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CHAPTER I
INTRCDUCTION

Numeration systems with bases other than ten are
discussed quite frequently in mathemstics books and
periodicals, These discussions sre usually limited to
positive bases and seem to be written for the purpose of
increasing the reader's understanding of the base ten
numeration system or digital computers, Two articles in
the February, 1963, issue of The Mathematics Teacher
discussed negative base numeration systems, These articles
made this writer wonder why negative bases are not
discussed more often, The purpose of this paper is to
investigate negative base numeration systems and 1if
possible show that they can slsc be used,

In this paper ';B' will be used to refer to a
negative base in general and "B" will refer to a positive
base in general., When a numeral or expression is written
in a base other than ten this 1s indicated in parentheses
to the lower right of the numeral or expression, The
letters "T" and "E" are used as the numerals for ten and
eleven, respectively, in the base negative twalve,
Examples in this paper are in base negative seven,

negative ten, and negative twelve. The terms radix point
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and radiximsl ere used in other bases like decimal point and
decimal are used in base ten, The terms base and radix are
used synonymously.

The first item discussed in this paper is change
of base, Several methods are Alacussed for changing
pogitive base numerals to negative baese numerals and
conversely, This is followed by s discussion of the
fundamental operations in negative bases and a method of
checking the reaults, The paper is concluded with a
comparison of positive and negative base numeration

systems,



CHAPTER II
CHANGE OF BASE IN NUMERATION SYSTEMS

Three methods are discussed in this chapter for
changing numerals from s positive base numeral to a
negative base numeral and conversely. They are: a
detailed analysis of the place value of the various
digits in & numeral, repeated division, end polynomial
expension, The order relstion of negative base numerals
is also discussed, The chspter is concluded with a brief
discussion of fractions and radiximels in negative bases.

Before discussing change of base in numeration
systems 8 few elementary facts about numeration systems
and signed numbers ere reviewed, These facta are used in
this chepter without being reviewed in detail each time,

The place value of the first digit to the left of
the radix point is the base to the zero power or units,
The place velue of the second digit to the left of the
rasdix point is the base to the first power. In general,
the kth digit to the left of the radix point has the
place value of the base to the k-1l power. The value of
the mumeral A A .++A A 18 A B 4+ 4 B4 .o.4a B0,

When the base 1s a positive number, the number
represented by any digit 1s lerger than the number represented
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by all the digits to the right of this digit. For example,
in the numeral 2453, 2000 is larger then 453, and 40O 1is
larger than 53, This is true with any positive base,

A negative number used ss 2 factor an even number
of times is positive; a negative number used as a factor
an odd number of times is negative. When s negative number
is used for a base, the odd and even numbered diglts to
the left of the redix point represent positive and negative
numbers, respectively. However, the absolute value of the
number represented by a digit is larger than the number
represented by the digits that follow it, For example,
2000(-10)< l‘53(-10) PR R000 > b53

(=10) (-10)°
number of digits in a negative base numeral determines

The

whether the number is positive or negative, The negstive
bese numersel is positive or negative if the number of
digite 1s odd or even, respectively. The minus sign is
not needed to represent negative numbers,

The largest number that camn be expressed with a
certain number of placeholders in base =B is the numerel
with B5«l a8 the odd nmumbered placeholders and O as the even
numbered placeholders to the left of the radix point. The
largest number that can be expressed with five placeholders
in bese negative ten 1is 90909(_10). The smallest number
that can be expressed with s certain number of placeholders
in bese «B 1s the numeral with B-l1 es the even numbered



placeholders and 0 as the odd numbered placeholders,

To express a number in & negeative base 1t is
necessary to determine the number of digits needed or
the largest exponent to which the base must be raised to
express the number, The largest exponent needed to express
the positive integer, N, as 2 numeral in base =B is the
number 2n where n is the smallest integer such that
£ (B=1)(-B)2%® > W, It will be a 2n+l digit numerel.

;;2 largest exponent needed to express the negative
integer, =N, as a numeral in base =B is the number 2n+l
where n is the smallest integer such that
éotad’('n)hﬁ < =N, and it will be a 2n+2 digit
numeral,

Next, each digit must be large enough and yet as
small as possible, If a éigit that represents a positive
value is made larger than necessary, it will be impossible
to make the base -F numersl small enough with the following
digits that represent negative values, The digit that has
the positive place value (-B)2" will be the smallest Cop

n=-1
such that "'*°2n+1(’°’2n+1*°2n('5)2“50(3'”(""’zx 18
greater than or equal to the number thet is being changed
to base =B, If a > b, the sunmation from a to b is defined
to equal zero,

Likewise, if a digit that represents a negative
value is larger than necessary, it will be impossible to



make the base «B numeral large enough with the diglits that
follow end represent positive values, The digit thet has
the negetive place valus (=B)27*1 4111 be the smallest 02n+1
such that =«+40, . (=B)2™2sg, . (<5)27*14 xii(s'm'a)h_l
is less than or equal to the number that 1is being changed to
base =E,

To illustrate, it will be shown below how 196l is
written in base negative twelve and how =192 1is written
in base negative seven, Appendix I has the powers from zero
througzh ten of the negative beses used as examples in this
paper,

