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Chapter I
INTRODUCTIO)
Often in topology, it is desirable to limit basic
ideas to a plane continuum.

This thesis is a study of

the properties of a plane continuum in terms of cut
points, and especially the development of simple con
tinuous arcs, simple closed curves and continuous
curves.
I.

THE PROBLEM

Statement of the problem.

The purpose of this

study is (1) to describe a plane continuum in terms
of cut points and non-cut points, and (2) to show
examples of the theorems developed.
Limitations.

Since there has been extensive

development of this topic, this paper will deal only
with a few aspects of the problem.
The thesis will be restricted to three axioms and
they will be

introduc~d

as needed.
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II.

AXIOMS AND BACKGROUND DEFINITIONS AND THEOREMS
The relationship between undefined object "point"
--..../

and "region" in the study of topology is given by the
following axioms:
Axiom O.

Every region is a point set.

There exists a sequence {G n } such that
(1) for each n, Gn is a collection of regions covering
Axiom 1.

S, (i.e. S CUGaJ, (2) for each n, Gn + 1 is a subco11ection
«Ell.
of Gn , (3) if R is any region whatsoever, {x} is a point
of Rand

{y}

is a point of R, identical with {x} or not,

then there exists a positive integer m such that if g
is any region belonging to the collection Gm, such that
{X}Eg, then g is a subset of R-{y}U{x}, and (4) if {M i }
is a sequence of closed point sets such that for each i,
Mi + 1 is contained in Mi is a subset of ii' then there is
at least one point common to all point sets of the
sequence {M i }. (g denotes the closure of set g.)
Axiom II will be added when needed for development
of this paper.
For the most part, it is assumed the reader is
familiar with the
theory.

e1e~entary

properties of point set

However, definitions, as well as some explana

tion, will be given when necessary for clarity.

The

definitions and unproved theorems which follow are
presented'to help refresh the memory of the reader as
well as to establish a background for the paper.

These
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definitions and theorems are to be considered for the
Euclidean plane, E2 •
Definition 1.

Two point-sets are separated if

neither contains a point or limit point of the other.
Definition 2.

A point set is said to be compact

if every infinite subset of M has a limit point be
longing to M.
If M is compact and K is an infinite subset of M,
then K is compact; in fact, every subset of M is com
pact.
Definition 3.

The sequence of regions {Rn } is
said to close down on the point p if it satisfies with
respect to p all the conditions of the following:

If p

is a point, there exists an infinite sequence of regions
Rn such that (1) p is the only point they have in common,
that is, p = ~1 Rn (2) for each n, [n+l is a subset of
Rn , and (3) if R is a region containing p, then there is
~

an integer n such that
Definition 4.

~n

is a subset of R.

The point p is said to be a sequential

limit point of the sequence {Pn}if for each region R
containing p there is a positive integer N such that if
n is an integer greater than N then Pn is a point of R.
If P is a sequential limit point of the sequence {Pn}'
{P n } is said to converge to p and is said to be a con
vergent sequence.
Theorem 1.

If P is a limit point of the point set

M, then every region that contains p contains infinitely
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many points of M and there is an infinite sequence of
points of M, distinct from each other and from p such
that p is a sequential limit point of this sequence.
A sequential limit point of a sequence of distinct
~

points {Pn} is also considered to be a limit point of
~
the pOInt set n~IPn.
Theorem 2.

If for each n, Pn is a point and the

~

point set nldlPn is compact, then there is an infinite
sequence of positive integers {nil such that the sub
sequence {Pn-} is convergent to a point of {Pn}.
1

Definition S.

A set is said to be closed if it

contains all its limit points.

A point set is said to

be conditionally compact if every infinite subset of
it has a limit point.
Theorem 3.

If the point p is not a limit point of

anyone of a finite number of point sets, it is not a
limit point of their union.
Definition 6.

The point set D is said to be open

if for each point p of D there is a region containing
p which is a subset of D.
Theorem 4.

No sequence has more than one sequential

limit point, and if p is a sequential limit point of a
sequence, no other point is a limit point of the union
of the points of the sequence.
Theorem S.

If the point set whose elements are the

points of an infinite sequence is conditionally compact,
and there do not exist two distinct points such that each
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of them is a sequential limit point of a subsequence of
the given sequence, then the given sequence converges.
Definition 7.

The subset K of M is said to be an

open subset of M if for each point p of K there is a
region R containing p such--J.hat RflM is a subset of K.
Definition 8.

A point set M is said to be sepa

rable if it contains a countable point set K such that
every point of M belongs to K or is a limit point of K.
Definition 9.

