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CHAPTER I
 

INTR ODU CTI ON
 

1.1 THE BACKGROUND OF MODERN RING THEORY
 

The discovery by Gauss, Bolyai and Lobachevski of 

a consistent non-Euclidean geometry in the first half of 

the nineteenth century was the first great step in the 

liberation of mathematics. Since Euclid, geometry had been 

thought to be merely an attempt to give an accurate des­

cription of local two and three dimensional space. The 

discovery that there could be more than one consistent 

geometry led to the study of geometry as an abstract struc­

ture and forever destroyed the idea that mathematics is the 

study of absolute truths. 

In 1843, William Rowan Hamilton took another great 

step forward when he created the first non-commutative 

algebra, the algebra of quaternions. This discovery was 

to algebra what non-Euclidean geometry was to traditional 

geometry. It was the first step in the study of abstract 

algebraic structures. The mathematician was now a creator 

of new things and not merely an explorer in a realm of 

fixed and immutable truths. 

The motivation for the definition of the structure 

known as a ring comes from the familiar properties of the 
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system of integers. The deletion of some of the defining 

properties of the ring of integers yields new algebraic 

structures which are interesting in their own right, just 

as the deletion of Euclid's fifth postulate yields new 

geometries. 

The earliest important work on prime ideals and 

the prime radical in commutative rings was by Krull [3J 

in 1929. This paper was not published in English, however. 

The first extensive treatment of these ideas in English 

was by Jacobson [2J and McCoy [5J in the late 1940' s. The 

first Rigorous Treatment of prime ideals in general rings 

was in a paper by McCoy [4] in 1949. The subject is treated 

more recently in Jacobson's Structure 2! Rings [1J and 

McCoy's Theor...Y of Rings ["6]. 

1.2 EXAMPLES OF RINGS 

The ring of integers will be used most often to 

illustrate the properties of prime ideals and associated 

structures in commutative rings with unity. Other useful 

examples of such rings are the rings of polynomials over a 

field. These rings, designated by F [x], consist of all 

npolynomials f(x) = aO + alx + a2x2 + ••• + anx where ai is 

an element of the specified field F, x is an indeterminate 

and n is the degree of the polynomial. If g(x) =bO + blx 

+ b 2x2 + ••• + bmxID, addition is defined as : f(x) + g(x) = 
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k 

=L (a + bi)xi where k is the maximum of m and n. 
i=O i m+n k k 

Multiplication is defined as f(x)g(x) = L (L: aibk)x • 
k=O i=O 

The unity of this ring is the unity of the field. This 

ring is an integral domain. 

The following eight matrices ove~ the field of in­

tegers modulo 2 form an interesting example of a finite 

non-commutative ring with a unity: 

-
1=o=~ ~ ~ J 2= ~ ~ 3=~ ~ 4=~ d 5=~ ~ o 

6=~~ 7=~ ~ 

The matr1oe.~ JandC ~ are the and the un1 tyzero 

of the ring respectively and will be called- '0' and '1'. 

The other elements of the ring have been named 2,3,4,5,6,7 

for convenience. Addition and multiplication in this 

ring are ordinary matrix addition and multiplication. Each 

element is its own additive inverse and some, but not all, 

elements have multiplicative inverses and there are proper 

divisors of zero. This ring illustrates most of the impor­

tant properties of prime ideals in non-commutative rings 

very well. This ring will be referred to as 'M ' and the2 
addition tables are presented in Tables I and II respectively. 

1.3 ORGANIZATION OF THE THESIS 

Chapter II of this thesis will include a definition 

and discussion of principal and maximal ideals with examples 



4
 

TABLE I
 

ADDITION TABLE FOR THE RING 'M2 '
 

o " 0 1 2 3 4 5 6 7 

o II 0 1 2 3 4 ·5 6 7 

0 7 5 6 3 4 2 

2 II 2 7 0 4 3 6 5 1 

3 3 5 4 0 2 1 7 6 

4 4 6 3 2 0 7 1 5 

5 5 3 6 1 7 0 2 4 

6 6 4 5 7 1 2 0 3 

7 II 7 2 1 6 5 4 3 0 

TABLE II 

MULTIPLICATION TABLE FOR THE RING 1M2 ' 

0110 1 2 3 4 5 6 7 

o II 0 0 0 0 0 0 0 0 

0 1 2 3 4 5 6 7 

2 II 0 2 1 6 4 5 3 7 

3 0 3 3 3 0 0 3 0 

4 0 4 5 7 4 5 0 7 

5 0 5 4 0 4 5 7 7 

6 0 6 6 6 0 0 6 0 

7 .0 7 7 7 0 '0 7 0 
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taken from the three rings mentioned above. Ideal products 

and residue class rings are discussed in Chapter III. The 

main topic of the thesis, prime ideals, will be introduced 

in Chapter IV. The most important part of this chapter 

will be a thorough proof of a theorem by McCoy on the five 

equivalent conditions for an ideal in a ring to be prime. 

An attempt will be made to illustrate all the important 

ideas by reference to appropriate examples. Chapter V 

will contain a development of the important theorems 

concerning m-systems and the prime radical. In Chapter 

VI, the results on prime ideals in arbitrary rings will 

be extended to complete matrix rings. Zorn's Lemma, which 

is tacitly assumed in some of the proofs, will be discussed 

in Chapter VII. 

1.4 DEFINITION OF IDEAL 

Definition 1.1 A subset of the elements of a ring 

is called a right (left) ideal if, and only if, it is 

closed under subtraction and closed under multiplication 

by elements of the ring from the right (left). 

Definition 1.2 A subset of the elements of a ring 

is called an ideal i~ and only i~ it is closed under sub­

traction and closed under multiplication by elements of 

the ring from the right and from the left. 