Example 1l: Chsnge 196l to a base negative twelve
numeral,

The largest exponent needed will be the smaliest 2n

n .
such that Z 11(-.12)Zx 2 196, The terms of the svmmation

are 11, 15;;? and 229,691 as n has the values O, 1, and 2,
respectively, The largest exponent required to express 196}
in base negative twelve 1s L and it will be g 5 digit numeral,
The firet digit has the place value (-12)h end 1s the
smallest 0, sueh that -'-+O(-B)5+Oh(-12)h+3§b11(-12)2x
is greater than or egual to 1964, This simplifies to the
inequelity 20,736 C)+1595 2 1964. One satisfies this in-
equelity, The second digit is the smallest 03 such thst

S
1(-12)1‘-&0 (-12)3¢Z 11(-12)2"1 < 1964, that is,
x=1

3
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20,736-1728 C,=132 <€ 1964, The second digit is eleven or E,

The smallest éz for which

1(-12)4411(-12)° +0,(=12) +xz__on( -12)%* > 196 1s two.
Therefore, 02-2. The mext digit is the smallest C, for which
1(-12)l*+11(-12)34»2(-12)2+Cl(-12) < 1964, Five is the value
of Cy. The fimal digit is the C,
1(-12)4411(=12)342(=12)245(~12) +¢ =1964. This digit 1s B,

Therefore, 1964=18258 _,,,.

for which

Example 2: Change =-1492 to a base negative seven
numeral,

The largest exponent needed will be the smallest
2n+l such thntgab(-ﬂz’"l € =192, As n has the vslues
0 and 1, the terms of the summation are =42 and =2100,
reapectively., Thus, the largest exponent needed is 3 and
«1492 will be a 4 digit numeral in base negative seven,

The first digzit is the smallest C_, such that

3
03(-7)31-&6(-7)21‘1 < =1492, The value of C, that
x=

satisfies this condition is 5, The second dizit is she
smallest C, sueh that 5(=7)3+C,(=7) +§, 6(-7)2% 5 -1492,
that is, =1715449 C,+6 > =192, This -mpuﬁu to

49 C, > 217 and Cy, 18 5. The third diglt is the smallest
Gy such that 5(-7)3+5(-7)24c (-7) < -1492, that i,

=7 0y £ =22. The smellest C, that satisfies this condition
is i, The last Adipit 1= €, such that



5(-7)3+5(-7)2+M-7)+c°-1h92. This digit 1s 6 and
-1h92-55h6(_7).

Repeated division is often used to change from one
positive base to another positive base. Does this method
also work to change a numeral from & positive base to a
negative bagse and conversely? ion, although this method may
be more difficult to understand than the method of poly=-
nomisl expansion which is the topic to be discussed after
repeated division.

Te change the bese E' numeral to a base B" numeral
begin by dividing the B! numersl by B", The division is
performed in base E', The quotient is meade large enough
(or smell enough if it is negative) so that the remainder
is a diglt used in the base E" numeration system, The
quotient is the number of groups of (2")1 and the remainder
is the number of (B")o left over. This remainder is the
first digit to the left of the radix point in base BE", Next,
this first quotient is divided by B" with the remainder agaln
being a diglt in the base B" numeration system, The second
quotient is the number of groups of (B" )2 snd the remainder
is the number of (B")1 left over., This remainder is the
second digit to the left of the rasdix point. In genersl,
the quotient of the kth division 1s the number of groups of
(B")k k=1

and the kth remainder is the number of (B") left
over, The kth remainder is the kth digit to the left of the



radix point. This process is repeated until the quotient
is also a digit in the base B" numeration system. The numeral
in base B" 18 the last quotient followed by the remsinders in
reverse order, The following exsmple uses repeated division
to change a positive base numeral to a2 negative base numeral,
Example 33 Change 196l to a base negative seven
numeral,
-7 |96
-7 | =280 _ groups of (=7)* and i (-7)0 left over
-7 | 4O groups of (=7)2 and 0 (=7)1 1left over
=7 |=5_ groups of (-7)3 and 5 (-7)2 left over
1 group of (-T)h and 2 (-7)3 left over
The base negative seven numeral for 1964 1s 1250h(_7).
In a place value numeration system the base B

numeral Anén-l‘n-z"'Allo ong be written as a polynomial

n -1 n=2
A B '+ +, B 4ot +A .
¥ An_lnn Ao A B+A . The method of polynomial
expansion is perhaps the eassiest method to use to change a
numeral from another base to base ten, This method is used
in the next example,

Example L4: Change 2176(_10)

The polynomial expansion of 2176(_10) is

[2(20P+1(20)247(10) +6(10)°] (<10)+ Rewriting the poly-

to a base ten numeral.,

nomial in base ten numersls and performing the operations in

base ten gives
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2(-10)341(=10)247(=10)2+6(-10) %=-2000+100-70+6=196}.
Thus, 2176(_10)-196h.

Why is i1t so easy to change a numeral from another
base to base ten by expanding a polynomial? Is 1t possible
to use this method to change from base ten to another base?
The answer to the first question is that we know how teo
perform operations in base ten. This method can alsc be
used to change from base ten to another base if one is able
to perform operations in the base to which one is changing.

