

i. Ramse,. 
( • Jersey. 1960) • 
p. 

7 
~. 
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entirely due to lty 14 1n language, th t ey 

points out. they would not be relevant to logio or mathemat1os. 

However, , by sUoh mathematioians 

a. Peano and re, far trom sati8tacto17J tor .everal 

ot the in • latter .,.,..nnn involve b thR

ma~ic.l and 11 ·stl0 1deas. 1 of ~hemt notably 

GrelliD2's antinomy, oan be tormulated and symbolized in 

81Dlboll0 101110 the aotual lotion lv There• 

tore t 1t would se. to 'be a Bever. nealeot ra'ther t.b&J1 



OHAPTER III 

IOAL PARADOXESLOGICO-

aeell's ant 1 1.e undo\1btab11 

the beet-known 1s certainly one ot re 1mportant 

theBat1ca~ antlnom1e.. It vas disoovered Russell in 

1901 during hi. effort. to prove a particular vers-ioD of the 

a:l:1011 of int1n1t;y. The axiom of l:t1tlD1'" oan be stated 1n 

the torm of the follow1ng assumption' It d.. be &12Y transfinite 

cardinal number. there is at least ODe set conta1n1M8 0( 

elements. r 1:I:&I1p11. with referenoe to 'natural Dumber•• 

the, &:l:lom would .tate that there exist. a set oOJltaln1:na 0 

and oo'ntalnllUt the sucoessor of eaoh ot 1\. elements. In 

other words axiom ot l:utln1ty pOltu,la.tes the existence Gt 

.et. which oontain an lnfln1t ..... f elements. 

n the axi lnfl.tt1 t 1 first tOTmulat • 
Rus••ll supposed t re must ex11t a proof for it. H 
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klnds of 0 ts t n ttentlon to aDT 

torm an Inflnlte a s 11 a flD1 

It would thUS • t an axlom. o~ 

Infinity. 

The fallaoy involved 1n the above 11ne o~ reasoning 

1s quite subtle and 18 not ~ eal1 one of avold. au.Bell 

beled the fallaoy a "confus10n ot types, tt and 1t was his 

anal1B1s ot this fallaoY' that led to the d1scove17 albia 

ant1nomr_ The f1rst torm at his contrad1otion 'Wall related to 

the theorem that the number of sub.ets ot a ~1v.D.et ls 

al-1s greate!' than the naber ot elements in the giveD. set, 

from whloh it can be interred that there 11 no noeat••t 

1)osslblr ~~ at 

s. 

r. However. if a set 1.8 tomed from a set o~ 

to the one desor1bed 

,--DT comb1D1Dg 'the elements of the
~ 

set, .ubsets ot the Bet, subsets ot the Bet 'ot subse's, eto _ 

__T.nATI a se~ 18 rormed or whioh 1'ts own SUb-sets would be 

Ith l'est»eot to I!I 'Bet, whioh might 

t ot II not more 8ub•
 
than elemen'ts. tt e c fall 3ects 

than be counted, of whatever Bort, t if there be such 
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e. t ve a oard1 is tbe greatest 

o8s1ble." 1 

Russ.ll's mOlt tamou .. nomr, the one oommonly 

referred to nusllell's Paradox, resulted trom ~8 anal1's1$ 

of the oontradLotory oonclu8ions of 

s,Be,ll .tateB t 

• upott this contr&41otloD, 1n the 18 
d to disDover Bome flaw in Oantor's proof

that there 18 DO greatest card1nal•••• Applying this 
prool to the suppo.ed ola,. of all imaginable obj·eot•• 
I was le4 to a ney and .1mpler contradlction••••2 

t simple version ot ell's Paradox 18 th 

tollowtug I Oonsider a ••t A whioh oontains as element. t_he 

numbers 1. 2, 3, 4. and itaelt. Of cour••, an immediate 

objeotion mal be railed Inat 8uch a .8t a' being 8el~-

reterent. fictitious, or meahingle.a. In part, the.e would 

be vali4 objeotion.; but for the sake ot the argument, they 

ahall temporar11y be 418reg8r4,,\oI. ··le any ••t 80 defined 

tends to arouse some 10g1cal suspic10n, 1t do•• not immedi

ate11 impress upon the untra.1ned mind 1ta oontradiotory 

t\11"e. he contradiction arise. during the analysis of the 

plloatlotls of the eXistenoe of suoh a set. 

nt. 

