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~~ '! 

Equation (8) would then be, 

k2g1dl = 21'2 or gldl a 2(r/k)2, 

thus k is a factor of 1', say l' = krl • 

Then from (2), (3), and (4), 

a a 2krl + kgl , or (a/k) a 21'1 + gl; 

b = 2krl + kdl , or (b/k) =21'1 + dli 

c = 2krl + kgl + kdl , or (c/k) =21'1 + gl + dl • 

Thus, k divides a, b, and 0, whioh is oontrary to the 

faot that the triple is primitive. 

Every oomposite integer l' oan be expressed as a pro­

duot of primes in one and only one way if no distinotion i8 

made between arrangements of the same prime factors, say, 

I r =2t plm • P2n
• P3w

• • • Pn , 

where Pl' P2' P3' • • ., Pn are distinot odd primes and 

t l, m, n, w, ••• , z are positive integers. 

Thus, 21'2 oan be expressed as a produot of distinot 

primes, 

2 2 - 2(2t m n z)2 d'1' - • Pl • P2 • • • Pn = g , 

where Pl' P2' • • ., Pn are distinot odd primes only and 

t, m, n, ••• , z are positive integers. 

All of the factors of 21'2, sinoe 21'2 = gd, must be in 

g and d taken together, but eaoh distinot prime oan only be 

in g or d sinoe g and d are relatively prime. Therefore, 

2(2t )2 oan only appear in either g or d, and sinoe all of 

the other distinot primes of zr2 are odd, it follows that 

either g or d i8 even and the other Is odd. Ho 1088 of 
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generality results if g is odd and d even. Let g = (G)2, 

where G is the product only of distinot odd primes in 2r2 , 

thus, G is always odd. Then, let d =2(n)2, where n is the 

produot of the remaining distinot primes in 2r2• 

Then from (8) it follows, 

(9) gd =2r2 = 2n2G2, and 

(10) r. nG.
 

From (2), (3), and (4),
 

(11) a =2r + g = 2nG + G2 • 

(12) b = 2r + d =2nG + 2n2 • 

(13 ) o = 2r + g + d = 2nG + a2 + 2n2• 

Using	 the transformation, u = G + n and v =n, state­

2 2ments (11), (12), and (13) oan be written as a = u - v , 

b = 2uv, and 0 = u2 + v2 respeotively. Inspeotion of the 

tpree conditions on u and v in the theorem, will show that 

the values of G and n in the transformation satisfy the 

oonditions also. 

The neoes~ary oonditions for a primitive tr1ple have 

now been proven. It is now neoessary to prove that the 

values of a, b, and 0 as expressed in equations (11), (12), 

and (13), are always primitive when G is odd and n and G 

are relatively prime. 

By substituting these values in equation (1), one has 

(2nG + G2)2 + (2nG + 2n2)2 = (2nG + G2 + 2n2)2, 

whioh simplifies to an identity and thus equation (1) is 

satisfied. 
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The next condition for a primitive triple is that G 

be odd. For if G is even, it is apparent from (11), (12), 

and (13) that a, b, and 0 are also all even and the result­

ing triple is not primitive. 

It.now remains to be proved that the triple is always 

primitive when n and G are relatively prime. Since G must 

be odd, from (11), (12), and (13), a and ° must be odd and 

b must be even, and as suoh they do not have the oommon 

tactor 2. They also do not have an odd common tactor k 

whioh is greater than 2. For if they did then every prime 

divisor ot k would be a common divisor of a, b, and cJ or 

even it k i8 prtme let a • kal' b = kbl' and c • kOl' then 

trom (4), (2), and (3), 

kO l = 2nG + G2 + 2ri2 , kO l • 2nG + G2 + 2n2, 

ka =2nG + G2~ and kb l • 2nG + 2n2 •1 
SUbtracting, 

k(cl - al~ = 2n2, k(ol - bl) =G2, 

or, 

01 - al = (2n2/k), 01 - bl = (G2/k). 

Sinoe k is greater than 2, it would tollow that k 

divides nand G, whioh i8 oontrary to the faot that n i8 

prime to G. 