A point set M is said to be locally

compact if, for each point p of M, there is a condition
ally compact open subset of M containing p, (or if for
each open subset R of M containing p, there is a region
U which contains p such that [U nM]CR and

rrrn::r

is com

pact) •
Theorem 6.

No locally compact closed point set M

is the union of a countable number of closed point sets
such that if g is anyone of them then every point of g
is a limit point of M-g.
Definition 10.

The point set is said to be com

pletely separable if and only if there exists a count
able set H such that each element of H is an open set of
M and if D is any open set of M and p is a point of D
then there exists an open set of M belonging to H,
containing p, and lying in D.
Definition 11.

A point set is said to be connected

if it is not the union of two separated non-empty sets.
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Definition 12.

A point set which is both closed

and connected is said to be a continuum.
Theorem 7.

If G is a collection of sets such that

if H is a monotonic subcollection of G there is a set K
of the collection G which is a subset of every set of
~

the collection H, then there exists a set of the col
lection G which contains K but no other set of the
collection G.
Definition 13.

A maximal connected subset of a

point set M is a connected subset of M which is not a
proper subset of any other connected subset of M.
Definition 14.
be a

componen~

of

M

A subset K of a set M is said to
if and only if it is a maximal

connected subset of M.
Theorem 8.

If M is a connected point set and L

is a point set consisting of M together with some or
all of its limit points, then L is connected.
Definition 15.

If Hand K are two disjoint point

sets, the continuum M is said to be an irreducible
continuum from H to K if M contains both a point of H
and a point of K but no proper sub continuum of M con
tains both a point of" H and a point of K.
Theorem 9.

If the open subset D of the continuum

M is a proper subset of M and

rr

is compact, then the

boundary, with respect to M, of D contains at least
one limit point of every maximal connected subset of D.
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If {M i } is a sequence of point
sets, then the limiting set of this sequence is the
Definition 16.

set of all points p such that if R is a region con
taining p there exists infinitely many positive

contai~

integers n such that Mn
a point of R.
Theorem 10. If {M i } is a sequence of connected
point sets such that

UM i

is compact and there exists

a convergent sequence of points, {ail, such that for
each i, ai belongs to Mi , then the limiting set of the
sequence {M i } is a continuum.
Definition 17.

The point set M is said to be the

sequential limiting set of the sequence {Mi} if M is
the limiting

~et

of every infinite subsequence of {Mi}

and {M i } is said to converge to M.
Theorem 11.

If the limiting set of a sequence

{M i } is compact, then some subsequence of {Mi} has a
sequential limiting set.
Definition 18.

A point set is said to be de

generate if it consists of less than two points; other
wise, it is said to be nondegenerate.
Definition 19.

A point set is said to be totally

disconnected if it contains no nondegenerate connected
point sets.
Theorem 12.

If Hand K are two separated point

sets, every connected subset of HUK is a subset either
of H or of K.

8

Definition 20.

If H, K and T are proper subsets

of the connected point set M, then T is said to sepa
rate H from K in M if M-T is the union of two separated
sets containing Hand K
Theorem 13.

respeC~VelY,

If A, B, X, and Yare closed point

sets of the connected point set M, and B separates A
from X in M, and X separates B from Y in M, then B
separates A from Y in M.
Definition 21.

If a and b are two points of a

connected set M, and there exists at least one point
of M that separates a from b in M, "then the set of all
such points is called the segment ab of M and segment
ab together with the points a and b is called the
interval ab of M.

The points a and b are called end

points of the segment ab and of the interval ab of M.
An example of segment, interval and endpoint is
the connected set (a,b) of the reals, El • Let p be
any point which separates a from b.

Then the set of

all such points which separates a from b is {pla<p<b}
and this set is called a segment.

However, if a and b

are included with the segment, the result is an interval.
The points a and b are called endpoints.
Y

p

Figure 1

x
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Definition 22.

The point set M is said to be per

fectly compact if and only if it is true that if G is a
monotonic collection of subsets of M, then either the
elements of G have a common point or(they have a common
limit point.
Theorem 14.

If T is a component of the open set D

relative to the continuum M, D is a proper subset of M,
and

U is

perfectly compact, then the boundary of D with

respect to M, contains at least one limit point of T.
Theorem 15.
compact.

Every compact point set is perfectly

CHAPTER II
PROPERTIES OF CUT POINTS OF A PLANE CONTINUA

\

The establishment of an order relation,

<,

and cut

points, of a connected set of E2 , followed by the proper
ties of a plane continuum in terms of cut points, is the
procedure followed in this chapter.