A 

136.I 
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.All ••ts oan be divided into two general but 

exhaustive classiticatlons--those whloh oontain themselves 

as members and those which at. Thes. two classitlca'tloIlS 

also def1ne two 801tlo lets. (1) a set which ahall b. 

deslgnated O. whioh 1·8 the aet containing all leta containing 

them••1"'es a. membera; and (2) a set which shall be delignated 

D, whioh 18 the set containing all sets which 40 not oontain 

themlelves members. Sinoe this c illcatlon Is exhaus

tlve" it must 11 to e.ts 0 d D. e qu••tion ariles .s 

to the classlflcation ot Bet D. 

sume that D i8 & ber ot O. Slnoe C oontains onl1 

those !Jets whioh oontain themselves &8 members, it to11ows 

that D must oontain 1tae1t &s ber. However, D was 

defln a set containing only .eta whioh do Df>t contain 

themselves as member.. Therefore, ltfollolfs that D doea not 

oontain itself as ber and ~U8t be a er at D, not C. 

HoweV81', it D Is a m , then D oontaln. 1tself a8 a 

member, wh1ch implies that D ember at 0, not D. 

Structure ~ Rua,,~~" £&FIAO! Pdet'i;v....x -yc·v- The 

atructure o~ the above oontradiotion oan be symbol1zed In the 

following mannert It sets 0 and D are defined aa previou8~7 

stated, then the follOWing imp1icatlons are derlvedl 

(1) C= tXI x 1s 8. set, X E x} Det. 

(2) D::: (1& '1 18 a 8et, 7 ¢ 7J Det. 
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(:3) (DE D) v (DEO) Det. 

(4) (DE 0) ~ (DE D) trom Det. 1 

(5) (D f D) ~ (:0 ¢D) -.-, ('D EO) Det. 2.3. 

definition ~r the c s1f1oQtIon 1 

statement I 

(6) (DEO)f-+ ---(DE D) 

(7) (DED)~","",(D€J» 5.6 

(8)	 '" (D E D) ~ (D E D) 6,4 HypothetIcal Syllogl 

statements 7 and 8' together 1mp"ly that -- (D £ D) (--7 

(De D) J which 1. indeed a d8V8stg,tl~ oontradiction. 

The fallaoy 1n RUBBell's antinomy l1es in the supposi

tion that there e%lst sets which contain themselves &8 mRm. 

~8. This supposition results in what Russell labels 

nlmpure lt classes and will later be Deen to violate the 

theory of types. 

''''U.l.U., • 137.-

http:U.l.U.,�


In 
2'" 

1c " (theory, t type ot 

conal: had.-Da:IIlal7. t ts cannot be produoed 

by simplY ut t.aL"LllIZ I are oertain. inherent 

restr10t emlly observed. example, 

peo1.flcnt1oJU v to 

), eorr onds a whos. ,1-· 

re ch Sex) holde.4 o elements :t 0 

Q(X)}. LetIt is 0 tomary t 

e s'T.s1iement :f f:. x. Thus.the conditio ) 

tever et A oonsists ot, 13 cfX/XEA and x 4x Jand (1) (1 E B) 

~ ty~A) • (y11). ow, i8 'BEA? Assume tllat lt 18. It 1s 

certainly true that ( E B) v (B 4B) ~ ,It DEB, then (1) y1elds 

tbat B, 13, whioh '- contradiction. It 13 f. B. then (1) and 

the &s8lD1lptlon 13 E.A. yields 13 E B, whioh a"ain is a Qontradic

tiona The eonalu EA 1. impo881ble 8lnoa 1ts 

assumption 1. to a oon dlotion. It 18 Buni.t1cant that 

tsoever &peeit1 bout the elements of set At 

but tta ot this it wa. proven that there exists ething, 

loh 1s 'not in A. ther vords, noth1ng contains"et
 

'erytbing, whiOh woul .~.4nly prohibit the concept ot
 

set ot all setse
 

4
~'1!.!" (Bew Yorkl D. VanPaul R. .uG.IoU4UD , 

strand ComPSDY' , Inc •• 
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I1Iprl4J.oa)le ParadOx. Another 1ntereet1ng 10g100

a1 ant1nomy, allo constructed by Rullell. 11 the 

ble Paradox. In the 10g10 ot relations, it i8 "len 

t properties oan be attributed to relatione and other pro

partie. al we11 as to individual.. Por example, the propert 

f linoere might ttlelf be Baid to have the property ot being 

irable. The que.tion naturally arilell Does there exist 

• ~rop.rty 1 which itself has the property 11 The property 

of belM abstraot leemB i tsell to beabstraot, while the pro

perty "green" 18 certainly not green. The property "old" is 

certainly old, a8 there have been 014 things ainee preh18tor1c 

t1mes, while the property "new" i8 oertalnly not new. 