There are three things necessary to change a numeral
from base B' to base B", First the base B' numeral rust be
written as a polynomisl in base B', Then the numerals must
be converted to base B" notation. To complete the change,
the operations are performed in base B",

The next example shows how to change a numeral from one
negative base to another nogufivo base., It will be necessary
to change the negative base numeral to a base ten numersl and
the base ten numeral to the other negative base numeral,

Example 5: Change 1302651(_7) to a base negative
twelve numeral.

The polynomisl expansion of 1302651(_7) is

[1010)%43(20)5s0(20)b42(10)346(20)245020) 14202000 ..
Changing the numerals to base ten numerals and performing the
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operations gives 1(=7)%43(=7)5+0(-7)*+2(=7)3+6(=7)2+5(-7)2
+1(=7)%=117,649-50,12140-686+29l4=35+1=66 , 802

Changing 66,802 to a base negative twelve numeral by
repented division gives:

-12 ) 66802

-12 ) =5866 R 10

=12 J 46l R 2
-12 =38 7 8
L R 10

The base negative twelve numeral for 66,802 end for
1302651(_7) is hTGZT(_lz).

Which of two numerals in a negative base represents
the larger number? In a positive base the more digits the
numeral has and the larger the digits are the larger the
number it represents., This i1s not the case for numerals
using a negative base, |

Numerals in a negative base numeration system with
an odd or even number of digits represent positive or
negative numbers, respectively. For example, the numeral
62!4(_5) is positive and represents a larger number than
5&6213(_3) which is negative. To compare the size of two
numbers, first count the number of digits. A numersl with
an odd number of digits represents a larger number than a
numeral with an even number of digits.

If both numerals have an odd number of digits, the

one with the more digits represents the larger number, If
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both numerals have an even number of digits the one with the
fewer digits represents the larger number, For example,
h1352(-n) 5 62“(-8) while 25(-8) S 5&6213(_3).

In case both numerals have the same number of digits,
compare the digits one by one starting at the left until the
two numerals differ in a digit, If these digits repreasent
positive numbers the numeral with the larger digit represents
the larger number, If these digits represent negative numbers
the numeral with the lnnllor.diglt represents the larger
number, The order relation of the four numerals
5h6213(-E)' 5h2631(_3), 5h6313(_5), and 5h3162(_5) is
5'42631(_3) > 5h3152(_3) > 5146313(_3, > 5146213(_3)-

In base ten the fraction negative one-half mey be
written as =(1/2), =1/2, or 1/-2. To change a base ten
frsction to » negative base, change the base ten numerator
and denominator to the nog-tiv; base numerator and denominator,
In a negative base numerstion system the negative fractions
look quite different depending on whether the numerator or
denominator is negative., For example, negative one-half is
written either as (1/15)(_7) or (16/2)(_7)

seven, Since the minus sign is not needed to express

in base negative

negative numbers, negative one-half is not written as -(1/2)
in a negetive base,.

The methods mentioned previously for changing base
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ten numerals to negative base numerals sre not all applicable
when the numerals contain decimals, Repeated division cannot
be used because the remainder is not a digit from the negative
base numeration system, Polynomial expansion is difficult
because of the many divisions that need to be performed 1if
there are many digits to the right of the decimal. For
every digit to the right of the decimal the exponent is a
negative integer which means thet there will be a division
to perform in the polynnlial'oxpannion. As long aa the
number is an integer, there are only non-negative exponents
in the polynomial expansion and hence only multiplications to
perform, The change can also be made by a detalled analysis
of the place value of the verious digits in the numeral,

An alternative method would be to express the decimal
as a fraction (if it is reationsl), express the fraction in
the negative base, and change fh. fraction to 2 radiximsl by
division in the negative base. The advantage this has over
the polynomiel expansion is the single division in the
negative base.

In base ten s numeral represents a retional number 1if
and only if it is e repeating infinite decimsl. Is this true
for other bases, particularly for a negative bese? The proof
for base ten can be modified a little so thet it is applicable
in any base. The modified proof of this theorem follows.



Theorem: A numeral in any base, 5, represents a
rational number if and only if 1t 1s a repeating infinite
radiximal,

Proof: If |a/b| 2 1 then a/b=¥+p/q where Y is an
integer and p/q < 1, It is sufficient to consider the
retionsl number x=p/q between 0 and 1 where (p,q)=l, Let

Bl o

1°Bpt e obe the prime factorization of the base B,

If all the factors of q are also factors of B then
q-gi'baé--". Let n be the maximum of all the exponents,
X, B, , ***. Then B™x 1s an integer and x-°a11213---an
with akIO if k > n,

If (q,B)=1 then there exists a v such that B'S1l(mod q).>
There also exists an integer m such that B'-qnél. Then

_z-lm_l_lzwmﬁ and x=mp+x_, Let w be the number
BY BY

of digits in the product mp. The first veu digits of the
rediximal for p/q are zero und the next u digits are the
digits in the product mp. Since this process of constructing
the radiximal repests itself indefinitely, these first v
digits also repeat indefinitely.