CHAPTER II
 

PRINCIPAL AND MAXIMAL IDEALS
 

2.1 PRINCIPAL RIGHT IDEALS
 

An ideal in a non-commutative ring may be a right 

ideal without being a left ideal, i.e. it may be closed 

under multiplication by elements of the ring from the right 

and not from the left. Ideals in commutative rings are 

necessarily two-sided. In this paper, 'ideal' will mean 

two-sided ideal. All the results concerning right ideals 

apply equally to left ideals. 

A principal right ideal is an ideal generated by one 

element, that is it consists of all multiples of the element 

and all products of mUltiplications of the element by ele­

ments of the ring from the right. A principal ideal always 

contains the generating element. The definition of prin­

cipal right ideal is stated formally as follows: 

Definition 2.1 (a)r is a principal right ideal in 

a ring R if and only if (a)r =[na + at;nEI, t£R]. 

It may be verified from Table II that [0, ~ is a 

principal right ideal generated by the element 3 in the 

non-commutative ring M • Another right principal ideal in2
this ring is (6)r = [0,6]. The left principal ideals are 

(4)1 and (5)1 and the two-sided ideals are (7)=[0,~, (3)= 



7 

=[O,3,6,ij and (4)=[O,4,5,7]. The two trivial ideals, 

the zero of the ring and the ring itself, are generated 

by the zero and the unity of the ring respectively. 

If any element of an ideal (right ideal) has an 

inverse (right inve~se), the p~ope~ty of being closed under 

multiplication with other elements of the ring requires 

that the ideal also contain the unity of the ring and, 

hence, the entire ring. 

2.2 TWO-SIDED PRINCIPAL IDEALS IN ARBITRARY RINGS 

To construct a two-sided principal ideal in an 

arbitrary ring, the generating element is multiplied by 

all elements of the ring from the right, from the left, 

and from both right and left. The following is a formal 

definition: 

Definition 2.2 (a) is a principal ideal in a ring 

R generated by the element a if and only if: 

(a)= rna + Sia + at j +Lsiatj5 

where si and t j are elements of the ring and n is an integer. 

The summation symbol represents an arbitrary finite sum of 

the products Siatj. 

If the ring R has a unity, this definition reduces 

to: (a)= [Siatj; Si,tjfRj. 

The integer 2 generates a principal ideal in the ring 

of integers. In fact, every ideal in this ring has the form 



8
 

(n) where n is some integer. Rings in which every ideal is 

principal are called 'principal ideal rings'. 

In the ring of polynomials over a field, the set of 

all polynomials which are multiples of one given polynomial 

is closed under multiplication by any other polynomial, so 

this set is an ideal in F[X]. McCoy ([5J, P. 56) presents 

a proof that this ring and the ring of integers are prin­

cipal ideal rings. 

2.3 MAXIMAL IDEALS 

Definition 2.3 An ideal (right ideal) is a maximal 

ideal (right ideal) in a ring R if and only if it is not 

properly contained in any non-trivial ideal (right ideal) 

in the ring. 

Consider the principal ideal (n) in the ring of 

integers where n is a positive integer. If n is not prime, 

there exists a decomposition into prime factors: 

n=PIP2P3··· Pr • 

Every element of (n) is a multiple of n and, therefore, a 

multiple of Pi' i=I,2,3,.~.r. Thus every element of (n) 

is an element of every principal ideal (Pi). Each ideal 

(Pi) contains elements which are not elements of (n) 

because Pi itself is such an element, so (n)C(Pi) for each 

i and (n) is not a maximal ideal in I when n is composite. 

Suppose the integer n is prime and that (n) is pro­

perly contained in another ideal A in the ring. If m is 
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an element of A, (m i (n)) then an -+ bm is also an element 

of A for every pair of integers a and b. Since m and n are 

relatively prime, the unity can be expressed in this manner 

and must also be contained in A. If the unity is in A, 

than A ~ Rand (n) is not properly oontained in any non­

trivial ideal. The following theorem has been established: 

Theorem 2.4 In the ring of integers, an ideal is 

maximal if and only if it generated by a prime integer. 

With little modification of the previous proof, it 

can be shown that the principal ideal generated by a poly­

nomial in F [x] is a maximal ideal if and only if the gene­

rating element is an irreducible or prime polynomial over 

the field. 

In the ring M2 , only the ideals (3) and (4) are 

maximal. 

The existence of maximal elements in sets ordered by 

set inclusion cannot be proved and must be assumed. The 

formal statement of this assumption is known as Zorn's 

Lemma. It is logically eqUivalent to the axiom of choice 

( [7J ' p. 24.5) and it will be used as an axiom in this paper. 

A more complete discussion of Zorn's Lemma will be given in 

Chapter VII. 



CHAPTER III 

RESIDUE CLASS RINGS AND IDEAL SUMS AND PRODUCTS 

3.1 CONGRUENCE AND RESIDUE CLASS RINGS 

Congruence modulo n is an equivalence relation de­

fined on the integers and this relation partitions the 

integers into n residue classes. The proof that these 

residue classes form a ring with the operations of addition 

and multiplication sUitably defined can be found in McCoy. 

([6], p. 41) The zero of this ring is the residue class [nJ. 

The elements of this residue class are precisely the same 

elements as those contained in the principal ideal generated 

by n. It is convenient, therefore, to consider the ring of 

integers modulo n to be the ring of integers-modulo the 

ideal (n), denoted I/(n). This ring contains proper divi­

sors of zero if and only if n is composite and it was proved 

in Chapter II that the principal ideal generated by an 

element n is maximal when n is prime. The following theorem 

has been proved: 

Theorem 3.1 The principal ideal (n) is maximal if 

and only if the ring of integers modulo (n) contains no 

proper divisors of zero. 

The ring of polynomials over a field modulo a given 

polynomial is discussed thoroughly in McCoy (~J, p. 66) 
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and the ring of polynomials modulo a principal ideal, 

F[x]/(s(x)), can be developed in a manner strictly analo­

gous to the way I/(n) was developed above. It is also true 

that (s(x)) is maximal and F[x]/(s(x)) has no proper divi­

sors of zero if and only if s(x) is irreducible over the 

field. 