B)' definition any property whioh can be predicated ot 

ltself will be sald to be a predicable property. In other 

words predicable il a property which belongs to all thole and 

only those properties which can be truly pred10ated of th~m

selvese In oontra8t, any property Which cannot be predioated 

ot ltlelf' will beea1d to be lmpredieable. BeilUl: impre410able 

then 1s a property whioh belong. to all those and only those 

properties Whioh eaDnot be truly predicated of' themBelves, 

As was the ca.e with Rnes.ll'. paradox, the ola.sltieation 

mad. 1s ~xhaustlv'l every property must b. e1ther p~ed1oable 

r 1.Dlp~edicable. 

,,, shall the property 1mpredieable be o1.li'881tied? If 

lt 18 assumed that1mpred1cable 1. predicable, wbloh mea.na 
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the property Sot baa appll~s to itself, th&n it tollo1l'8 that 

impredlcable must be 1mpred~g~bl.. However, lr the property 

predioable is itse1t tmpredloable. then by detln1~ion it 

the 'Droperty 1t represents. Which .eans that it 1s predi

cable. Thus, the ratheretartling conclusion 1. reached that 

it lmpredicable 1s pred1oable, then lmpred1cable 1. impredl

cable J and that if lmpredlcable 111' lmpredloable. then 1mpredl

oable 111 predicable. 

51lUcture ~Impr'd19ab" 'atldol iA Ilmbol~ ~. 

It 1mpredicable 18 abbrenated "lpr" and predicable ltpr', It 

and it by A(t) 1t 1. meant ~t A has property if then th 

oontrad1otion can b. der1ved from the tvo atatemantsl 

(1) ipr (pr)--7ipr (lpr) 

(2) 1pr (1pr)-71pr (pr) 

Becau•• ot the definition of the cla.slfication, statement 1 

18 equlnlent to. 

(:5) (ipr (pr) )~.--(lpr (pr) ) 

and f..tatement 2 is 8Q.uivalent tot 

(4) (lpr (lpr) )~,-v(lpr (1pr) ) 

y the us. ot the definition ot material implication, state

ments 3 and 4. are equivalent 'to. 

(5) -~ (lpr (pr) ) 

(6) ~ (1pr (lpr) ) 
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eyntradlot1on s1.n 

reC11cable nor 

a da.l..&..I.U. 

_n...~rticablt 

oontracUotion oan bo derlvea even more clearly by 

le as lilt! and by 

defining 1t tormal.ly asa 

statement 

(7) IF =d:t"""';Pl (p 1s a prop~rty var1able) 

The follow1Il.Clt statement 1e a loJdoal conSaQuenoe of .tatll

7. 

(8) '(F) (IF CI '-- n) 

I_t statement 8 1e 1netant1atedv1th reS'Daot to "lit itself 

lnolpl. of Universal Instantlatlo~ ~en 

1t yields. 

(9) II :::r -- II 

Statement 9 1s again an explioit contradiotion. 

The source ot this oontradict1on l1e8 1n the tormat1on 

ot two azhaustive categories; predioable and tmpredlcable, a 

in 1me allowance of the po'1I1billty that a 'Dronert:v can b 

predioated at lt8el~~ The latter 18 uai-n a violation of the 

theory at t1P88, whioh would say that 1t does not malte 

either to atfirm or to' deny ot any property that 1t belona. 

to itself. Such exprese10ns a8 lpr(lpr) and '"'" lpl'(1pr) must 

dism1ssed as meaninaless. 



GIOA.L P.ABADO: 

The 1nomles const~tute a group ot 

in d1tt~rent 

8 ot the 10glcal antinomiel. 

In theeDlst e eel.f:...ret'erence 1 

IV 

in 

than did 

ress1ons--that ls" these 

1Dlportant reference to 

words. Beoause t le8 are involved with terms 

01i.ner t 'tlloBe wh10 rictly ~o«lcal or t1cal, 

... a-.... '"""1 maUllfilDla. hi: to 41 BS th • These 

math e the view that the fault lies not with 

lofitte or ut wlt.h a faulty J.anguaPJe. r 

e 

e he feltbeeple, 

that it t t :t;b-f!l!l~t1.Qe. but wa_ striotlya 
1:utet • 

,
 'JlID'A.1'd S
~V e simi ty between 

idea ot 

If-re.f.''~'''~JlI '01&888$ oh contain 

ers. Sav ot the antinom1es 1nvo,lve 

th logl,oal nt10al '1;e:mJls. _8 ,ot1 

(Paterson, 
, p. 2l. 