Simple continuous

arcs, simple closed curves, and continuous curves will
be defined, and basic theorems and examples will be
developed from these definitions.

The definitions,

theorems and examples of this chapter are confined to
the Euclidean plane, E2 •
Definition 23.

If ab is an interval of a connected

point set M in E2 , the point x is said to precede the
point y, in M, on ab, (or in the order from a to b in M
on ab), if x and yare distinct points of M and either
(1) Y is b, or (2) y separates aUx from b in M.

The

point x is said to follow the point y in M on ab if y
precedes x, in M, on abo

A point is said to be between

the points x and y in M on ab if it precedes one of these
points and follows the other, in M, on abo
The above definition established the order of points
on any interval of E2 • This thesis assumes that the start
ing point of any interval is the first point, or ab, as
illustrated by Figure 1.

The points a and b are con
sidered to be end points of the connected set of E2 •
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The idea of cut and non-cut points will be intro
duced and used in the following theorems.

The follow

ing definition will be needed for the description of
~

the plane continuum in terms of cut points.
Definition 24. The point set T of E2 is said to
separate the point set H from the point set K in the
connected point set M if and only if T is a subset of
M and M-T is the union of two separated point sets) one
containing H and the other containing K.

The statement

that T separates H from K means that it separates H from
K in M.

The point p will be called a cut point of the

connected point set M if M-p is not connected.
A simple continuous arc is usually defined as a
set of points homeomorphic with [0)1]) but for purposes
of this thesis the arc will be described in terms of
cut points.

The simple arc is the first plane continua

to be described in terms of cut points in this thesis.
Definition 25. A simple continuous arc of E2 is a
compact nondegenerate continuum that does not have more
tha~

two non-cut points.
The continuum pictured in Figure 2 is an arc ab

with endpoints a and b.

(The points a and b are also

non-cut points of the arc ab.)

The removal of any point

x of ab) except point a or b) disconnects ab; such a
point is called a cut point of abo

_ __. _ - - - - - - - - ..•.

------
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IY

Y

a~b

x

I

-----./

I

x

-I

-x
Figure 2

a

/----b
x

Figure 3

In Figure 3, the points a and b are non-cut points.
Further, the point x does not disconnect the continuum
of Figure 3; therefore, the point x is called a non-cut
point of

th~s

continuum.

Figure 3 does not represent an

arc.
The following definition will serve to introduce a
principle which will be used in the proofs of several of
the following theorems.
Definition 26.

If for the point

0

of the connected

set M of E2 , the set M-o is the union of two separated
point sets Hand K, then II and K are called sects of M
from

and M will be said to be separated into two sets,

0,

Hand K, by the omission of o.
distinct from
M from

0

0,

If P is a point of M

then in case there is only one sect of

that contains p, that sect will be called a

sect of Ope
The following theorems describe properties of cutpoin ts.
Theorem 16.

Every nondegenerate compact continuum

of E2 has at least two non-cut points.
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Proof.

SuppOse M is a nondegenerate compact con

tinuum and e is a point of M such that every other point
of M is a cutpoint of M.

Let G denote a set such that

G' belongs to the set if and only if G' is the closure
of a sect of M that neither contains e nor has e as a
starting point.
of G.

Suppose H is a monotonic subcollection

By Theorem 15. the continua of the collection H

have a point p in common.

The point set M-p is the

union of two separated sets Mpe and K such that Mpe
contains e. Suppose H' is an element of the set H.
There exists a point x such that M-x is the union of
two separated point sets Mxe and H'-x. where Mxe con
tains e. Since H' belongs to H. it contains p; so p
does not belong to the connected point set MxeUx.
Hence. it is a subset of Mpe •
KU p. But KUp belongs to G.

Therefore. H' contains
So the element KU p of

G is a subset of every element of H.

Hence. by Theorem

7, there exists an element Go of G which contains KU p
but no other element of G.

There exists a point eo

such that M-e o is the union of two separated point sets
such that one of them is Go-eo. and the other one con
tains e.

Let y denote some point of Go.

The point set

M-y is the union of two separated point sets Mye and T
such that T does not contain e. The point set TU y is
a subset of Go-eo.

This involves a contradiction since

TUy is an element of G.

So, for every point e of M,

there is a non-cut point of M distinct from e.
follows that M has at least two non-cut points.

It

~
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The simple continuous arc is an example of a nondegenerate compact continuum of E2 with only two non
cut points.

An example of more than two non-cut points
would be a circle in E2 • A circle also illustrates the
above theorem.

It is a nondegenerate compact continuum

where every point is a non-cut point.
Lemma 1 is needed in the proof of the following
two theorems.
Lemma 1.