If some factors of q are also factore of E then

« B
qtbi'bé----R where (R,B)=l, There exists a w such that

1;, H., Bardy end E. M. Wright, ig Iotreduction to
The of Numbers (London, Great Eritaln: or v.rsi
ress, 1938), p. 71.
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B¥El (mod R) and an integer s such that B¥=gR+1, Tet n
agein be the maximum of the exponments & , (3|, evs, Than
Efx=p '=X+P where p', X, and P sre integers such that
0 <§ < BE‘, 0 <P <R, and (P,R)=1, Let Ajhys oAy be
the digits in the integer X. From the previous parsgreph
P/R is 2 repesting infinite radiximsl, Then
BRxmA Ape ey o8 850 R, and X=e0y0500 00 B B T oAy
where the first n-t digits sre uro.2

Let C-AO.AI---AkDI---Dp be a numeral in base B
where the A's and D's represent digits in the radiximal
expansion of C. Multiplying by Bk gives
BkC=AOA1---Ak.ﬁ;7775;'nnd the repeating part begins immediately
after the radix point, Next, multiplying by BP gives
Bk*pC-Aghloo-Aleo--Dp.EITTTE;. Subtracting gives
Bk+pC-Bk0-AOA1---AkD1--.Dp-AoAlo--Ak. Dividingz by BE*P_gk
gives the rational expression for C which is
3

A A 20aA T eeell aff A_ossp
01 ka1 TpT01T Tk

BE+p_pk

In base ten irrational numbers can only be approximated

by rastional numbers or decimsls. From the previous theorem

2Tbid., pp. 110-111.

3¢. B. Allendoerfer and C. 0., Oakley, Fundamen
Freshmen Mathemetics (New York: MecGraw-iill Eook Company,
» Pe 40,
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it follows that the same 1s true in negetive bsse numerals,
Epeclel symbols such as the rasdicel sign snd specisl numersls
such as 7 and ¢ also need to be used to represent irrationsl

numbers in negative bases,



CHAPTER III
OPERATIONS IN NEGATIVE BASE NUMERATION SYSTEMS

The fundsemental operations are discussed in this
chapter, As the operstions sre performed it is desireble
te check and verify the results., One method of checking
is to change each numeral to base ten and perform the
operation in base ten, It is more convenient to check
the results without changing to snother base and performing
the operations again,

In base ten a common method of checking is casting
out nines, This method of checking works because the number
and the sum of the digits have the same remainder when
divided by nine, In other positive base numeration systems
the method of checking 1s casting out base=-minus-one,
Casting out base-minus-one gives the remeinder when the sum
of the digits is divided by base-minus-one, This remsinder
is the same es the remainder when the number itself 1is
divided by base-minus-one. Another way of stating this is
thet the sum of the digits of the numeral subtracted from the
number is congruent to zero modulo base-minus-one,

Is 346(_7y= [3(_y*h7)*6(.7)] 50 (mod -B)¢
The method of polynomiel expansion gives 3h6(_7)-
3(=7) 24l (=7)246(~7)Om1}y7-2846=125, The sum of the dipits
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3(-1)+h(-7)+6(-7)-3+h#6-13. The difference of 125 end 13
12 112 which 1s congruent to zero modulo -8, Does this just
happen to be true for this particular case or 1s this true
for all cases? The following theorem shows that this 1s
true for all cases in any base, positive or negative,

Theorem: A number, N, and 8, the sum of the digits
in the numeral that represent the number, are congruent
modulo baseeminuseons, thet 1s, N=-S=Q (mod B-l),

Proof: Let N be a number in base B end let 5 be the
sum of the digits in the bese B numeral. Then

n. LR ] o s ee
Nhan§n+a po=l, +a Bl+loB and S=g *l 1+ #11 0°

-1
Subtrecting 3 from N, regrouping terms, and factoring gives:

- . n=- sew o- -
N-S aﬁB"#anplp lyeiera Bl+n B e -8 4

- -1- LR 1- o-
-anﬁn ln*ln_lﬁn L 1+ +alB .1+'OB e,

(En.'l-l)‘.'o . .+.1(B.1) -

1%

-gn(Bn-l)-r.n-l
Since B*=1 1s divisible by B-1 for eny integer x > 0, each
term of the above expreasion 1s divisible by B-1l, Thus,
N-8 18 divisible by Bel and FN-S20 (mod B=1). This completes
the proof of the theorem,

If V=N (mod B) and PSQ (mod B), then MIPENIQ (mod B)
end MePEN«Q (mod B), This is the basis for checking
addition, subtraction, and multiplication by casting out

nines or base-minus-one 1f s besse other then ten is used,

Checking & result by casting out base-minus-one is not proof
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that the answer is right, It is merely e strong indication
thet the answer is right, The following example shows this,

Example 6: Multiply 57 by 23 without plscing the

second partial product correctly es follows:

Checkinz the result ives 5+7=1283 (mod 9); 2+3=535 (mod 9);
2+8+5=1586 (mod 9). Since 3°5=1586 (mod 9) the result checks
but it certainly is not correct!

Operations can be performed in base -7, =10, or =12
by referrins to the addition snd multiplication tables found
in the appendix,

Gxample 7t Corsider the problem of edding 3h6(_7)

and 213 The work is as follows:

(=7)°

From here on 16 is carried and 0 is the next digit in the sum
in each step, Checking the result gives 3+4+6=13%5 (mod =8);
2+1+3=686 (mod =8); S+4+2=11=3 (mod -~8)., The result checks
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because 5+6=11%3 (mod -8),
Example 8;: Next consider the prodlem of adding
57T9(_12) and 3358(_12’. The work is as follows!