11 • 
w JCNiJe1: 



o not. 

ena-enoe ot 

rope 

10 

Itsel£. one 

anti. 

It should b 

of 

t 

os 

e 

a credited t 

plex of the epistemologl

~ntical antInomies are 

xemplltT the 

10 

1m &S the Grelllng Paradox. 

In C1ha])ter 

rO:P8r~y &l'P.JJ.!n!J 

e 

exhaustive 0 

Iv 

ch a Que6tlon is 

:r. 

to 

reions ot 

o 

n B certaIn phrase o~ linguistic expree

U"VAWer. it 

e or 

ch 1s 

.o21oa1 

tion, 

88 

• ,W,-S.Io*+W AQj*Pgmy. 

',W£. 

,tI 

re 1 

resented in this c 

.~lctemolo~lcal and loglca~ antinomies l~ll be eeen 

ir content, but in the method 01 

their reBO~U~1on. 

at in 
oontra

tMe 

~~. 
~ch these oontradiotions are due. 4 

The Liar paradox, which haa already been examined in 

Ohapter II, 1s probably the least 

these 

sioa. 

might a 

~ 

cal antinomies. 

for an eplst 

Inste 
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In m08t instance. the name of a property rill not J1&ve 

'h1oh it denotes. lor lnlltanoe, the name "heavy" 

1s no't heavr; "longtl ~8 not a lDng word; and "Pranch" 18 not 

a French word!t Scme words, hOlfever, do delJlgnate 'the pro

perty exemplified by the ~ordJ "English" 1. an EngUsh vord, 

rt" 18 oertslnlv a sh~rt word. All 
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vre~~g~D ant1ll0~Y cnn be derived 1n a more formal 

y ae tollot"sl Let UDes" designate the name relation-that 

18, "8 Des rtf is .qu1~ent to ft, designate. the property l, If 

Whore P 18 a prQper~~var1able and 8 1, a name variable. 

Thua, a heterologloal word lsdetlned a1Mbo11call1 asc 

at (e) ~ (3 J) (8 Des F=: ,·/VP(s) ) 

A literal translatiQn ot the previoue stat••nt would be 8e 

.tallows 1 A. word. 18 heterologlcal if and on11 1t there 

exlets a propertr ., .uoh that 8 designating l 1, equivalent 

to , and II doe. not have property P. In the oase where 

beteroloKloal 1s .8sumed to be heterologieal, we. have' 

(1) Het("Het ft ) H (37) ("Het" Dee J1=J·;-vJl("Het'J) ) 

T'bll	 tol10W8 from the defin1tlon by replacing the wor 

word "Heterologiesl." 
.	 . 

(2) Het (HHet")~(HH.1;tI Des Het=Het·,-vH.et ("Bet") ) 

This tollows trom (1) by the eustent1al lnltantiatlon of the 

Propert7 .-r1able F bl the prop,rty Heterologioal. 

(3) Het (HHet") The aSllWlption original17 Dde. 

(4) Het·A.lUet("Het") This tollows 1'l'o1l (3) and (,2) by
 

OdU8 Ponens, equlvalence, an4 simplification.
 

(5) ~ Het( "Bet") Thi8 follow. from (4) b1 simplifioation• 

• ldentical oontradiction cAn be der!ve4 1n a 81milar manner 

bY' assuming -... Het (feaetll ). Thus 'the contradictioll Ret( "Bet") 

~ r- Ret ("Het") i8 shown to follow trom the natulre of the 

def1nition ot the property heterologicsl. 
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ohard t I Ant1.namy is a class1cal 

e Ie of an Bpi ologioal antinomy. The oontrad1otion 

e a~»ar.nt detinition of a denumerable set 

hioh i8 I10t erable. Th111 definition 1s acoomplished in 

, 

the tollow1ng manner I The tirst. task is to wr1te eJ.l pOllslble 

arrangements ot the ,11 bet, first two letters at a 

tim' t thr t • t eto" eaoh Ilroup l_n 

alphabetioal order. The.1 arrangements may oontain the same 

latter repeated se 1 t I thUS, they are arrangement. 

renetltlon. 

tever whole n' r "n" may be, ever,y ngement 

of the nty-su letters of the 118h alphabet n at a time 

,..ll be to e 0 tructed arrangement. Since every

th1DSl: tbat can be wr1tten with a tln1:te number ot words 1s an 

arraug_ent ot 1.ett that c be wr1tten Will 

be found 1n the art'arUCement. 