If T is a connected subset of the con

nected point set M of E2, and.M-T is the union of two
separated point sets Hand K, then HUT and KUT are
connected.
Proof.

Suppose, on the contrary, that HUT is the

union of two separated point sets Land N where L inter
sects T.

The set T is connected, and by Theorem 12, it

is a subset of L.

Therefore, N is a subset of H, and H

and K are separated.

Therefore, Nand K are separated,

and so are Nand L.

Thus, KULand N are separated and

M is not connected, contrary to hypothesis, that HU T
is the union of two separated point sets Land N where
L intersects T.

The proof of KUT is similar.

Theorem 17. If ab is a simple continuous arc from
a to b of E2 , and p is any point of ab except a and b,
and ab-p is the union of two separated point sets H
and K, then one of the sets, say H, contains a, and K
contains b.

15

Proof.

Suppose K contains neither a nor b.

By

Theorem 16 an~ Lemma 1, the compact continuum KU P
contains a point x distinct from p such that (K Up)-x
is connected.

The point set HUp is also connected,

and the union of these two connected point sets is
ab-x.

Hence, ab-x is connected.

This contradicts

that ab is a simple continuous arc.
Theorem 18. If M is a simple continuous arc from
a to b in E2 , and p is a point of M distinct from a and
b, and M-p is the union of two separated point sets H
and K, and H contains a, then HUp is an arc from a to
p and H is connected.
Proof.

Suppose that x is a point of HUp distinct

from a and from p.

Then, by Theorem 17, M-x is the

union of two separated sets T and L. where T contains
a and L contains b.
of L.

Let

U

:I

The connected set KU p is a subset

[(HUp) - x]nT and V ... [(HUp) - x]n L.

The sets T and L are separated and U and V are subsets
of T and L respectively; then U and V are separated,
but (H Up) - x

= U UV.

Thus, the continuum 11 Up by

Lemma 1 is disconnected by the omission of anyone of
its points except a and p.
from a to p.

Therefore, it is an arc

It follows that (HUp) - p, that is to

say H, is connected.
Theorems 17 and 18 have described some of the
properties of a simple continuous arc.

Consider the

simple continuous arc ab in Figure 4.

The point p is

16

any point of ab such that p

cut~point

point is a
Hand K.

+a

+ b,

and p

and this

separating ab into two point sets

The set H contains a and the union of H with

the point p forms an arc ap.
y
H

b

a

x
Figure 4
Theorem 19.

-2

a to b of E , and

If M is a simple continuous arc from
~

is a sequence of points {Pn}' be

longing to M, such that for every n, Pn , precedes Pn +1'
in the order from a to b on M, then this sequence has a
sequential limit point p and every term of it precedes
p in that order on M.
Proof.

The set M is compact, then; by Theorem 2

there exists an infinite increasing sequence {ni} such
that the sequence {Pn'}
has a sequential limit point p,
1
and by Theorem 4 p is a sequential limit point of
Unless every Pn precedes p, then there
j such that p precedes Pn'.

J

a number

The point set U Pn. lies

wholly on the interval Pn.b of abo
J

e~ists

~.

J

Then the point p is

not a limit point of this point set and neither is it
a limit point of the finite point set U Pnk for k
Then by Theorem 3, p is not a limit point ofUPn'.
1

<

j.

Thus,
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the supposition

not every Pn precedes p leads to

~at
I

the contradiction that p is a sequential limit point
of

U Pni •
Theorem 20.

If M is a subset of the simple con

tinuous arc ab of EZ , then the point p of ab is a limit
point of M if and only if every segment of ab that con
tains p also contains a point of M distinct from p,
(i.e., that every interval of ab that contains p also
contains a point of M distinct from p, according as p
is, or is not, distinct from a and from b).
Proof.

Suppose p is neither a nor b and that every

segment of ab that contains p contains a point of M
distinct from p.

Then either every such segment con

tains a point of M preceding p or everyone contains a
point of M following p.
alternatives is true.
the segment ape

Suppose that the former of the
The point p is a limit point of

It follows, with the help of Theorems

I, Z, 4, and 19, that p is the sequential limit point of
some sequence

of points PI' PZ' P3' • • • all lying on

«

ap such that for each n, Pn precedes Pn+l'

Let H denote

the set of all points of M that precede p.

The segment

PIP contains a point xl of H.

Let n l denote the smallest
n such that Pn is between xl and p. The segment PnlP
contains a point
indefinitely.

Xz

of H.