1E
1E
1E
17
> O
1E

57’8hm)
3 E50 45

e ® @ )2)(-12)

Again the carrying process continues indefinitely. Checking
this result gives S5+7+10+9=31F5S (mod =13); 3+11l+5+8=27%1
(mod =13); 7+5+2+5=19%6 (mod =13). This checks because
5+1=68¢ (med -13).

In examples 7 end 8 the carrying process goes on
indefinitely, Consider exnmpl; 7 again to see if this can

be overcome, The problem is:

346

(=7)
£d Je)

The sum of six and three is nine and it is necessary

to regroup the nine since nine cannot be represented with one
digit in base negative seven, How shall this be done? The
digits in the column to the left represent negative-sevens.

Nine is equal to how many negative-sevens? 1t is equal to
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negative one negstive-seven plus two, Instead of carrying
16 to the next two columms and adding as was done the first
time, carry 1 to the next column and subtract., The work is
a8 follows:

1
2 E 6
21 3n

5 1 (=7)

Take another look st example 8, Nine plus elziht are
seventeen which is equal to a negative one negative-twelve
and five, After the first step the problem is es followsi

1
5T 2% 0

3E58 1

Now, ten plus five are fifteoen and when the one is subtracted
this leaves fourteen negative-twelves, If twelve of thecse
negative-twelves are regrouped, it 1s agein necessary to
subtract one in the previous column, This gives:
1
57T 9(_12)
3%3 8(-12)
Seven plus eleven minus one are seventeen and sgain subtracting
one in the previous columm gives five as the next digit in
the sum as follows:

1
3ES S8

(-12)
XA
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In the final step five plus three minus one are seven and

this gives the seme result as before:

T

- ; . :<-12)
3 E 5 S
752 s(-12)
Observe that adding 16(_7) and subtracting 1 (=7)
gives the szame result in base negative seven while adding
13(-12) and subtrscting 1(_12) give the seme result in
base negative twelve, This is very easily explained by
noticing that these are the sdditive inverses of easch other,
Adding & number and subtractin. the additive inverse of the
number give the same result, The method of subtracting the
additive inverse will be used from here on,

How is subtraction different when regrouplng is
necessary? Consider the following subtraction problem:

Example 91 Subtract 354

21
5214
35 h(_-”

(= T B0 gy

Since l4 1s greater than 1, regrouping is necessary. The one
represente units and the two represents negative-sevens., After
reagrouping there are three negative-sevens and eight ones,

Four from eight i1s four as followss

3
5 :“:(-7)
*-7)
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In the next step 5 1s greater than 3 and regrouping
is again necessary, WNow there are five groups of (-7)2 and
three groups of (-7)1 in the minuend, After regrouping this
becomes six groups of (-7)2 and ten groups of (=1, Five
from ten 1s five and thres from six is three as follows:

63

5P

350 4

358y

Checking gives 5+2+1=880 (mod =8) and 3+S5+4=128)
(moé =8), The result checks becsuse O=l=-LE) (med -8),

In general, when regrouping is necessary in sub-
traction the previous digit in the minuend is inereased
by cne., This is true because
o, (<B)%4a__ (-B)2"1l=(a +1)(-B)P+(a__,+B)(-B)""L for any
negative base -BE, For example,
5(=7)b+3(=7)3m6(=7)8+10(=7)3 and 7(-12)%44(-12)5=8(-12)%+
16(-12)8,

Multiplication can be performed quite easily in s
negetive base if the carrying or regrouping procedure has
been lesrned, Before doing s problem in base negative
twelve recall that 1lE and 1

) T and 2

(=12)

19(c12) *0 3(a12)® ***0 2R(022) (=12 (-12)
and E(-lZ) are additive inverses. When regrouping is

(=12
and T

(=12)
) and 11

(=12)°

necessary the additive inverse will be subtracted.
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Example 10: Consider the problem of multiplying

3&76(_12) by 837(_12). Multiplying by seven in the first

step zives:

In the next step multiplying by E gives:

365
37 6(-12)

8 E 7(.12)
E
1T6206

Multiplying by 8§ and adding the partial products gives the

results
24k
8 E 7(_12)
176206
1ET 0
6(-12)

Checking the result gives 3+4+7+6=20=7 (mod -13);
B8+11+7=2680 (mod ~13); 1411+8+8+1+0+4+6=39=0 (mod =-13).

The result checks becsuse 7-0=020 (mod =13),

Long division is more compliceted with negstive base
numerals than sre the other fundamental operations., In
division with positive base numerals each <digit of the
quotient is made large enough so that the remainder in that
step is positive but less than the divisor., This procedure



25
will be followed in the next example with negative base
numerals,

Example 11l: Divide 576(_y4) bY 3(.19)-
1

3(-10)4 S : 5(-10)

In the next step a negative number 1s divided by a
positive number which gives a negative number, This means
that instead of getting one digit for the next term in the
quotient there must be an even number of digits, This 1is
impossible when using a place value numeration system,

The quotient in each step 1s to be positive or zero
80 1t can be represented by one digit, If the mnext digit in
the quotient will not be zero the remainder needs to be
positive when the divilgr is negative and the remainder
needs to be negative whﬂn the divisor is positive, If this
is done and the next digit of the dividend 1s brought down
the partial dividend will be positive when the divisor 1s
positive and negative when the divisor is negetive, The
sbsolute value of the remainder needs to be less than the
absolute value of the divisor so that the next term in the
quotient will be one digit inateed of three.