e of these &rrangeme:o.ts w111 detin1t1on,s of 

numbers, linoe numbers are defined by means of worde. The 

step 1s to t8 trom the arrangements all comblnA... 

tions whioh do not detine numbers. Let u1 be the first 

number defined by an arraDg~.nt, ~ the seoond. etc. Thua. 

all the numbers defined by a finite number ot worda have been 

d in a determined order. Oal.l thia set "D.·t 

The contradict1on arill'. when we define the to1.l,owlng 

number. "B," by use of a t1 number of words. I~ "ae 1s 
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h u.eo.1.mal n-th numbA1" in t 

a + 1 (or 0 1t 8=9) tor cimal t. r ex le, 

1t D 1st f the arrangement of words de!'ln1 the 

berst 

u,. .S11 12 tt.13 .!. 8.1 

l1J"l I • 1 2 &2' ••• 

.. . . . . ~ . . .. . . . - . 
~ I -8n1. ,Dn2 
. .. . . . . . .. . . . . . .. 

then th r 14 be oonstruoted ng ln the 

It 1rst dec 1 plao uld be 

at = a" + 11 the seoond dec 1 place would be &2 =a22 + 1• 

•••• G~ =ann + " ••• , e~u~ 

ndltsis formed 

oup 

The t bel to t D! If lt e 

the n-th number of the set D, lts n-th f1 e would be the 

n-th olmal t 'hich lt 1s not. However, 

the number defined by a finite ber of word8 a
 

ht ther·efore to' 10 to the set D.
 

1_ -0_.--..1 __ Whole numbers oan be divided in• 
OUB wa~s to torm two mut~al1y e:xoluslv& cla8ses acoord1 

er the number of .yllable~. in whioh theT are expressed 

in a ~lven lanstUSR:e 18 ~ n or>n, where n 1s a na:tural number. 

It, for instance, n:19, then the~e must exlst a natural number 
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Oh he lleat zr r not r ble 111 t '. t 19 

eyllableg. language' 1 the n' %' Will 

en 

1234567 9 10 11 1 1516 T7 18 19 

,D111.777, 

wever, the ber 1J.,1,777 oan 81 e defl, 

tolloW's" 

sema.nticsl v t the antinomies appear even 

the. logical antlnom1es. 

l!1st 

Russell's antlnomu on the unQ8 that it is meaningless to 

J.k about set meml)ers; but with 

to GreUing' ,ulyaeems plaustble to 

deslgnate the word "lUlor ort and the "0.r4 "long" 8.8 

not long. 
- .  e 1stlnot1on between the two 

jeotloD mlaht be madelntU1tiv, 

t 

t ot antln 11es not in 1.r ectlve plaus1bility. 

30r dietlD.Ct1 • The tlret, which has already 
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been 1 , 1s in thei loftlcal 1

nom!es 1nvol Y' 1 mathematl_oa~ t 

H .. _t " '"0 s," "n~bel'H our in a lo~lcal or• 
~tamo1021oal anti 1 ,tical SlSt r • • 

7 are dat fer

11~lstlc lons. h c 1m'Dortant d1s

tinot1 the groups of antinomies 1. that 'the
 

olut1
 '.a~ JuttOD. o,t th nee must be I 'Ii 

along different 11 • 

In the nut ohapter 1twill be8b that th6 10g10al 

1nem1 a t, tavol 

14I'OD.R@r m 

1st 1 '1IJoUOlll:! • 
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or AVOIDIITG A
 

In the preceding two ohapters, it was seen that the 

t1nam1es tall into two classificatioD.' the lo~1ca~ anti 

Domies, which involve only' logical or mathBRatical terms as 

"o1&s." and ",number"; 'and the epistemologioal antlnamle•• 

oh oonta1na.n 1Dinortant referenoe to thought• .Language. 

or symbolism. OommOD to all of the antiJ10mies thus far oon

idered is the fact that Bamething was asserted about a 001

lection of ob3ects and then additional objects were intro

duoed wh1dhappeared to belong and at the BUle time not to 

the collection under oonsideration. 

It would appear to be a s1mple oonolusion that 1£ the 

antinomies are to be avoided" the colleot1ons which 1$ad to 

the contradiot1ons must be regarded as illegitimate totali 

ties. One method at avold1~ antinomies would be to prohibit 

the formation of suoh totalities. However, it tbis prohib1

tion 18 to be employed with every individual oollection as 

h one is found to lead to a oontradiction, it would be an 

leS8 task, as new antinomies 'Would alwaYs arlse. The same 

a~ellt applies to any attempt ,to refute tbe antinomies one 

by one. What is obviously needed 1s a method which will 

rve to prohibit, or at least to circumvent, all of the 

antinomies. This ciroumvention can be done, provided that 
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~he illegitimate t 11tles can be 1m 'Co haTe some 

pecu11ar1~y 1n oommon. 