3Q. E. D. 

3Ibid., p. 542-543. 



CHAPTER VI
 

APPLICATION OF THE PYTHAGOREAN THEOREM
 

TO FIGURE-CUTTING PROBLEMS
 

This chapter is devoted to showing how the Pythagorean 

Theorem was applied to four of fifteen well-publicized pro­

blems on figure-outting. The fifteen problems were written 

by the mathematios staff of the University of Chicago. The 

problems appeared as a series of six articles in The Mathe­

matio$ Teacher during the years 1956 to 1958. 

The term "transform" as used in this ohapter means to 

cut a figure into parts using straight lines only and then 

to rearrange these parts to form a new figure. 

In this ohapter eaoh of the original fifteen problems 

i. stated, and then the Pythagorean Theorem applied to 

obtain a solution of the last four. 

I. -'STATEMENT OF THE PROBLEMS 

(1) Given three oongruent squares, to transform them 
into a single square. 

(2) Given a square, to transform it into three con­
gruent squares. 

(3) Given two squares (oongruent or not), to trans­
form them into a single square. 

(4) Given a square, to transform it into an equi­
lateral triangle. 

(5) Given an equilateral triangle, to transform it 
into a square. 
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(6) Given a (non-reotangular) parallelogrwm, to
 
transfo~ it into a square.
 

(7) Given a square, to transfo~ it into n oongruent
equilateral triangles (where n is some natural number 
greater than 1 and fixed in advanoe.) 

(8) Given one or more reotangles, to transfo~ them 
into a square. 

(9) Given a regular hexagon, to transfo~ it into a 
square. 

(lO) Given a regular pentagon, to transfo~ it into 
a square. 

(11) A pin oonsists of three oongruent silver squares 
soldered at the vertioes in suoh a way that the sides of 
one square are extensions of the sides of another. It is 
required to out this pin along two pairs of parallel lines 
and from the resulting parts to assemble a broooh having
the shape of a rhombus. 

(12) Given a right triangle ACB whose longer side BC 
is less than twioe its shorter side AC, to out it into no 
more than four parts that ,reassemble into a square. 

(13) Given a square, by outting it into at most four 
i	 parts to transform it into a right triangle whose longer 

side is less than twioe the shorter side. 

(14) Given a square, to transform it into two squares
of whioh one has ,an area twioe that of the other. 

(15) Given a square, to transform it into three
 
squares whose areas are in the ratio 2:3:4. 1
 

IMathematios Staff of the University of Chioago, The 
Mathematios Teaoher, XLIX, May, 1956, p. 332; XLIX, Ootober, 
1956, p. 442; XLIX, Deoember, 1956, p. 585; L, February, 195~ 
p. 125; L, May, 1951, p. 330; LI, February, 1958, p. 96. 
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II. APPLICATION OF PYTHAGOREAN THEOREM
 

TO PROBLEMS 12-15
 

In the January, 1962, issue of The Mathematics 

Teacher, Frank Piwnioki has shown how the Pythagorean 

Theorem oan be applied to the solution of problems 12-15. 

As the solutions of problems 14 and 15 are somewhat sim­

pler, they will be presented first. The solutions of these 

problems are as follows. 

Problem~: Given a square, to transform it into two 

squares of whioh one has an area twioe that of the other. 
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Figure 1 
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ABCD is the given square (Figure 1). On the side DC 

a semi-oircle is constructed with a radius equal to DC/2 

and DE is equal to DC/). From point E a perpendioular is 

construoted to intersect the arc DC at F. Now triangle DFC 

is a right triangle with the hypotenuse AC and legs DF and 

FC. With respect to this right triangle, the square on DC 

is inward. The square on DF is then constructed inward. 

and the square on FC outward. 

Using the parallel lines formed in Figure 1, the 

following right triangles oan be shown to be congruent. 

Triangle AND is oongruent to triangle BRC. triangle ANK is 

congruent to triangle DGL, triangle DFC is congruent to 

triangle AHB, and triangle LMC is congruent to triangle KPB. 