The sbsolute value of the partisl dividend may be
larger than the absolute value of the divisor and the partiesl
dividend and divisor may not both be positive or both be
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negative when the above procedure is followed, In this case
some of the previous digits in the quotient need to be changed,
This happens when some of the digits in the gquotient are zero
as example 12 illustrates.

Now consider the problem of dividing 576(_10) by

3 again, The successive ateps are:

3(-10)J !6 | E(-m)

19

2 6
3<100J 3 7 S(-10)
198

(=10)

Tb.ulp 576(_10)'3(-10)-266(_10) with a remainder of 18(_10)

or 266 lg( 10)° Since the divisor and the dividend are both
positive a positive remainder may be preferred. In that case
the last digit in the quotient needs to be decressed by one.

Then the last step of the problem is as follows:

2 6 5¢_
3(-10)J 6 (=10)

wfod
.ko"“
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Then 576(_10)03(_10)-265(_10) with a remsinder of 1(_10) or

3
o 3(-10)"

Checking this result gilves 2+6+5=1382 (mod -11);
3E3 (mod =11); 121 (mod =11); 5+7+6=1827 (mod -11). The
result checks because 2°3+1=7%7 (mod -11),

1 -
T h t =
o show that 266 -52(-10) also checks, 2+6+6=1}&3

(mod <11); 3¥3 (mod -11); 18(_10)--259 (mod=11);
E+7+6=1887 (mod =-11), This result also checks because
3+3+9=1857 (mod -11).

Example 12t Divide 833(-12) by S

203,
*(«12) [ T E 3 12)
1E3
Since 2+40+3=585 (mod =13), 585 (mod -13),
11+11+3=25812 (mod =13), end 5°5=25512 (mod -13) the

result checks,

(«12)°

Consider the following example in base negative seven
with a three digit divisor,

Example 13: Divide 51h263(_7) by 25)4(_,”.

25h .y I3 Iﬂ E i 6 3-1)
L33
5+,
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Since the dividend will have an even number of digits

and be negative, a negative remeinder may be preferred. The

last digit in the quotient must then be &2 one, The problem
is completed as followst:

21 )

3% (=7

(=7)

£

I

Checking this result gives L+3+2+1=1082 (mod -8);
2+5+)y=1183 (mod -8); 146=787 (mod =8); S+1l+h+2+6+3=21=5
(mod =8). 8Since 2:3+7=13=5 (mod =8) the result checks,

A finel long division example is given in base

negative twelve,

Example 14: Divide 351959578 _,., by 3!'-'7!;(_12

27T 73951
yETh_ . [TETTETETE o
(-12)) 3238 (-12)
et s

1

).

ET
9
15328}
S5
880
1 <
T O
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Checking this result gives 2+10+7+3+9+5=36Z10 (mod =13);
3+11+7+=25€12 (mod =13); 3+5+41+9+549+10+8=5583 (mod -13).
Since 10°12=120¥3 (mod =13) the result checks.
Negative bese arithmetic can be used to change
numerals from cone base to another as the following two
examples show,

Example 15: Chenge 562(_12) to & base ten numersl,
Repeated division gives:

6

(-12) T T 1’ o(-12)

T

=

=
-
\n

(-12) “(=12) and o

.

.-

-t
o 2]
NN

Thus, 562 =650,

Eximiil 16: Change 1250h(_?) to base negative twelve,
The polynomial expansion of 1250&(_7) is
[1(10)4+2(10)3+5(10)2+0(10) 1+ (10)0 ] (.7)+ Rewriting the
polynomial in base negative twolve numerals end performing
the operstions in negative twelve gives
[ 15182015 3s5025)20025) 1o 15)° ], =
[1zshierermeaseoy] ), =18288, ;5. Examples 1 and 3

show that 1250!4(_” and 18258(-12) are both equal to 1964.
The iterative method can be used to find the square

root of a number to any number of significant figures, This

method is perhaps the easiest to understand.
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Let x; be the first approximation of the square root
of a number N and let qy be the quotient when N is divided by
Xy The square root of N 1s x, if x;=q;. If xlﬂql the
square root of N is between xq and 9y A good second
spproximation 1s x,=*1%9; , This process is continued until
X, has the desired nnn%or of significant figures. In genersl,

=" n.1" 5.2,

Example 17: Find the squsre root of 350 to six

(=10)
significant figures,

ir 31-195(_10) the following division shows thet

q1-19703(-10) L ]

19 T3¢ 0)
= 5(-10)',' 2 g 5‘P(-10)
2%,
4o

W

Lol o ()

195 +197, 172,
(=10)

(-10)



Dividing 350(-10) by 196.25(‘10’ gives:

1,9 6.3 8 8(,10)

11 st 5(--10 2 (=10)