Acoordi Bell such a oommon 

P Ity exists; they m~lnt~n that the antinomies ari .•• 

f1J the assumption that a set of cb3ects can conta1n as mRm. 

b ob3eQts whioh can onl,. be def1ned by the set as a wholtJ. 

uch Bets could be formulated in the 

Vh.~aw.~ 18 defined by all of a partioular 

n 

t m8IDper of that .et. This res'.r1ctlon can 

be 1n a .11~tly difterent manner known as Russell a 

tehead's "vicious o1rcle prinoiple," whioh is "If, provided 

a certain oollectlon had a total, it would have a member only 

definable in terms of that total, then t4e 1I&1d collectlon 

no 'to'tal." 

ever. in emPb71ng .uoh a prlnoiple, oare should b 

taken t to make it too prohibitive. In certaln instances 

it 1s tremely oonvenient or even neo.Bsa17 to be able to 

11 proPo8ition•• " "all relations," "all olass•• ,1t 

to. 1s needed 1s a method ot limitlng the totalities 

so that 'em~IlB nIl not lea4 to a oontradiotion but 

will still provide concepts tor a 10glcal SYB

tam. These oonsiderationl 1 Bell and lfh1teh.ad to t.b.e 

oonstruction of the Simple T ,ry ot Log10al Typ~a. 
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1 Tynes" The main features of 

e 'the 1'01lo1l1mr J
 

, entitle. ared1vlded into 

1 tVDeB. the 10west or wh10h 

11 nropertleB or 
rtles of DroDer~les of 

8 are also 

a 81m1~ar manner. 

ot the Theory of TWes is not 

titles into different lo~loal 

::1rop1n1 

19D1tloantly be predioated of an entity of one logioal type 
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members; ther«tor~. s '.oannot be sald to contaln 1tsel! as 

a bar. It BnolLLU b pha81z t pres8ion llke fl a 

eh oontains 1tself as a member" ls not false but 1 s 

n8«&t10n8 

r it suoh statements re talB~, then their 

, d lOR-loal .nom1e 8 woul.d 

stl1l be derivable. , example, ! the Im~redioab1. Ha~ , 
preS8.l1te tar III a8 an example ot a loai 

ant1ni letly,· 1t should remembered. that tfpredl~able"• 
"Y' whioh belOWts to all those ropenl'es whioh a 

b 10&ted th predicable" 18 a property 

On bel 'hiCh cann e pred1cat 

ot th elv d1ct10n derived. b1 three 8tate• 
ments symbol! argument I 

I' = dt ....... loabl$, and F 18 a property(1) 

(2) (F) (.1.1' =...... ) 

C,) II ::z V" II 

ent 

188 statement. t 

h 

&13 PF and '""FF must 

is 0ven it ........ 

oontradiot.! 

I ::: -II. 0 

that no such propertY' 

longer 

th Russell's Pa;radox. 

regarded as 

" .. -Prelll0 

18te. 

oon'tain themselves as members"Such enressl "--1; 
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4 "sets whlch do not contain themselves as bers" are seen 

to violate· the 1e 'rheorY f mUBt be diamissod as 



in no quantIfiers or oontain quantifiers on only indiv14

1 variables a.re classified aEl .first ol-der funotions in Ty 

2. For examDle, F2 (x) v Ga (1) and (x) [B, (.x) ~ p Jare 

cLaSslr1ed as first order funotiona, which are desl«nated 

1u 1G '~ - - . Seoond order functions of Type 2 ar2' 2;' ••.•• 

those which contain quantifiers on only first order tunctions 

--tor example, (1R~) ('H2 (y)-+ ' Ha (b)]. Similarly sec 

order tunotions are designated by 272 , 2G2 • 4~, ~ .•• In 

general an nth order function of type 2 will oontain quanti

fiers on funotions of ordern-l, but no quantifiers on 

tunctions of order m, where m~ .1.£. 