The above results will be used to prove an important 

theorem concerning proper divisors of zero in commutative 

rings modulo a prime ideal. 

The idea of a ring modulo an ideal is not restricted 

to rings in which every ideal is principal nor even to 

commutative rings. If B is a two-sided ideal in an arbi­

trary ring, an element x is said to be congruent to an 

element k modulo B if and only if x - k is contained in B. 

That is, x=k mod B if and only if x=k I b where b is some 

element of B. This relation of congruence is an equivalence 

relation which partitions the ring into disjoint residue 

classes. Addition and multiplication are defined as in the 

ring of integers modulo an ideal and the residue classes 

form a ring. 

3.2	 IDEAL PRODUCTS 

The definition of prime ideal that will be given in 

the next chapter involves the product of two ideals: 

Definition 3.2 If A and B are ideals in a ring R, 

the ideal product of A and B is defined as follows: 
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AB = [rai b J; afA, beB}. 

Since the set of all products [aibJ;atA,bf~ may 

not be closed under addition, the definition includes all 

finite sums of these products. 

If A and B are two-sided ideals, they are closed 

under multiplication by all elements of the ring from the 

right and left and, therefore, AB~ and ABCB. If A and B 

are right ideals, they are closed under multiplication from 

the right and A~, but it is not necessarily true that 

ABcB. 

Suppose B is a right ideal in R. Then B is closed 

under multiplication by elements of the ring from the 

right. It 1s 1mportant to show that the ideal product RB , 

is a two-sided ideal in R. (RB)R=R(BR) because multiplica­

tion of ideals is associative and R(BR)=RB because B is a 

right ideal. RB is also a left ideal because R(RB)=(RR)B= 

=RB so that RB is closed under multiplication by elements 

of the ring from -the left. 

It is also true that for any a in R, RaR is a two­

sided ideal in Rand RaR=(a) if R has a unity. McCoy (usJ, 
p. 31) proves the statements above and aleo shows that aR 

is a right ~deal in R and Ra is a left ideal in R. The 

proofs are simple and will not be presented here. 
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3.3	 THE SUM OF TWO IDEALS 

Definition 3.3 If A and B are ideals in a ring R, 

the sum A + B is defined as follows: 

A + B= [a + b; afA, b €Ii} • 

It is easy to prove that the sum of two ideals is an 

ideal. If a and a are elements of A and b l and b 2 are
l 2 

contained in B, then 

(al + b l ) - (a2 + b )=(a - a ) + (bl~' b 2)2 l 2
and this is contained in the sum A + B so A + B is closed 

under subtraction. If r is any element of R, then 

(a + b)r=(ar + br) and r(a + b)=(ra + rb) 

and these are contained in the sum A + B so A + B is closed 

under multiplication by elements of the ring from the right 

and left and is an ideal in the ring. The fact that the 

sum of two right (left) ideals is a right (left) ideal is 

proved in the same manner. 

If M is a maximal ideal in R and A is any ideal not 

contained in M, then M + A must be the entire ring, because 

M is certainly contained in M + A. 

The results presented in the first three chapters in 

an informal manner have prepared the way for the definitions 

and theorems concerning prime ideals in the next chapter. 



CHAPTER IV 

PRIME AND COMPLETELY PRIME IDEALS 

4.1 DEFINITION OF COMPLETELY PRIME IDEAL 

Krull's results [3J on rings and ideals are the 

earliest mention of prime ideals and the prime radical 

in the literature and these results apply only to com­

mutative rings. The first Formal Discussion of prime 

ideals in arbitrary rings is in a paper by McCoy in 1949 

[4]. McCoy found that the definition of prime ideal given 

by Krull was too restrictive to be useful in arbitrary 

rings and he proposed a new definition which would apply 

to non-commutative rings and which would be equivalent to 

Krull's definition in the case of commutative-rings. 

In this paper, ideals which satisfy the more re­

strictive definition will be called 'completely prime'. 

The purpose of the present chapter is to define, give 

examples of and prove some of the basic theorems concerning 

prime and completely prime ideals. 

Definition 4.1 An ideal P in a ring R is completely 

prime if and only if for any a and b in R such that ab is 

contained in P, then a is contained in P or b is contained 

in P. 
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The reader can recall the discussion in the previous 

chapter about divisors of zero in residue class rings and 

verify that Definition 4.1 is equivalent to: 

Definition 4.2 An ideal P in a ring R is completely 

prime if and only if for any a and b contained in R such 

that ab~O mod P, then a--Q mod P or b20 mod P. 

4.2 PROPERTIES OF COMPLETELY PRIME IDEALS 

If P is an ideal in an arbitrary commutative ringoR, 

the elements of the zero residue class ring RIp are pre­

cisely those contained in P. The residue class ring 

contains proper divisors of zero if and only if there exist 

a and b in R such that a and b are not contained in P but 

ab 1s oontained 1n P. Th1s faot and Definition 4.1 estab­

lish the following theorem: 

Theorem 4.3 In an arbitrary commutative ring R, an 

ideal P is completely prime if the residue class ring RIp 

has no proper divisors of Zero. 

Two corollaries follow directly from Theorem 4.3. 

Corollary 4.4 The principal ideal (n) is completely 
, 

prime in I if and only if n is prime. 

The reader will recall the result in Chapter III 

that I/(n) contains no proper divisors of zero if and only 

if n is a prime integer. 

The analogous result in Chapter III concerning the 

polynomial ring establishes the following: 
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Corollary 4.5 The principal ideal (s(x)) is com­

pletely prime in the ring of polynomials over a field if 

and only if s(x) is irreducible over the field. 