This process may be continued

Thus, there exists a sequence

a

of points

Xl' Pnl' xz' PnZ' x3' Pn3' • • • such that if one point
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precedes another one in this sequence, it also precedes
it in the order fr~ a to b on abo

It follows, by

Theorem 19 that the sequence B has a sequential limit
point z.

But the sequence

the infinite subsequence {Pn
p.

and the sequence B have

«

o

1

}

in common.

Hence, z is

Then the point p is the sequential limit point of

the sequence of distinct points {xi}; but these points
all belong to M.

Therefore, p is a limit point of M.

Suppose, secondly, that p is distinct from a and b
and that p is a limit point of M, and also that x is a
point of ab preceding p, and y is one following p in
the order from a to b on abo

If the segment xy of ab

contains no point of M distinct from p, then M-p is a
subset of the union of the two intervals ax and yb of
ab, but these intervals are closed point sets and neither
of them contains p.

Then p is not a limit point of their

union and is not a limit point of M-p.
not a limit point of M.

Hence, it is

Thus, the supposition that there

is a segment of ab containing p but no point of M leads
to a contradiction that p is a limit point of M.
Since a simple continuous arc is a compact connected
subset of a continuum, the proof for either end point of
the arc ab, a limit point of M, has been accomplished,
i.e., every segment which contains an end point of the
arc is a segment of the continuum containing arc abo
An example of Theorem 19 and 20 is readily shown by
using the subset [0,1] of the real line.

Let Pn

=

{~},

19
where p and n are real numbers, such that n
3, • • • •

=

I, 2,

The sequence {Pn} converges to 0, which

is an endpoint of the SUbS)t [0,1].

An example of

a sequence which does not converge to an endpoint is
Pn = {----2
n }, where p and n are real numbers, such that
n+2
n = I, 2, 3, •
This sequence converges to 1 and
2
also satisfies the conditions of Theorems 19 and 20.
The Dedekind-cut proposition is an

import~nt

and can be found in many point set theory books. l

theorem
The

proposition is introduced to facilitate an understanding
of the properties of order of a simple continuous arc.
Theorem 21.

(DEDEKIND-CUT PROPOSITION.)

If Hand

K are two subsets of the arc ab of E2 such that each
point of ab belongs either to H or to K, and each point

of H precedes each point of K in the order from a to b
on ab, then there is either a last point of H or a first
point of K in that order.
Proof.

Since ab is not a connected point set, one

of the sets Hand K contains a limit point of the other
one.

Suppose H contains a point p which is a limit point

of K, and x is a point of ab following p.

Then by Theorem

20, the segment ax of ab contains a point y which belongs
to K.

Since y precedes x, then x belongs to K.

every point that follows p belongs to K.

Thus,

Therefore, p

lDick Wick Hall and Guilford L. Spencer II, Elementary
Topology, (New York: John Wiley and Sons, 1955), p. 50.

-_._--

20
is the last point of H.

Similarly, if K contains a

point p which is a limit point of H, then p is a
first point of K.

)

The Dedekind-cut proposition will be used in
proving the following theorem.
Theorem 22. If K is a closed point set lying on
the arc ab of E2 , there is a first point of K in the
order from a to b on abo
Proof.
of K.

If a belongs to K it is the first point

Suppose a does not belong to K.

Let H denote

the set of all points x of ab such that x precedes
every point of K, and let T denote the point set ab-H.
Every point of H precedes every point of T.
x is a point of H.

Suppose

The set K is closed and does not

contain x; then, by Theorem 20, there is a point y
between x and b such that the interval xy of ab contains
no point of K.

The point y precedes every point of K,

and y belongs to H.

Thus, for

is a point y of H following x.
is no last point of H.

ev~ry

point x of H there

In other words, there

Then, by Theorem 21, there is a

point p which is the first point of T.

If P did not

belong to K it would precede every point of K and would
belong to H, which is impossible since it belongs to T.
The point p cannot belong to T-K since H denotes all
points that precede every point of K, ancl if p preceded
K, it would belong to H.
the first point of K.

Hence, p belongs to K and is

21
An example of Theorem 22 is shown by a closed,
bounded subset of the real line.

No matter where this

closed and bounded sUbse) is chosen, there will be a
first point.

Let [1,2] be this subset; then there is

a first point of this set in order from one to two on
[1,2].
Theorem 23.

If H is a connected proper subset

of the compact continuum K, then K-H contains a noncut point of K.
Proof.

Suppose, on the contrary, that every point

of K-H is a cut point of K.
point of K-H.