A simplified version of the iried Theory of 

asprn 



42 

e 2 1F 2' 1G2' '~ •••• 2]'2' 2
~2' -~I··· 312 , 'G2• 'H2•••• 

Type , 1'3, 1G", 1B", .~. 2F" 2G,. 2n , •••• 3'3' 3G,. 3B3•••• 

Type 4 1'4' 1G4. lH4'.~. 2'4_ 2G4' 2H4, ••• '74. 3G4. 3~4.··· 

Just .s the Simple Theory rah1bita expr••• 

elona perta1nlng to the totals'ty of all -or erti.. or tunc

tiona and 8. lt necessary to dist1ngui.h oarefully the type 

t tne ,ct1on that i. predlcat*d ot an individual or tunc

tiOD, so the i~ie4 Theory of Type h1b1tll e UBe ot 

expres.ion in' lvlna the totallty ot tunotl proper.. 

t1es ot a given t~MG. ,ua, ln tled Theo!7 ot Typel5, 

1t ls not permi••lble to t t bas all the good 

Q,ual!tle le. e Co:rreot nt would b,e that 

nge '1 the first order qual1t1ee of an apple. 

he d1fference 1n the 8ymbollc struoture of the two • 
mente 1s as 110w8' 

(Fa) ( [G" (J'2) .P2 (an-+ (0) } 

(1 p~) [ [lG
~ 

('F). 1p2 2 (a)]~ . 1 (0) 1 
....~ Theory 8 'Drevente e ocouranoe of 

In thei d vat10D• 

t the tradlct10n of t rell1 

nthe 0 

ln 

pter 

ot10: tis of a 
• (2) 1. not al~owed since the 

higher order than the !unotion variable 

ttp" be 1net.antlate4 in l.t 

t '. 

plex in all 

na~+eln difficulties1 t elluu.Ji!I, 

Bam1t1ed l'heorr of Types is (lui te 

in 
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•
 

which shoulJ ,...ent1oned. ot these diff1culties concerns 

the definitlon of the 1dentity of indlviduals, whioh is 

usually given as' (x:: r) =~f (F2 ) [r~(x).~p~(y)]. , Thl0 

defin1t1on lJ f'unclamental ',to the logic of relations and. roms 

be.si.8 for all of the:propert1 f ieentlty relat10n. 

ver, in it fin1tlon vi 8 

itied Theory of Typ • If ita f 18 t it 

doeB vi e 't11e 1fied Theory of !neB--that 1s, 

(x :r y) (1li'2) [1 2(X)~'J2(y)]--thenit 1s .ee.n ~t jt 

nd '7 are ldent.1 their !lr8~ order 

properties in w~u~, he '~roubli~ pos.ibility 

that they mip:ht Mve t hi'ther 0 

In specif1c ,tb d ory 

of Types ralB.es Bever 10 !'11 insur

,untable. For 8' in analy

81s} suoh as that of t ,und. oannot be proven 

it the restrictions of t pe Tneor,y are imposed. 

180 the theory of the contin: cannot be a4e~~tely estab

11Bhed Within the :tramellork ot the 88. 

A s1mlla:r difficulty 1 in the principle of mathe

10al lnductlo.u.. 

A'9:lAU b H++,I, "Y. vercome these and other 

difficulti8. encountered with the Ram1fied Theory of Types, 

Rue.ell ani tah.ad introduced what the, term.d the Ax1 
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f uclbill °t any tunotlon ot• 

ny rand type, there corresponds a t 111 equiva

lent :fi!'st, orde~ ion of the same e. th the u t 

this &xlOl1l. the 1 'aLali~OJ1 0 defined in terms at 

:first order functions; t the difficultIes mentioned 

in the preoedl d. to be • .L1.u.IUJull t B 

- nt for the ~oo~p~anc £ Axiom duoibility 

18 G praaatic one oau••d b • diffioulties untered 

wi th the 'rheory ot :rY1>e8. 

to
 

The ques~lon aris.s a8 to Whether there are les8 pro-

h,1bltive methrlds of avoidlu the al1tinCllll•• than. the Thl 

at Types. It 8houJ.d be mad., clear that the fundamental 

reaGan ~or the introduction ot the rule. given by the Theory 

:l Types i8 that they exolude contradictions. It would, of 

'Bert 8 ••***r*' Mathematics (.first
dltion: Cambrld i ,~ 1910), I, 
°.55-56. 



45 

oourse, be more oonven1.nt if a method or theorr could be 

found which wae 1.se complex and le•• proh1bltlye than the 

various theories of tnes which have been tormulated to d.ate. 

The oonstruotion ot -uch er rul•• eh would 

till avold the antinomiee i8 stl11 an open probl • Ru••ell 

h1a.,lt I' :r opinion, 

It It • the theor;r ot tnt. emphatloa111 doe. not belong 
to the tlnishea and oertain part ot our INbjeot; muoh 
ot the the0rJ ls .tl1l inchoate, oontu.ed and obaoure. 

t "the n••4 ot .om. dootr1n8 of tn'. 1. 1... ~oUbttul 
than the Drecl.e tOft the doctrine should take. 