The third approximation is 13-196.229(_10), the

arithmetic mean of 196.25(_10) and 196,388 The

(=10)°
next division follows:

Thus, the square root of 350 is 196.229

(-10) (=10)
to six significent figures. The fourth spproximation 1is
x -196.2295( 10)° Changing this to base ten by polynomiasl
expansion gives 1(=10)249(-10)2+6(-10)%2(-10)"1+2(~10)"2+

9(=10)"345(-10)"4=100-90+6- .2+ .02- ,009+.0005=1% . 8115,

31
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Checking this 1in a teble of square roots shows thst this is
correct to five significant figures in base ten,

The problem of finding lesst common multiples and
greatest common divisors of 2 set of numbers is besicelly a
problem of prime fesctorization, Since there is no formuls
known for finding the prime numbers this may be a difficult
task,

The first step in factoring a certain number is
finding how many times two ls a factor. Then three, five,
seven, and the other primes may be tried until the number
is factored completely.

The question that may srise is, "How are the primes
represented in a particular base?" This cen be answered in
two ways. First, a list of primes Iin base ten may be
changed to the negative base in guestion,

The second method makes use of the sieve of
Eratosthenes, The largest possible prime factor of a
number is less than or equal to the square root of the
number, All the possible prime factors cen be found by
writing the numbers from two te the squere root of the
number in the negative base snd then using the sieve of
Eratosthenes,

Example 18: Find the least common mmltiple and the

greatest common divisor of 16665(_7), 16797(_7), and 15150(_7).
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The first ten primes written in base negative seven
are: 2(_7)* (1)’ S(an)? 260(yyr Wl q)s 166( 7)s 153 4)s
Eopar ipagye MR g
By dividing 16665(_7, by two, three, and five it is
= 3- . 2 &
found that 16665 ., [23-3-57] (.7ye It 18 also found that

16797 _7)= [2-32-5-16§] (o7y 04 15150 = [é2-52-16q] ;

=7) -7)°
Then the least eommon multiple is [23°32'52'160] (=7) ®né
the greatest common divisor is [2‘5] (=7)"°

In base ten there are numerous tests for divisibility.
If much work is done in e certein negative base it would be
desireble to find tests for divisibility. The chapter is
concluded with two theorems which give teasts for divisibility
by two in any base,

Theorem: If an odd base is used: a number is
divisible by two if end only if the sum of the digits in
the numeral is even.

Proof: 8Since an odd number raised to any power is
odd every place value of an odd base numeral 1s odd, The
product of one odd and one even number is even end esch even
digit represents an even number., The product of two odd
numbers is odd and each odd digit representes an odéd number,
Therefore, the sum of the digits and the number that the

numeral represents will both be even or both be odd,



Theorem: If an even number 1s used for the base:

2 number 1s divisible by two if and only if the last digit
in the numersl 1s even,

Proofs Since sn even number raised to any positive
integral power is even th‘ place value of all but the last
d1git 1z even. All but the last digit represent an even
number. The numeral represents sn even number if and only
if the last digit is even,

34



CHAPTER IV

COMPARISON OF NEGATIVE AND POSITIVE
BASE NUMERATION SYSTEMS

Similerities and differences in positive and negative
base numeration systems are discussed in this chapter. An
ettempt 1s made to analyze the differences and point out
advantages of each,

The concept of positive numbers comes earlier in a
child's development than negative numbers. The positive base
numeration system follows logically from counting objects and
regrouping them when the number used as the base is reached,
In a positive base if we have N times the base to the nth
power, the digit N is n+l places to the left of the radix
point in the numeral. Since this 1s not always true in
negative bases, writing ahd giving the value of positive base
numerals is easier than negative base numerals, For these
reasons a child could likely understand the positive base
numeretion system at an earlier age.

Numerals written in a negative base follow a different
but just as definite a pattern as in a positive base, An
individual who has noticed this pattern should be able to
write the numerals as far as desired in a negative base, It
might still be impossible for the individuesl to write a

certain numeral without sterting with a smaller numeral and
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writing all numerals up to the one in question, For example,
in order to write twenty-five in a certain negative base it
might be necessary to write the numersls starting with one
and continuing up to twenty-five,

The bassic addition and multiplication facts and the
regrouping process could be learned in a negative base as
well as in a positive base, The fundamental operations can
then be performed as easily and accurately with negative
bases as with positive bases. The disadvantage of negative
bases is that the regrouping procedure is not as easy to
understand as in positive bases.

As has been mentioned previously, the minus sign
is not needed to represent negetive numbers when a negative
base is used, If the number of symbols is to be kept to a
minimum the negative base has the advantage,

It takes 2n digits to represent each number from
B20=1 4o ™) 45 the positive base, B. It takes 2n+l
digits to represent each of these numbers in the negative
base, =B, If the number of digits used to represent
various numbers is to be kept to & minimum, 8 positive base
numeration system 1s preferred.