Let p denote some definite

Then K-p is the union of two separated

point sets, Kl and K2 • Since H is a connected subset
of K-p, it must lie wholly in one of these sets. Let
Kl contain If and let K2 denote the other one. By
Theorem 16, K contains a point 0 whose omission does
2
not disconnect K2 Up. Since the connected point sets
(K2UP)-0 anc KlUp have the point p in common, their

union is connected, but their union is K-o.
is not disconnected by the omission of

0,

Thus, K

and since

0

belongs to K2 it belongs to K-H.
Figure 5 is an example of the above theorem where
interval ab is a compact continuum of E 2 •

Let interval

cd be a connected proper subset of interval ab; then
ab-cd contains· a non-cut point of interval ab, namely
a or b.
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a

c

x
Figure 5
Lemmas 2 and 3 are needed for the proof of the theorems
which follow.
Lemma 2.

If Hand K are two separated point sets

of E2 , every connected subset of HUK is a subset ei ther
of H or of K.
Proof.

Suppose, on the contrary, that T is a con

nccted subset of HU K containing both a poin t of Hand
a point of K.

Then T is the union of the two separated

point sets Hn T and KnT, and thus, T is not connected,
contrary to hypothesis.
Lemma 3.

If M is a connected point set of E2 , there

do not exist an open point set 0 and an uncountable col
lection H of disj oint closed subsets of M such that

on M

is a separable point set containing «YAH« and if H«l
is any element of H, then M-H«

1

is the union of two

separated point sets of which one contains
Proof.

(U
H«) -H« •
a.€A
1

Suppose, on the contrary, that there exists

such an open point set 0 and the uncountable collection
H of disjoint closed subsets of M, and for each point
set Ha.

1

of the' uncountable collection H, M-Ha.

. is

1

the
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union of two separated point sets T«
K

«1

1

and K« , where
1

(U
H«) -H« and T« contains no point of
«EA
1
1

contains

H«.J are two elements of
U H«. Suppose that H«.1 ~d
«EA
I
H where i t j and p«. and p«. are points of M, such
;>H

J

1

that the point H«. separates the point p«. from H«. in
1

J

1

M and H«. separates H«. from p«. in M.
J

J

1

13, H«. separates p«. from p«
1

1

are distinct points of M.

j

in M.

Then, by Theorem
Hence, p«. and p«.

J

1

Thus, a sequence of distinct

points {p«} has been defined such that a p«ET« for every
«EA.

Now let G denote the collection of all point sets

T« .for all sets Hex
1

1

of 11, and let N denote a countable

subset of D such that D is a subset
point set T«

1

of~.

Since each

of the collection G contains a point p

of the sequence of distinct points {p«} of M then, for

each element Tex of G, Ga:flD contains a point of N.

But

there are uncountably many sets, T ex , since H is uncountable.

This involves a contradiction that N is countable

and therefore that D is separable.
Theorem 24. No separable and connected point set
M of E2 contains a connected subset K which contains an
uncountable set of points each of which disconnects M
but not K.
Proof.

Suppose, on the contrary, that there does

exist such a set K and an uncountable set of points H,
a subset of K, each of which disconnects M but not K.
Then, by Lemma' 2, if h is an element of Ii, M-l1 is the
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union of two separated point sets of which one contains
K-h.

But this is contrary to Lemma 3.
Consider Figure 6

theorem.

a~n

illustration of the above

Let interval ab be a set of points with

rational coordinates of E2 such that ab contains a
countable and connected subset K where abCK.

There

fore, interval ab is a separable and connected point
?

set of E-.

Theorem 24 has proven that K does not con

tain an uncountable set of points each of which dis
connect ab, but not K.
y

x

Figure 6
Further properties of a simple continuous arc are
proven in the following theorems.
Theorem 25.

No separable and connected point set

M of E2 contains a set of disjoint connected point sets
Ml , M2 , M , . . • and a point set K such that (1) the
3
sequence {M i } has a sequential limiting set that con
tains K and (2) there exists an uncountable collection
H of disjoint closed subsets of K each of which separates
M but intersects no set of this sequence.

2S

Proof.

Suppose. on the contrary. that there exists

a point set M which is separable. connected and in E2 •
Suppose h is an element of H.

The point set M-h is the

union of two separatealpoint sets Th and Kh where Kh
contains a point p of K. Since Kh contains p. and p
belongs to the sequential limiting set of the sequence
{M i }. then there are infinitely many point sets of this
sequence each intersecting Kh . Each Mn is connected.
and if a connected iubset of M-h contains a point of Kh •
then it is a subset of Kh . There is an infinite sub
sequence « of the sequence {M i } such that every point
set of the sequence « is a subset of Kh . The set K is
a subset of i:nM. where E is the union of all the point
sets of the sequence

«.

and

E"n M is

a subset of Kh U h.