Therefore. the square ABCD on the hypotenuse of 

triangle DFC, is out into five parts by the segments DK, 

CF. AN, and 1M, all lying within the area of the square 

ABCD. From these f~ve parts the two required squares oan 

be oonstruoted as shown in Figure 1. The squares oompleted 
I 

on the sides of triangle DFC indio ate how the Pythagorean 

Theorem is used in the solution of this problem. 

To verify that square FPRC is equal to twioe square 

AHPN, it is neoessary to show only that F'c2 = 2DF2 • This 

can be shown by applying the Pythagorean relationship to the 

right triangles DFC, DFE, and FEC. The proof is as follows: 
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(1)	 FC 2 = DC 2 _ DF2,
 
-2 -2 -2 ­(2 ) or,	 FC = 9DE - DF , since DC = 3DE. 

(3)	 Theret'ore 3DE2 = (1/3)FC 2 + (1/3) DF 2• 

(4)	 Also, DF2 = EF2 + DE2 Of EP2 = !5F2 _ m:2, 

(5) and	 FC2 = EF2 + EC2• 

(6)	 Theret'ore, FC2 = DF2 - DE2 + EC2• From 4 and 6. 

(7) FC 2	 = DF2 - DE2 + 4DE2, since EC = 2DE; 

(8)	 or 3DE2 = FC2 _ DF2• 

(9)	 Theret'ore, FC2 - DF2 = (1/3) FC2 + (1/3) DiF2. 

From 3 and 8. 

(10)	 Or, FC 2 = 2DF2•
 

Q.. E. D.
 

Bet'ore starting on exercise 15 it will be neoessary 

to construot several figures~ which will all be grouped 

together for oonvenience when referring to them. 
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Problem 12. Given a square, to transform it into 

three squares whose areas are in the ratios 2:3:4. 

This problem has a two part solution, the first of 

whioh is a division of the square into two squares in the 

ratio 1:2. This part is a repetition of the solution just 

given to Problem 14. Figure 2 differs from Figure 1 in 

that the square on DF, the smaller arm, is oonstruoted, not 

on that arm, but on AN whioh is equal to DF. The use of 

Figure 2 in plaoe of Figure 1 is justified by the faot that 

triangle DFC and LMC of Figure 1 are oongruent respeotively 

to triangle AND and RLD of Figure 2. The trapezoid 2 and 

triangle 4 make up the square shown in Figure 6b, as in 

Figure 2 triangle ANK is oongruent to triangle AMR. What 

remains of the square ABCD now is Figure 3, whioh, with the 

pieoes rearranged, beoomes Figure 4. The fact that Figure 4 

is a square is apparent sinoe DC = CB and lID = lB. 

Now if the 1:2 ratio of the squares in Figures 6b 

and 4 is regarded as 3: (2 + 4), then the square in Figure 4 

has to be out into squares in the ratio 2:4, which is 1:2. 

This gives the same ratio and the same operation as applied 

in Figure 2. In Figure 5 FT is constructed perpendioular to 

CB. Triangle FTC here is similar to triangle CFD in Figure 2, 

and therefore, the ratio of the squares on its arms TC and 

FT is 1:2. The whole of Figure 5 is similar to Figure 2 

exoept for the difference in size and the presenoe of tri ­
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angle KLB. Henoe from the pieoes of Figure 5, the squares 

QG (Figure 60) and FH (Figure 6a) oan be assembled. 

If the parts in Figure 2 of Figure 3, numbered 3 and 

5, are replaced by parts from Figure ~ numbered 3' + 3" + 

3'" and 5' + 5" respeotively, then Figure 2 is reassembled 

showing all the necessary cuts to assemble the three required 

squares, Figures 6c, 6b, and 6a which areas are in the ratio 

2:3:4. Figure 7 illustrates the necessary cuts. Again the 

use of the Pythagorean Theorem in the solution of this pro­

blem is indicated by the squares on the sides of the right 

triangle. 