Since ideals in I and F[xJ are maximal if and only 

if the generating element 1s prime or irreducible, the 

following is true: 

Theorem 4.6 In the ring of Integers and the ring of 

polynomials over a field, an ideal is completely prime if 

and only if it is maximal or the entire ring. 

Theorem 4.7 In any ring R, the ring itself is 

always completely prime and the principal ideal generated 

by the zero element is completely prime if and only if the 

ring has no proper divisors of zero~ 

The first part of this theorem is immediate from 

the definition of completely prime ideal. The zero ideal, 

denoted (0), consists of the zero of the ring alone. The 

ring fails to have proper divisors of zero if and only if 

ab=O implies a=0 or b=O. 

Theorem 4.6 does not apply to commutative rings 

which do not have a unity. For example, the principal 

ideal (4) is a maximal ideal in the ring of even integers, 

but it is not completely prime because the product of any 

two elements of this ring is a multiple of 4 ana, hence, 

an element of (4). 
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The following theorem concerns the relationship 

between completely prime ideals and other ideals in the 

ring: 

Theorem 4.8 If A is an ideal in a ring R and P a 

completely prime idea.l in R, An P is a. complet~ly p:rime 

ideal in the ring A. 

Proof: Let Anp=pl. If ab:O mod pI for a,bt A, 

then ab=O mod P and either ~O mod P or b=O mod P. Since 

a and b are contained in A, it follows that either a or b 

is contained in Anp=pl, so a=O mod pI or b=O mod pI 

and pi is a completely prime ideal in the ring A. 

As a simple illustration of the above theorem, 

consider the ideal E of even integers and the completely 

prime ideal (3) in the ring of integers. E!I(3)=(6) and 

the integer 6 is prime in the ring of even integers, so 

(6) is a completely prime ideal.in E. 

4.3 DEFINITION OF PRIME IDEAL 

The following definition of prime ideal is less 

restrictive than Definition 4.1 and more useful in the 

study of non-commutative rings. 

Definition 4.9 An ideal P in a ring R is said to 

be a prime ideal if and only if it has the following pro­

perty: If A and B are ideals in R such that AB~P, then 

A~P or BCp, where AB is the ideal product of A and B. 



18
 

The reader should keep in mind that prime ideals are always 

two-sided, even in non-commutative rings. 

The following theorem, McCoy's five equivalent pro­

perties of prime ideals, is the principal result of this 

chapter. 

Theorem 4.10 If P is an ideal in the ring R, all of 

the following definitions are equivalent: 

i. P	 is a prime ideal according to "definition 4.9. 

ii.	 If a,b are elements of R such that aRb c P, then 

a is contained in P or b is contained in P. 

iii.	 If (a) and (b) are principal ideals in R such 

that (a)(b)~P, then a is contained in P or b 

is contained in P. 

iv.	 If U and V are right ideals in R such that UVf;P, 

then U~P or V£P. 

v. If U and V are left ideals in R such that UVf;P, 
, 

the Ucp or yep. ([6], p. 62). 

Proof: The first step in the proof of this theorem 

is to assume that the first property holds and prove the 

second. Suppose a and b are elements of R such that aRb~P 

and P is a prime.ideal. The set aRb is the set of all 

ordered triples [axb; x€R]. It follows that R(aRb)R~P 

because P is a two-sided ideal, closed under multiplication 

by elements of the ring from the right and left. Then 

(Ra)R(bR)S;P because multiplication is associative and 
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(RaR) (RbR) ~ P because RR5: R. It was proved in Chapter III 

that RaR and RbR are ideals in R. Since P is a prime ideal, 

either RaRCP or RbRSP. Suppose RaRcP. Let A=(a). Now 

A3:::;(a3)~RaR£.P. Since A3~p, AA2:;=.P and ACP because P is 

a prime ideal. Since a is contained in A, then a is contained 

in P and the second property is proved. If RbR~P, the proof 

is the same. 

The third property follows directly from the defin­

ition, but it can also be proved from the second. It is 

first necessary to show that aRb~(a)(b) where (a) (b) is 

the ideal product of the principal ideals generated by a 

and b. Every element of aRb has 'a' as a left hand factor 

and 'b' as a right hand faotor. It follows from the defin­

ition of principal ideal and the definition of ideal 

product that every such element is contained in (a) (b). 

Since aRbC-P implies aSP or b~P, the third property is 

proved. 

To illustrate the definition and the equivalent 

properties ii and iii, let E be the prime ideal of even 

integers in the ring of integers I. If A and B are ideals 

such that AB~E, it follows that A~E or B~E, because if 

A and B each contained an odd integer, their product would 

contain an odd integer and the condition in the definition 

would not hold, so E satisfies the definition of prime ideal. 
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If a and b are integers such that albCE, it is 

immediately evident that either a or b is an even integer 

so property ii is satisfied. 

If (a)(b)CE, then ab is contained in E and either 

a or b is an even integer, sa prOperty iii holds. 

The next step in the proof of the five equivalent 

properties is to prove iv from iii. 

Suppose the condition holds in iv and that U is 

not contained in P. Let u and v be arbitrary elements of 

U and V respectively with u not an element of P. Since 

(u )=[(u )r + su + [ siuti; s , t t. RJ ' 

(u) (v )~ fUV + RU3 C P 

and property iii implies that v is contained in P. Since 

v was an arbitrary element of V, then Vf;P so property 

iv is established. The last property is proved in the 

same manner. The last two properties imply the definition 

directly, so the equivalence of the five properties of 

prime ideals is established. 