Hence. K-h is a subset of Kh • Thus. if h is any element
of the uncountable collection H. then M-h is the union
of two separated point sets where Kh contains K-h.
contradicts Lemma 3.
Theorem 26.

This

If M is a simple continuous arc of E 2 •

and Hand K are disjoint closed point sets. there do not
exist infinitely many disjoint segments of M. each having
one endpoint in H and the other in K.
Proof.

Suppose there exists an infinite sequence

of such disjoint segments of M such that each has one
endpoint in H and the other in K.

By Theorem 11 there

exists a convergent subsequence S of

«.

By Theorem 10

the sequential limiting set of 8 is a continuum L.
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The continuum L contains a point of H and a point of
K, and is therefore nondegenerate.
is uncountable.

By Theorem 6, L

Hence, the set L contains more than

M~contrary to

two non-cut points of

the definition

of an arc.
All the previous work of this chapter has been
concerned with a simple continuous arc of E2 •

The

following pages will be concerned with describing
simple closed curves and continuous curves in terms
of cut points.
The simple closed curve, or Jorden curve, is
usually defined as a set of points which is the
homeomorph of a circle; but for purposes of this thesis
the simple closed curve will be described in terms of
cut points.
Definition 27.

A simple closed curve of E2 is

a nondegenerate compact continuum which is disconnected
by the omission of any two of its points.
A simple closed curve can be illustrated by a
circle as in Figure 7.

Any point can be omitted and

the continuum remains connected, but the omission of
any two points disconnects it.

Now consider Figure 8.

This continuum is not a simple closed curve.

Select

x and y as cut points and the continuum remains
connected, therefore not satisfying the definition of
a simple closed curve.
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Figure 7
Theorem 27.

Figure 8

If a and b are two points of the

simple closed curve M, then M is the union of two sim
ple continuous arcs which have in common only their
endpoints a and b.
Proof.

By definition, M - (aU b) is the union of

two separated point sets Hand K.
point set HUaUb is not connected.

Suppose the closed
Then it is the

union of two disjoint closed point sets Ha and Hb where
Ha contains a.

If Hb did not contain b, then M would

be the union of two separated point sets KU Ha and Hb .
Hence, Hb contains b and the point set Ha is connected.
Otherwise, it would be the union of two separated point
sets Land N such that L contains a, and M would be the
union of two separated sets KU Hb ULand N.

The point

set KUaUb is connected since, if it were not, it
would be the union of two separated point sets Ka and
Kb' containing a and b respectively, and thus M would
be the union of two separated point sets HaUK a and
HbU Kb •

Figure 9 is an illustration of Theorem 26.
points a and b where a

+ b,

Choose

then the simple closed curve
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is two simple continuous arcs with the same endpoints
a and b.

Thus the union of the two arcs in Figure 9

form a simple closed curve.
y

)

a

x

Figure 9
Theorem 28. If p is a point of a simple closed
curve M of E2 , then M-p is connected.
Proof.

There exists a point

but distinct from p.

0

belonging to M

By Theorem 27, M is the union

of two simple arcs pxo and pyo having only their end
points in common.
connected.

The point sets pxo-p and pyo-p are

Since they have

0

in common, and there

fore their union is connected, their union is M-p.
A simple continuous arc is not the homeomorph of
a simple closed curve because the connection of any
simple arc is destroyed by removing any point except
the endpoints; but, by Theorem 28, the connection of
a simple closed curve cannot be destroyed by the
removal of one point.
The continuous curve is the last plane continuum
to be described in terms of cut points in this thesis.
Axioms 0 and 1 were used to describe the simple con
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tinuous arc and the simple closed curve. but to describe
the properties of the,continuous curve also requires
Axiom II.
Axiom II.

If P is a point of a region R. there

exists a nondegenerate connected open set containing
p and lying wholly in R.
Definition

2~.

The point set M is said to be con

nected im kleinen at the point p if p belongs to M.
and for every open set D of M that contains P. there
is an open subset of M that contains p and which is a
subset of a component of D.

If M is connected im kleinen

at everyone of its points. then M is said to be con
nected im kleinen.
Definition 29.

The point set is said to be locally

connected at the point p if P belongs to M and every
open subset of M that contains p contains a connected
open subset of M containing p.

If the point set M is

locally connected at everyone of its points. M is said
to be locally connected.
Definition 30.