Before the solution of problems 12 and 13 are given, 

it is necessary to illustrate how to do two oonstructions 

used in the solution of problems 12 and 13. First oonsider 

the transformation of a right triangle into a square and 

the reverse. The Pythagorean Theorem establishes the 

following relation b,etween oertain elements of the right 

triangle: the area of the square on an arm of the right 

triangle is equal to the area of a rectangle construoted 

of the hypotenuse and the projeotion of the arm on the hy­

potenuse .. 
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Figure 8 

By applying proof number 4 of ohapter 3 to Figure 8, 

the following is evident: (DE)2 = (HD)(AD) = (He)(DC), and 

(EC)2 = (HC)(CB) = (He)(DC). 

Examination ot Figure 8 suggests methods (1) ot 

transforming the reotangle into a square ot equal area, and 

(2) ot/transforming a square into a reotangle ot equal area. 
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H 

Figure 9 

Problem: Given a rectangle to transform it into a 

square of the same area. 

Let the given rectangle be AFEC of Figure 9, then 

the solution is obtained by the following: 

(1) Extend AF to X. 

(2) Construct AL equal to AC on AX. 

(3) Construct a semi-oirole with AL as diameter. 

(4) Extend EF to interseot the semi-circle at K. 

,(5) Draw lines KL and KA, reSUlting in the right 

triangle AKL. 

Then the line AK is the side of the desired square, 

and (AK)2 = (AF)(AL) = (AF)(AC). The heavy lines represent 

the neoessary oonstruction elements to find the side AK of 

the square. Broken lines relate the diagram to the Pythag­

ore an Theorem. 
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Figure 10 Figure lOa 

Figure 10 shows basioally the same operation as 

Figure 9 with one signifioant ohange. In Figure 9 the 

required square was oonstruoted outward of the right tri­

angle AKL, and in Figure 10 the required square AKJH was 

oonstruoted inward on the triangle AKL. If JH is extended 

it will pass through the point C. whioh with HA. divides 

the reotangle AFEC into three parts from whioh the square 

AKJH of Figure lOa oan be assembled. Numerals indioate the 

oongruenoe of triangles, and quadrilateral 1 is common. 
I 

Problem: Given a square to transfor.m it into a 

reotangle of the same area. 

Examination of Figure lOa suggests a simple method 

of outting a square into three parts from whioh a reo tangle 

oan be assembled. From K let line KG interseot JH at G, 

and ereot AF perpendioular to KG. KG and AF now divide the 

square into three parts from whioh a reo tangle oan be assem­

bled (oompare Figure 10). 
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Figure 10 shows that a given rectangle can be trans­

formed into one and only one square, but that a given square 

can be transformed into an unlimited number of rectangles. 

Therefore, when transforming a square into a rectangle it is 

necessary to have a side of the desired rectangle given. In 

Figure 12 a point G may be chosen anywhere on JH. If G 

coincided with J, then KG would be equal to KJ, and this 

would merely reconstruct the square. If G coincided with H, 

then KG would equal KH, and square AKJH would be transformed 

into a rectangle whose dimensions would be a V2 and a V'2/2 

Where a is the side of the square. Thus, the given method is 

correot for transforming a square into a rectangle only if 

the ratio of the sides of the reotangle is between 1 and 2. 

B 

Figure 11 
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Before the problem of transformation of a triangle 

into a reotangle may be solved. one more step is neoessary. 

In right triangle ACB (Figure 11), if CB and AB are biseoted 

at E and D respeotively, then ED will out the triangle into 

two parts from whioh the reo tangle AFEC oan be assembled. 

B 

J 

I - - ri)K
Pl. 

A 
A 

Figure 12 Figure l2a 

Problem 12: "Given a right triangle ACB whose longer 

side BC is less than twice its shorter side AC, to out it 

into no more than four parts that reassemble into a square. 

In Figure 11 one cut, ED, transfor.med triangle ACB 

into rectangle AFEC. In Figure 10 is shown how the same 

reotangle AFEC, by two outs, CG and AH, is transfor.med into 

square AKJH. Figure 12 is a composite of Figures 10 and 11. 

and shows how right triangle ACB was out with segments ED, 

CG, and AH, to reassemble the square AKJH. 
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Problem 11. Given a square, by cutting it into at 

most four parts to transform it into a right triangle whose 

longer side is less than twice the shorter side. 