The primary advantage of positive base numeration
systems is that they are easier to learn and understend,

The most significant thing about negative base numeration
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systems is that the minus sign is not needed and that

algorithms can be developed for the fundamentel operations,



CEAFTER V
SUMMARY

Negative base numerals can be used to represent the
numbers as well es positive base numerals., Algorithms have
been developed for the fundamentsl operations with negetive
base numerals, A convenient methed of checking results in
any base was shown to be "casting out base-minus-one",

Most erticles on other numersation systems are to
incresse the reader's understanding of the base ten numers-
tion ayatem or the operastion of the digital computer, A
conjecture regarding the limited amount of written information
on negative beses 1s that they coantribute little to either
of the two items mentioned,

It has been noticed that the minus sizn is not needed
to express negative numbers in a negstive base, At present
this does not seem to be en advantage but merely s novelty,
Perhaps someone will find en application where this is sn
advantage.

A suggestion for further study is the development of
logarithms in a negetive bsse numeration system, The number
used as the base in the numerstion system could not be used
as the base for the logarithms since it is negetive.



Fractions, radiximals, and irrational numbers in
negative bases could be studied in more detail, These
topics have been mentioned only briefly in thls paper.
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APPENDIX



POWERS OF =7, =10, AND =12

et <

TABLE I

A — - -

n (=7)" (=10)" (-12)"
0 1 1 1
1 -7 =10 -12
2 L9 100 gl
3 =343 -1000 -1728
N 2,01 10000 20736
5 ~16807 =100000 -21;8832
6 117649 1000000 298598)
 ; =823513 =10000000 -35831808
8 5764801 100000000 129981696
9 =}40353607 =1000000000 =-5159780352
10 282175249 10000000000 6151736422}




L

TABLE II
ADDITION TABLE FOR BASE =7

0 0

1 1 2

2 2 3 L

3 3 L 5 6

I M 5 6 160 161

5 5 6 160 161 162 163
5 6

160 161 162 163 164 165

The larger number is found in the left-hand column,
All numerals in the table are written in base -7,



TABLE III

MULTIPLICATION TABLE FOR BASE=T7

45

0 1 2 3 L 5 6
0 0
| 0 1
2 0 2 b
3 0 3 6 162
b 0 L 161 165 152
5 0 5 163 151 156 1l
6 0 6 165 154 143 132 121

The larger number is found in the left-hand column,

All numerals in the table are written in base -7.



Lé

*0r=- #8%q U We3ITIM

OTQe3 SY3 UT S[eJeWnU TIV CUNNTOd pUSH-3JO] 993 UT pUNOS ST Jequnu Je¥ael eul

L6T 961 S61 n6t €61 261 161 06T 6 6
961 S61 N6t g6t 261 6T 061 6 8 8
61 €61 261 161 061 6 v L L
261 161 061 6 9 L il 9
061 6 d L 9 s s
b L 9 s L] q
2 1 k| € €
k] € 2 4
2 T 1
0 0
] L 9 s ¥ £ z 1 0

0T~ 9SVE 804 FIEVL ROILIGCV
AI TISVd



L7

*01= S99q Ul Gejijan
o8 97QE3 OY3 UT STeJeumu [V °UEATOI PUIG-9Je] OUJ U] PpuURNG) °F Jequnu ssPaey eyl

12t ZEt e f51 591 9LT Lt g6t 6 ° 6
m 951 291 091 A § et 961 3 0 3
691 291 SLt got 81 et L 0 L
9L oLt fot 261 261 9 0 9
S0t o9t S61 o6t S o 1
961 261 9 | 0 1
6 9 £ ¢ £
¥ 2 0 2
1 ¢ T
) 0
6 d L o s k| £ 2 1 0

OT= 45VE 404 #I9Ve SOILVOITAT IIAM
A TIAVE



= *ZT~ ©88q U} Ue3FTJM

948 9[qe3 Oyj Ul S[eJeumu [Ty °UNNTO? puUsy=-3Je] Y3 U} punoJ S} Jequmu IeSJST OYj

2
g

O w N ™ O WM W >~ ©@ 00 B+ M
O M N ™» O N W M~ @@ 00 H M

IET 68T  gET 9ar SET fWT €8T 2.l
gET LaT SHT mt €3t 281 T#T
faT €8T AT T 041

2at

T

0T

98T

TERE

EST TET 04T
2T 0&T
"
&5

@ o = @
#\I\\DNOO‘BQQ

N en O W W ™~ © o0 = H

(=)

m 5 6 g L 9 s | € 2

2l~- d8Vd u0d F19Vd NOILIUAV
IA FI49VL



o
—

eJ® OTq83 eyj3 Uuf sTeJeumu IV

*Z21= eFBq UT uejztam
‘muMT00 Ppusy-3JeT oYj3 UJ punoj ST Jequnu JeSJ8T oyj

T2t 2tT 1311 fist 91 9lt Lot 96T 611 IST El 0 C
T 95T @9T &LT oLt 29T HW6T  9ar 9T I o0 |&
69T 091 €LT 98T 66T 06T  EIT 94T 6 0 |6
fiLt 8ot 09T 6t gLT 0Lt Wt 8 0 8
I9T 961 #at it 65T 2t L 0 L
06T 9IT  O3IT 99T 0ST 9 o0 |9
Tt 8aT €91 L s o0 |s
T  omt @ T o |*%
6 9 E o ¢
L 2 o0 |2
T 0 |1t
o |o
g I 6 8 L 9 H f £ 2 1 0

¢l~ FSVE H€0d HTdVd NOILVOITdINIONW

ITA TIEVL