1 



I
 

Dr 

los. Perhaps 

frultful r It 
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cease it al~ ooDtPetent mathematic! conoerned themselves 

In11 vith toUDdatlona~ 1. • 
Hnwever, the 'Drobl f the antinomie8 18 still an 

e801",e4. Although a «rest 

ted to the e~osltlon of the 

a number or m8~hodS ot avoid-

i here 18 &-,; preBen-,;no one 

l1T accepted. The lIJajorlty ot 

ooncur that the present practice 

nt~ a lo~l.tlc 8r8t 

he followl~ rea8ona. l!'lr8t. 

tn•• cODl,pl1cates the 81st 

'1:1 of tne., 81mple or 

,vee quite- -complex. Second, 1n manr 
tYne theftrY DrOve too prohibl

the .tramework of eSliental 

T r roaches to 'th.• 

~o~.tlc, the Intuitlonlatlc, 

4 the Formalistic. I 

e 11&3 

proach I e slU 

with . or 8o~ut1on of the anti

le, 18 a -- sophloal vie 
-

c6rmng the !!ature rtt t foundatioDS ot mathematics. 

prObl 
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ted 1t'1.th 'the .q8

f'f natural numbero .'in propositions lnvolv1D11: lodcal terms. 

- ot 

1n uh1ch t_hey at -

tu~~~~ ~ a~~~~ ~UQ *••ti¥+¥.etMt~HRHe ••¥e. 

rived from the first 'and seoond order 

proPos1t1ona~ oaLcUlUs. ,However. as has ;been l)renouBl.y d1-

cussed 1n this Da'Oerr RtHfBell beoome, aoutely aware that anti

- - rlll-

aBut - -

void the der1~t1on 

nt ot a 'tYlle· theory 

to a aTstemof logio. a.~"tlg td.th 'BUoh axioms as the axiom of 

ty and the 'u10il- of reduoibilitv. made it &'D"Darent that 

:they 

r1£t1nally lntehded. l't to be., ''lhe,'' Logicist-. "llere t1nall1 

l_eft w1 th t~e ne-oejs1t115,f ref6tDlulat1Dg" thetott.n4atlona of 

10 80 that the antl~omleij~o~d not be dertVable.~h11e at 

time e~1J!Llna_:tl~the tJ.e:ec!·fo~ questi 

u1e:tlon 1s still 

f 

.As 

prededlng dlsoU881on.. Io~lcl_ views' the antinomies as evidence 
r 

that someth1.M 18 wrong with oertain ma'U1ematlcal methOds. 



tually 

n1'AAAn,t 

in-f 

d.4.QLII;;a.treformulatlnA the fotin4itl t -
dvanced byt 
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Is anneared satlsfact0r7; a d1fferent approach was 

• 

It was Hilbert who formulated the des1red aIJproaoh•. 

h was that 1t must be ahown that the cla.eleal IDa 

1 'Or~ot prooedure.' are BtroU«'enoWth to ,denve the whole of 

cla••1eal mathematics trOll .. "suitable" Bet o:t axioms, but 

t the antinomies vill ~t at the B8JIle time be derivable.I. fUndamental .8eumptl"n WRR TonAy. DlRRR1n~l m.~n~_ 

,11y Bound. B11bert proposed t 

cGnsls~enoy	 ot ola~81oalmat~atlo8by examlning the 

e in which 1t va. expre.sed. 

I., approaQ~j labe~.4 Pormali_, walt to make 

tormallzed reaBon1nas the .ub~.ot 

h 

In exam1n1111t the lauuue ot mathematic.s 1n a metaJ..a.ngU.age, 

ilbert Bought to allow o.nl7 those meth~d. whioh he felt were 

absolute1,. certain ill the metali.nauaa He hoped to establish 

1Haskell 
( rk. MoGrR.W, 

W...uYlt1I1l+.1 "Yllil .Q! MA't.'hama.f:..1 nA1 ~
~- ~1r:--" 
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0 classloal mat tic wtJauB. J.

't' t tterl l~w in 1931, when Kurt 

;del pubUBhed a to the tact that t 

BlatellCY' of ns'truot ola.Bloal 

them.atlos could t b* establiahed bY' means which d be 

1.1'zed in 'r1 ltselt--that 1., either t eo~ 

1 quate to t l1te any t 

t 1ts oonsistenoj. 
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