4.4 EXAMPLES OF PRIME IDEALS IN A NON-COMMUTATIVE RING 

Properties iv and v are illus~rated in the multi ­

plication table of the ideals in M (Table III). Of the
2 

three two-sided ideals, only (7) is not prime, because 

(4)1(3)C:(7) and neither of the factors is contained in 

(7). The other two-sided ideals, (4) and (3) satisfy the 

five parts of the definition. Table IV shows how the ideals 
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TABLE III 

MULTIPLICATION OF IDEALS IN THE RING'M2' 

(0 ) (3)R (6)R (4)L (5)L (3) (4) (7) 

(0 ) (0 ) (0 ) (0) (0 ) (0) (0 ) (0)(0 ) 

(3 )R (0) (3)R (3)R X X (3)R (0) (0) 

(6)R (0) (6)R (6)R X X (6)R (0 ) (0) 

(4)L (0 ) X X (4)L (5)L (7) (4 ) (7 ) 

(5)L (0 ) X X (4)L (S)L (7) (4) (7 ) 

(3 ) (0) (3 ) (3 ) (0 ) (0 ) (3) (0) (0 ) 

(4) (0) (7 ) (7) (4)L (5)L (7) (4 ) (0 ) 

- (7) I (0) (7 ) (7) (0) (0) (7) (0 ) (0 ) 

TABLE IV 

LATTICE OF IDEALS IN THE RING M2' 

R 

--------------- (3) 

O'r~~ ~?6\
 
(5)L (4)L (7) (6)R (3)R
0,5 0,4 0,7 0,6 '0,3 

0,1,2,3,4,5,6,7 

(4)~ . 
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in M are partially ordered by set inclusion. This table 
2 

is usefUl in verifying that all the properties of prime 

ideals apply to the prime ideals in this ring. An array 

like Table IV is called a 'lattice' and will be discussed 

further in Chapter VII. 

4.5 A THEOREM ON PRIME IDEALS 

The following theorem is an example of the relation­

ship between prime and maximal ideals in arbitrary rings 

wi th a uni ty : 

Theorem 4.11 If a ring R has a unity, every maximal 

ideal is prime. 

Proof: Suppose M is a maximal ideal in a ring R 

which has a un1 ty and tha.t AB~M where A and B are ideals 

in R, but neither A nor B is contained in M. Since M is 

maximal, M + A=R and M + B=R. Since in a ring with unity 

R2=R, (M + A)(M + B)=R. Then 

(M 2 + AM + MB + AB)=(M + AB)=R. 

Since AB is contained in M, M=R and M is not 

maximal, contrary to hypothesis. Therefore, either A~M 

or B~M and M is a prime ideal. 



CHAPTER V 

M-SYSTEMS AND THE PRIME RADICAL 

5.1 DEFINITION OF MULTIPLICATIVE SYSTEM 

Now that the important theorems on prime and con­

pletely prime ideals have been discussed, it seems natural 

to investigate the characteristics of the elements of a 

ring which are not contained in a prime ideal in the ring, 

that is, the complement of a prime ideal in a ring. Just 

as the definition of completely prime ideal is too restric­

tive to be useful in non-commutative rings, the definition 

associated with the complement of a completely prime ideal 

1n a r1ng are too restrictive and must be mod1fied to be 

useful in non-commutative rings. 

Definition 5.1 A set M of elements of a ring R is 

said to be a multiplicative system if and only if M is 

closed under multiplication. 

5.2 MULTIPLICATIVE SYSTEMS AND COMPLETELY PRIME IDEALS 

In the ring of integers, the following subsets are 

multiplicative systems: the positive integers, odd integers, 

ideals and the complements of maximal ideals. The first 

three are obviously closed under multiplication and are, 

therefore, multiplicative systems. The fact that the 

complement of every maximal ideal in the ring of integers 

is a multiplicative system is easily proved. Every maximal 
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ideal in the ring has the form (p) where p is a prime 

integer. The complement of (p) is denoted C((p)) and con­

tains all and only elements which are not multiples of p. 

If a and b are elements of C((p)), then p is not a factor 

of a or b and, since p is prime, p is not a factor of 

their product abo Therefore, ab is an element of C((p)) 

and C((p)) is closed under multiplication and is a multi ­

plicative system. Since it was proved earlier that an 

ideal in the ring of integers is maximal if and only if it 

is completely prime, it is also true that the complement 

of every prime ideal in I is a multiplicative system. 

The next theorem generalizes the preceding result 

to arbitrary commutative rings. 

Theorem 5.2 An ideal P in a commutative ring R is 

completely prime if and only if C(P) is a multiplicative 

system. 

Proof: The proof follows from the definitions of 

ideal, completely prime ideal and mUltiplicative system. 

If P is an ideal in a commutative ring R and a and bare 

elements of R and either a or b is an element of P, then 

the product ab is contained in P because P is an ideal. 

Now suppose there exist a and b in R such that a and bare 

contained in C(P) and such that ab is an element of P. 

Then C(P) is not a multiplicative system and P is not a 

prime ideal. If, on the other hand, for every a and b in 
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R such that a and b are contained in C(P), ab is contained 

in C(P), then C(p) is a multiplicative system and P is 

completely prime by Definition 4.1. 

5.3	 M-SYSTEMS AND PRIME IDEALS 

One more definition is requirea before proceeding 

to the main topic of this chapter. 

Definition 5.3 A set M of elements in a ring R is 

an m-system if and only if it has the following property: 

If a and b are elements of M, there exists an x in 

R such that the product axb is contained in M. 

It is immediate that every multiplicative system is 

also an m-system, because if M is a multiplicative system 

and a and b are elements of M, then x=a or x=b satisfies 

the requirement that axb is contained in M. 

Suppose M is an m-system in a commutative ring R 

and M=C(A) where A is an ideal in R. It would be useful 

to know whether M i8 also a multiplicative system. For 

every a and b in M, Definition 5.3 requires that there 

exist an x in the ring such that axb is also contained in 

M. Since multiplication is commutative, (ab)x is also 

contained in M. Now ab cannot be an element of A because 

A is an ideal and (ab)x i8 not an element of A. It follows 

that ab is contained in C(A)=M. Since a and b were arbitrary 

elements of M, then M is closed under multiplication and is 

a multiplicative system. 
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Since there can be no distinction between m-sy~tems 

and multiplicative systems when they are the complements of 

ideals in commutative rings and since m-systems are so use­

ful in non-commutative rings, multiplicative systems "Jill 

not be mentioned again in this paper. 