The reverse procedure of problem 12 is applied to 

solve proble~ 13, i.e., (1) transform the square into a 

rectangle, and (2) transform the rectangle into a triangle. 

Step 2 has already been shown in Figure 11. A1Cl is the 

shorter side of the desired right triangle. 

Step 1 is shown in Figure 13, where a square AHJK is 

given. I The given square is to be transformed into a rectan­

gle whose area is equal to that of the square. One side 

A1C l is given. 

The complete solution of problem 13 is as follows: 

On side AK of square AKJH at K, the right angle AKZ 

is constructed by extending JK. With an arc of radius 

AL = A1Cl and center at A, KZ is intersected at L. KF is 

oonstructed perpendicular to ALi then AF is the shorter side 

J 

HAl 

~igure 13 

Cl 

C' ~ 

M 
r ,..- ----­-­•

E ~ 1.:1 =-t", 

z 
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of the required rectangle. To construct that rectangle, 

the square ALMC is constructed, and KF is extended to E. 

The area of the rectangle AFEC is equal to the area of the 

given square AHJK. In Figure I) the square is oonstructed 

outward on the right triangle AKL. If it is placed inward 

on the triangle, then it is the diagram of Figure 10. In 

Figure lOa segments AF and CG cut the square into three parts 

from which the rectangle AFEC oan be assembled. Figure 12 

shows how to transform this rectangle into a right triangle. 

In Figure 12a ;~ will be the third cut. Figure 12a shows 

all the outs of the square to transform it into a right 

triangle. 2 

2Frank Piwnicki, I1Application of the Pythagorean 
Theorem in the Figure-Cutting Problem, tiThe Mathematics 
Teacher, LV, January, 1962, p. 44-51. 
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CHAPTER VII 

EXTENSIONS OF THE: PYTHAGOREAN RELATIONSHIP 

This chapter is devoted to a brief discussion of an 

extension of the Pythagorean relationship to non-right 

plane triangles and to right spherical triangles. 

A 

"B 

Figure 1 

I. LAW OF COSINES 

The Law of Cosines of plane trig~nometry for any 

triangle, such as the one in Figure I, states that: 

0 2 = a2 + b2 - 2ab oos C. 

When C is a right angle, oos C = 0, and the Law of 

Cosines reduces to: 

c 2 = a2 + b 2 • 

Therefore, the Law of Cosines is an extension of the 

Pythagorean Theorem for any triangle of plane geometry. 
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II. RIGHT SPHERICAL TRIANGLES 

This section considers the possibility of an exten­

sion of the Pythagorean relationship to right spherical 

triangles. 

Several definitions and propositions from spherical 

geometry need to be given here for reference. 

1.	 A great circle of a sphere is the intersection 
of the sphere and a plane through the center 
of the sphere. 

2.	 A spherical polygon is a closed line on a sphere 
oonsisting of three or more arcs of great circles. 

3.	 A spherical polygon of three sides in which each 
side lies between 00 and 1800 is a spherical 
triangle. 

4.	 Each side of a spherical triangle is less than 
the sum of the other two sides. 

5.	 The sum of the sides of a spherical triangle is 
less than 360 0 • 

6.	 A right spherical triangle is one which has only 
one angle equal to 900 • 

7.	 The sum of the angles of a spherical triangle is 
greater than 1800 and is less than 540 0

• 

8.	 If a spherioal triangle has one right angle, the 
other angles may both be acute, both obtuse, or 
one aoute and the other obtuse. 

Consideration will be given only to those spherioal 

triangles that oontain only one right angle. 
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Figure 2 

From plane trigonometry, if A and Bare the,two acute 

angles of a right triangle (Figure 2). then sin2A + sin2B = 1, 

which when expressed in terms of the ratios of the sides 

gives: a2/c2 + b2/c2 = 1, or a2 + b2 = 0 2 • This then is 

the Pythagorean relationship. 

Therefore one approach to the problem is, what is the 

value of sin2A + sin2B, where A and B represent the non-right 

angles of a right spherioal triangle. There are three possi­

ble values for this relationship which are: (1) sin2a + 

sin2b = 1, (2) sin2a + sin2b >1, and (3) sin2a + sin2b <1. 