A connected im kleinen continuum

is called a continuous curve.
The study of the continuous curve dates back to
the late 19th century when C. Jordan is credited with
doing the original work of the continuous curve.

Jordan

defined a plane continuous curve as a set of points
(x.y) which may be obtained by functions x = f(t).
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y

get) which are continuous in the real variable t
as t varies from 0 to 1. 2
Figure 10 is an example of a continuum in E2
=

which is not a continuous curve.

Let H denote the

interval of the y axis whose extremities are the
points (0,1) and (O,-~and let K be the graph of
y

= sin ~ (O<x~l), Hand

K are both connected and
x
connected im kleinen, but HUK, though a continuum,

is not a continuous curve.

H UK is not connected im

kleinen at any point of H.
(O,l)IY

x

(0,-1)
Figure 10
The following theorems summarize some basic
properties of a continuous curve.
Theorem 29.

If D is an open set of the point set

M and M is connected im kleinen at every point of D in
E2, then every component of D is an open set of M.

York:

2Raymond Louis Wilder, Topology of r:!anifolds, (New
American Mathematical SocIety, 1949), p. 69.
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Proof.

Let T denote a component of the open set

D of the point set M.

Suppose p is a point of T.

By

hypothesis) there exists an open set of M which contains
p and belongs to some component of D and therefore to
T.

Hence) T is an open set of M.
Theorem 30.

T~point set M of E2 is connected im

k1einen at the point p if it is locally connected at
that point; and if M is connected im k1einen at every
point of SQme open set of M that contains p) then M is
locally connected at p.
Proof.

If a point set is locally connected at a

point) then it is connected im k1einen there) since
locally connected and connected im k1einen at a point
are defined the same.

Suppose that the point set M is

connected im k1einen at every point of N) and some open
set of M contains p.
containing p.
contains p.

Suppose D is an open set of M

Let T denote the component of

Dn N

that

By Theorem 29) T is an open set of M.

T is connected.
Theorem 31.

But

Hence) M is locally connected at p.
If p is a point of the locally compact

continuum M) and M is not connected im k1einen at the
point p) then if R is a region containing p) there
exists a connected open set D containing p and lying in
R) an infinite sequence of points Pi) converging to p)
and an infinite sequence of disjoint continua {M i } such
that (1) Mnrr is compact) (2) for each n) Mn is a com

3Z
ponent of MflIT-p containing Pn and a point of the
boundary of D, and (3) the sequence {M i } converges
to a subcontinuum of M which contains p.
Proof.

There exists an open set D and a locally

compact continuum containing p such that (1) MrlD is
a compact proper subset of M, and (Z) if Q is a sub
set of the

ope~set

D containing p, then there exists

a point of Q which cannot be joined to p by a connected
subset or component of

Mnrr.

Let {R i } denote a sequence

of regions closing down on p such that R is a subset
l
of D. There exists in RI a point PI which belongs to
M but not to the component of MnIT that contains p.

Let

Nl denote the component of MnIT that contains Pl' By
Theorems 14 and 8, N contains a point of the boundary
l
of D. There exists a number n such that R
contains
l
nl
no point of the continuum N • There exists, in R , a
l
nl
poin t Pz be longing to M but not to the component of M

nrr

that contains p.

Le t N2 denote the component of Mnrr

that contains PZ'

The point set NZ contains a point of
the boundary of D. There exists a number n Z such that

nZ contains no point of NZ ' The point set MnR nz con
tains a point P3 not lying in the component of Mnrr that

R

Let N3 denote the component of Mnrr that
contains P3' This process may be continued. Thus,

contains p.

there exists a sequence of points {Pi} converging to 0,
and a sequence of disjoint continua {N i } such that, for
each n, Nn is a component of Mn IT containing both Pn and
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a point of the boundary of D.

By Theorems 10 and 11,

there is a subsequence of {Nil which converges to some
continuum.

This sequence fulfills all the requirements

of Theorem 31.

)

CHAPTER I II
sm·1~1ARY

In this thesis, plane continua have been described
by listing a set of axioms and defining the necessary
(
terms needed in provin~theorems about cut points and
non-cut points of continua in E2 • The development of
the thesis has been to list theorems which describe
properties of cut points and non-cut points of simple
continuous arcs, simple continuous curves and continuous
curves, and then to prove these theorems by using only
definitions and axioms along with the theorems previously
listed in the paper.
There are many possibilities for further study of
the topic, such as describing properties of continuous
curves; which includes open curves, rays and acyclic
curves of E2 , in terms of cut points and non-cut points.
The development of these ideas could then be used to
meet the conditions of Peano spaces.

}.HdvtI90I18:IH
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