If 1J.. is a two-sided ideal in a non-commutative ring 

and if a and b are elements of A, then axb is an element of 

A for any x in the ring, so every such ideal is an m-system. 

Theorem 5~4 An ideal P in a ring R is a prime ideal 

if and only if C(P) is an m-system. 

Proof: The proof of this theorem follows from the 

first two parts of theorem 4.10. Suppose P is a prime ideal 

and a and b are elements of C(P). Then axb is an element of 

C(P} for some x in R by theorem 4.10ii, so C(P) is an 

m-system. Suppose, on the .other hand, that P is an ideal 

in R but not a prime ideal. Then for some a and b in C(P), 

aRbCp (theorem 4.10ii) so axb E C( P) has no solution for x 

and C(P) is not an m-system. 

5.4 DEFINITION OF PRIME RADICAL 

Definition 5.5 The radical of an ideal A in a 

commutative ring R consists of all elements r of R such 

that r n is contained in A for some positive integer n. 

Every element of the radical of an ideal is, in a 

sense, the nth root of an element of the ideal. In 
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non-commutative rings, this definition is too restrictive 

to be useful and the following is used instead: 

Definition 5.6 The prime radical QUlJ of the ideal 

A in the ring R is the set consisting of those elements 

r of R with the property that eve~y m-system in R which 

contains r has a non-empty intersection with A. 

5.5	 THE PRIME RADICAL IN COMMUTATIVE RINGS 

Theorem 5.7 In a commutative ring R, the prime 

radical of an ideal A coincides with the radical of A. 

Proof: If r is an element of the prime radical of 

an ideal A in the commutative ring H, then by definition, 

every m-system containing r has non-empty intersection with 

A. The set [rn;n is a positive integer] is certainly an 

m-system	 containing r, so there must exist some n such 

nthat r is contained in A and r is an element of the radical 

of A. Since r is any element of the prime radical of A, 

the prime radical is contained in the radical. It remains 

to be proved that the radical of A is contained in the 

prime radical of A in the commutative ring H. 

Suppose r is an element of the radical of A and that 

r is contained in any m-system M. This is not an unreasonable 

assumption because r is contained in at least one m-system 

by Definition 5.5. By definition of m-system, there exists 

an x in R such that rxr=r 2x is contained in M. There also 

exists a y in R such that (r2x)y(r)=r3xy is contained in M. 
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By induction, it follows that for each positive integer n, 

there exists a t in R such that rnt is contained in M. 

Since r is an element of the radical of A, there exists an 

ninteger n such that r is contained in A. If r n is contained 

in A, then rnt is contained in A because A is an ideal, and 

M has non-empty intersection with A. Since M is any m-system 

in R containing r, and r is any element of the radical of 

A, then every m-system containing r has non-empty inter­

section with A and the radical of A is contained in the 

prime radical of A. 

Since the prime radical of an ideal is so useful in 

non-commutative rings, and since the two ideas coincide in 

commutative rings, prime radicals will be used instead of 

radicals throughout the remainder of this paper. 

5.6 THE PRIME RADICAL IN GENERAL RINGS 

In the ring M2, the sets [1,2,3,0, f}., 2,4,~ and 

[O,TI are m-systems as the reader can quickly verify from 

Table II. The two-sided ideals [0,4,5,71 and[o,3,6,fl are 

also m-systems. In general, any subset of a ring which 

contains the zero of the ring is an m-system and the comp­

lement of every prime ideal in M is an m-system. What,
2 

then, is the prime radical of the ideal (3)= [0,3,6,7] ? 

Clearly, any m-system which contains 0,3,6, or 7 has non­

empty intersection with (3), so these elements are con­

tained inO«((3). Consider the elements 1,2,4 and 5. 
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These are contained in the m-system ~1,2,4,~ which is 

disjoint from (3), so none of these elements are contained 

in ex (3). The prime ideal (3), then, coincides with its 

prime radical in the ring M " 
2 

The following theorems extend these results to 

arbi trar.y rings: 

Theorem 5.8 Every ideal is contained in its prime 

radical. 

Proof: If A is an ideal in the ring Rand r is any 

element of A, then every m-system containing r certainly 

has non-empty intersection with A, so r is contained in 

LH(A) by Definition 5.6. 

Theorem 5.9 If A 1s an ideal in the ring R, then 

the prime radical of A coincides with the intersection of 

all the prime ideals in R which contain A. 

Proof: By theorem 5.8, Ac ~(A), so if any prime 

ideal contains U? (A) , it must contain A. 

Suppose P is a prime ideal ~n R which contains A 

and a is any element of ~ (A). The complement of P is an 

m-system which does not intersect P and hence, c(p)IIA=¢, 

so a cannot be contained in C(P). It follows that a is 

contained in P and 6K(A)CP. Since any prime ideal con­

taining A must also contain 6i(A), A and its prime radical 

are contained in exactly the same prime ideals. 
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It remains to be proved that if some element r is 

not contained in ~(A), then there exists a prime ideal P 

containing A such that r is not contained in P. 

If r is not an element of CR(A), then there exists 

an m-system M containing r which is disjoint from A. 

Define a set of ideals in R as follows: 

[K;K is an ideal in H, ACK, K!lM=¢ 

where M is the m-system disjoint from A. This set is not 

empty because A is in the set. It is necessary to use 

Zorn's Lemma to establish that there is a maximal ideal 

P in this set. If the ideal P is prime, the proof of this 

theorem is complete. The proof that this ideal must be 

prime follows: 

Suppose P is not a prime ideal and (a) (b)CP, but 

a and b are not elements of P (contrary to Theorem 4.10ii). 