If (1) is found to be true then the Pythagorean relationship 

holds for right spherical triangles. If either or both of 

(2) an~ (3) hold true then there is no Pythagorean relation­

ship. 

By property (8) there are three cases to consider for 

A and B. These oases are when they both are acute, when one 

is acute and the other obtuse, and when they are both obtuse. 

First considering the case where A <90 0 and B <900 , and 

900 <A + B <1800 • Selecting some specific values for A and 

B gives the following table. 
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TABLE I 

A B A + B sin2A + sin2B 

2089 0 910 1.001 
500 t3° 93 0 1.052 
600 00 120 0 1.500 
70 0 800 1500 1.843 
89 0 890 1780 1.999 

Now considering the case where A<900 
, 90 0 <B<1800 

, 

and 900 
( A + B <2700 

• 

TABLE II 

A B A + B sin2A + sin2B-
80 950 103 0 1.011 

600 950 1550 1.7t2 
80 150 0 158 0 0.2 9 

890 950 1840 1.991 
890 1500 239 0 1.249 
890 1750 2640 1.075 

Next considering the case where 900 < A<1800 
, 

900 <B <1800 
, and 1800 <A + B <360 0 

• 

TABLE III 

A B A + B sin2A + sin2B-
95 0 95 0 1900 1.984 
95 0 150 0 2450 1.242 
950 178 0 273 0 1.011 

1500 1500 3000 0.500 
1750 1750 350 0 0.152 

Examination of the three tables shows that con­

dition (2) or (3) holds for possible choices of A and B. 
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The results of the three tables suggest that: If 

angles A and B are both less than 90°, then their sum will 

be greater than 90°, and the value of sin2A + sin2B will be 

greater than 1 and less than 2. If either or both of the 

angles are greater than 90° but less than 180°, then the 

value of their supplement(s) (or related angle(s)) gives 

the value of sin2a + sin2b. In this case, if the sum of the 

two angles, or related angles, exceeds 900 , then 1 <sin2A + 

sin2B <2, and if the sum is less than 90°, then 0 <sin2A + 

sin2B <1. Therefore, this approach does not yield an 

extension of the Pythagorean relationship for the sides 

of right spherical triangles. 



CHAPTER VIII 

I. SUMMARY 

In chapter one the purpose of this paper was stated 

to be: to provide a resource of enrichment material on the 

Pythagorean Theorem. This resource of material was to cover 

five areas: (1) historical background, (2) proofs, (3) 

primitive Pythagorean triples, (4) figure-cutting, and 

(5) spherical triangles. It was the authors intent to 

cover each of these areas and keep the report brief. 

Chapter two provided a historical baokground on 

Pythagoras and the Pythagorean Sohool which included aome 

of their main contributions in the fields of religion, 

theory of numbers, geometry, 'and astronomy. Also early 

work on the Pythagorean Theorem by the Greek, Egyptian, and 

Chinese was considered. 

Chapter three contained a wide variety of proofs of 

the Pythagorean Theorem. The proofs varied from one thought 

to have been given by Pythagoras to an original one developed 

by the author of this paper. 

In chapter four the proofs were analyzed as to the 

fundamental property on which each was based. These prop­

erties were classified into three areas: (1) dissection, 

(2) sum of parts, and (3) proportion. The proofs were 

then classified as to their similarities and differences. 
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Necessary conditions for the selection of two inte­

gers that will generate a primitive Pythagorean triple, were 

stated and proved in chapter five. 

Chapter six demonstrated how the Pythagorean Theorem 

oould be applied to the solution of figure-cutting problems. 

The problems considered in this chapter were the last four 

of a set of fifteen problems written by the Mathematics Staff 

of the University of Chicago. 

In chapter seven the Law of Cosines was considered 

as an extension of the Pythagorean relationship. Also, the 

relationship of sin2A + sin2B, where A and B are the non­

right angles of a right spherical triangle, was used to show 

that the Pythagorean Theorem does not hold for the sides of 

a right spherioal triangle. 
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