Then P is properly contained in the ideal P + (a). Since 

P is maximal in C(M), then P + (a) contains an element ml 

which is also an element of M. Similarly, P + (b) contains 

an element m2 which is also contained in M. Now M is an 

m-system so there exists an x in M such that ml xm 2 is con­

tained in M, but mlxm 2 is also in the ideal (p + (a))(P + (b). 

If (a)(b)~P as the hypothesis states, then 

(p + (a))(P + (b))C:P 

and mlxm is contained in P, but this is impossible because _ 2 

M()P=¢. It follows that P is a prime ideal and the theorem 

is proved. 
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An immediate consequence of this theorem is that 

a prime ideal coincides with its prime radical since a 

prime ideal is. clearly the intersection of all the ideals 

which contain it. 



CHAPTffi VI 

COMPLETE MATRIX RINGS 

6.1 DEFINITION OF CO~~LETE MATRIX RING , 

For simplicity, the only example of non-commutative 

rings used in this paper has been our ring M which is a2 
subset of the complete matrix ring of two by two matrices 

wi th elements taken from the ring of integers modulo two-. 

Definition 6.1 A complete matrix ring ~ is the 

set of all n by n matrices with elements taken from a ring R. 

These matrices are designated [aij ] where the aij's 

are the scalar elements taken from the ring R. It is easily 

verified that these elements form a ring with addition and 

multiplication defined as ordinary matrix addition and 

multiplication. The purpose of this chapter is to present 

some results about prime ideals in complete matrix rings. 

6.2 IDEALS IN COMPLETE MATRIX RINGS 

Consider the set of n by n matrices with elements 

taken from an ideal A in a ring R. These matrices are 

certainly closed under subtraction and under multiplication 

by the other matrices in the complete matrix ring Rn from 

the right and left. They form an ideal in the ring ~. 

McCoy proves that if the ring R has a unity, these are the 

only ideals in ~ ( [t?J, p. 37). 
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6.3 PRIME IDEALS IN COMPLETE MATRIX RINGS 

Results analogous to McCoy's theorems on ideals in 

complete matrix rings can be stated for prime ideals in 

these rings. 

Theorem 6.2 If P is a prime ideal in a ring R, 

which has a unity, the complete matrix ring P is a primen 

ideal in the complete matrix ring R • n 

Proof: Let P be a prime ideal in the ring R. The 

complete matrix ring P is an ideal in the complete matrix 
n 

ring~. Let ~ and Bn be ideals in ~ such that 

~BnCPn· 

P is a prime ideal if and only if ~ CP or BnSP byn n n 

Definition 4.9 of prime ideal. 

Every matrix in the complete matrix ring ~ has the 

form [aijJ where the aij's are elements of an ideal A in R. 

Similarly, every matrix in Bn has the form [bij] where the 

bij's come from an ideal B in R. Every matrix in the ideal 
n 

product ~Bn has the form [~laijbj~. Since ~BnCPn' 

all matrices with elements from the set[L"ab;a (A, b t B} 

are contained in P , but these elements are precisely those 
n 

of the ideal product AB. Then ABc:.p and ACP or BC,p 

because P is a prime ideal in R. It follows from Defini tion 

6 •1 tha t Au C Pn or Enc.Pn • 
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Theorem 6.3 If the ring R has a unity, every prime 

ideal in the complete matrix ring ~ is of the form P 
n 

where P is a prime ideal in R. 

Proof: Suppose Pn is a prime ideal in~. Since 

Pn is an ideal in ~, P is an ideal in R. It must be proved 

that P is a prime ideal in R. Suppose A and B are ideals 

in R such that ABC:P. It was shown in the proof of the 

previous theorem that this is equivalent to the condition 

that AnBnC P • Since P is a prime ideal in !tn, An C P orn n n 

BnCPn • It follows from the definition of complete matrix 

ring that ACp or BCP so P is a prime ideal in R and the 

theorem is proved. 

Complete matrix rings are good examples of rings 

which have prime ideals but no completely prime ideals. 

Theorem 6.4 The complete matrix ring ~ 'has, no 

non-trivial completely prime ideals if the ring R has a 

unity. 

Proof: Since every ideal in ~ has the form M n 
where M is an ideal in R, it is sufficient for the proof 

of this theorem to show that in every such ideal M there 
n 

exists at least one matrix that can be factored into two 

matrices, neither of which could possibly be contained in 

Mn • The following is such an example: 
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aO•••• O 
0 . 

II • . . 
0 

o.... 01 

10•••• 0
 
0 . . . . 0 
O.••. Oa 

lao.... 0 
'0 

= I. 0
O•... Oa 

In the above product, a is any element of an ideal M in R, 

and I is the unity of the ring R. The product is contained 

in ~~e ideal M in R , but neither of the factors could be n n 

contained in any non-trivial ideal whatsoever because the 

unity of R is in each one. Since ~ is any ideal in R n 
and a is any element in M, every ideal in Rn has at least 

one element which can be factored in this way, so there 

are no completely prime ideals in ~. 



CHAPTER VII
 

ZORN I S LEMMA
 

7.1 PARTIALLY ORDERED SETS
 

Zorn's Lemma, or the maximum principle, was used 

to prove the existence of a maximal ideal in the discussion 

of Theorem 5.9. The purpose of this chapter is to explain 

and justify its use. Some preliminary definitions are 

required. 

Definition 7.1 A set S is partially ordered by the 

blnary relation F if and only if: 

1. For any x in S, xFx. 

11. For ~~y x and y ln 5, if xFy and yFx, then x=y. 

iii. For any x,y and z in S, if xFy and yFz, then 

xFz. 

The relation ~ is an example of an order relation defined 

on the integers. 

Note that the two elements x and y need not be 

related at all. An important example of a partial order 

relation is the relation £ defined on subsets of a given 

set. If L i=1,2,3 ••. , are subsets of a given set, theni
, 

i. Li CL - i
 

ii- If Li C Lj and Lj eLi' then Li =L j.
 

iii. If Li C L j and L C L thGn Li~Lk.j- k' 
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It is not necessarily true that LiCL j or LjCLi for every 

i and j. 

7.2 CHAINS IN PARTIALLY ORDERED SETS 

Definition 7.2 A chain or linear system is a 

system M of subsets of a set S such that for any Li , L
j 

in M, either LiCL j or LjCL •i 
The union of such a chain is simply the union of all 

the Li in M. If the chain has a finite number of links, 

then there exists a maximal element L not properly contained n 
in any Li • The least upper bound of a chain M is the union 

of all the L in M. McCoy presents three instructive
i 

examples of these ideas in Rings and Ideals_ ([5J, p. 101). 

All three examples make use of a certain class of subsets 

of the set N of natural numbers. 

In the first example, let Ma be the set of all non­

empty subse.ts of N which ,contain at most three elements. 

In this case, every set containing three elements is 

maximal in M • Chains in M can contain no more thana a 

three distinct elements, for example [1], [i,.i}, [i,j,k] 

where i, j,k are three distinct natural numbers. The union 

of the elements of this chain is the maximal element [i,j,~ 

and this element is contained in M • a 

In the second example, let ¥~ be the set of all 

finite subsets of N. There is no maximal element in Mb . 

Consider a chain in M consisting of all sets fl,2,3 ••• ~ b 
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where i is a natural number. The union of all the elements 

of the chain is not a finite set and the chain has no least 

upper bound. Mb has no maximal element and, most important, 

the union of the elements of the chain is not an element of 

the chain. 

In the third example, M is the set of all subsets c 

L of N such that if k contained in L , then every integeri i 

less than K is also contained in L The set N itself isi . 

certainly an element of M and it is necessarily the maximal c 

element. Moreover, the union of each chain in M is an c 

element of M • c 

7.3	 ZORN'S LEVMA 

In each of the above cases, the set under consideration 

cOntained a maximal element only when the union of each 

chain in the set was also contained in the set. This con­

dition can be stated for~ally as follows: 

Zorn's Lemma: If a partially ordered set S has the 

property that every chain in S has an upper bound in S, 

then S contains one or more maximal elements. 

If the partial order relation is set inclusion, 

Zorn's Lemma can be stated as follows: 

Zorn's Lemma: Let M be a non-empty collection of 

subsets of a given set S. If the union of each chain in 

M is an element of M, then contains one or more maximal 

elements. 
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7.4 APPLICATIONS OF zom~' LEMMA 

Now consider the set M consisting of all the ideals 

in any ring R. Let U be the union of the ideals in a chain 

in M and let a and b be any elements of U. Suppose a is 

contained in Ll ~~d b in L where L and L are ideals in
2 l 2 

the chain. Then either 1 (:L or L CL , so a and bare
1 2 2 1 

both contained in at least one ideal Ln. By the definition 

of ideal, a - b is an element of L and aR, Ra, bR and rB n 

are contained in L • Since LnC:U and a and b were arbitr­
n 

ary elements of U, then the set U is closed under subtrac­

tion and under multiplication by the other elements of the 

ring and U is an ideal. Since the union of each chain of 

ideals in M is also ~~ ideal, then M contains one or more 

maximal ideals by Zorn's Lemma. 

In the ring of integers, the following is an 

example of a chain of ideals: (24) C (12) C (6) C (3). 

The union of the chain is the maximal element or least 

upper bound (3). Since every composite integer has a 

prime factor and the principal ideal generated by a prime 

integer is maximal in the ring, every such chain in I has 

a maximal element as Zorn's Lemma requires. 

Zorn's Lemma is logically equivalent to the axiom 

of choice, but the proof of that equivalence is beyond the 

scope of this paper. ([8J, p. 245). 



CHAPTER VIII
 

CONCLUSION
 

8.1 SUMIVlARY 

The first three chapters of this thesis include an 

informal survey of the basic facts concerning integral 

domains, principal and maximal ideals, residue class rings, 

the ring of integers, the ring of polynomials over a field 

and a special example of a finite non-commutative ring. 

Chapter IV is an introduction to completely prime 

and prime ideals with proofs of the important theorems 

and illustrations taken from the rings mentioned above. 

Chapter V inclUdes a discussion of multiplicative 

systems, m-systems, the radical and the prime radical of 

an ideal. 

The conditions for, prime and completely prime ideals 

to exist in complete matrix rings were discussed in Chapter 

VI and three new theorems were presented. 

Chapter VII contained an explanation of how Zorn's 

Lemma is used in certain proofs in the theory of rings. 

8.2 SUGGESTIONS FOR FURTHER STUDY 

Professor McCoy's new book contains a great many 

topics which would make excellent theses ~5~ Some pos­

sibilities are the following: 
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1. What is the relationship between the prime rad­

ical of an ideal, the radical of an ideal, the radical of 

a ring and the Baer, Jacobson and lower radicals of a ring? 

2. _~ ideal Q in a ring R is semi-prime if and only 

if it has the property that for any ideal A in R, A~Q if 

A2 CQ. A set N of elements of a Ring R is said to be an 

n-system if and only if it has the property that for any 

a in N, there exists an x in R such that axa is contained 

in N. 

Semi-prime ideals and n-systems parallel prime 

ideals and m-systems very closely and a comparison of 

completely prime, prime and semi-prime ideals and multi­

plicative, m- and m-systems would make an interesting thesis. 

3. vmat kind of structure is formed by congruence 

modulo a two-sided ideal in complete matrix rings and in 

other non-commutative rings? 

4. Do there exist right ideals which otherwise 

satisfy the definition of prime ideal? 

The theory of rings is a lively area of mathematical 

research and there are enough unanswered questions to 

provide fertile ground for thesis material. 
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