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CHAPTER 1
INTRODUCTION

Homomorphisms are important in the study of groups.
To testify to this there are several homomorphism and iso-
morphism theorems. These theorems are used repeatedly in

proving other theorems.
THE PROBLEM

The transfer is an elusive homomorphism. To deter-
mine the images of the transfer, in many instances, requires
much work, and the method prescribed by the definition
reveals little about the transfer, However, the transfer is
a homomorphism that is valuable in the study of groups.

Although computing the transfer requires consider-
able work, this work is justified as the transfer is used in
proving Burnside's Theorem, In addition, siﬁce each group
determines a set of transfers, the transfer could be a way

of characterizing groups,
ORGANIZATION OF THE THESIS

In this thesis, only finite groups will be considered;
it is assumed that the reader has knowledge of finite group
theory; In order to understand the development of the

transfer; it is essential that the reader has worked with



Sylow's Theorem and the isomorphism theorems,

The transfer is presented so that no previous know-
ledge of it is needed. Definitions, theorems and their
proofs are provided, To aid the reader, examples accompany
the theorems as well as the definition of the transfer,

The following list of theorems should be familiar to
the reader, However, they are presented here for review and
as a reference, since all of them are used in proofs of

theorems in Chapter 11,

Theorem 1,1 (Lagrange's Theorem)

If S is a subgroup of a finite group G, then [G:S],
the index of S in G, is equal to the order of G divided by

the order of S.

Theorem 1;2

If S is a normal subgroup of a group G; then the

cosets of S in G form a group, denoted G/S, of order [G:S].

Theorem 1.3 (An Isomorphism Theorem)

Let f be a homomorphism from a group G onto a group
H, with kernel K, Then K is a normal subgroup of G and G/K

is isomorphic to H.

Theorem 1.4 (Sylow's Theorem)

Let G be a finite group with a p-Sylow subgroup P.
All p-Sylow subgroups of G are conjugate to P and the number

of these is a divisor of G and is congruent to one modulo p,



CHAPTER I1I
THE TRANSFER

This chapter investigates the tfansfer, and includes
its definition; its properties and its use in Burnside's
Theorem, In addition, some information concerning commuta-
tors is included as an underlying concept connected to the'

transfer,

COMMUTATORS

A few basic concepts about commutators and commutator
subgroups are essential for the development of the .transfer,
The commutator subgroup of a group G is a normal subgroup,
and the factor group of G with respect to the commutator
subgroup is an Abelian group. These two properties will be

the main concern of this section.

Definition

I1f a and b are elements of a group G, the commutator
of a and b, Ea,b], is a~lb~lab, If H and K are subgroups of
G then [H,K]~will denote the subgroup of G generated by the

set of all Eh,k]; such that h is in H and k is in K, The

commutator éubgroup gﬁ is the subgroup [G;G];
Since the definition allows a and b to be inverses,

the identity is always a commutator, However; the set of all
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[h,k] such that h is in a subgroup H and k is in a subgroup
K is not_necessarily a subgroup itself. Therefore [H,K] may
contain elements which are not commutators,
The following theorem is supplied to provide the
reader with a better understanding of commutators, Also,
parts (1) and (iii) will be used to prove the two following

theorems,

Theorem 2,1

1f a, b and c are elements of a group G, then
(1) Ea,b] = e if and only if ab = ba .
(i1) [e,b]"t =[b,a]
(1ii) b~lab = ala,b] ,
(iv) [a,be] = [a,cJe"a,ble .
(v) [ab,e] = b~{a,cTbb,c] R
(vi) p~1{(a,b 1], cbe"1[[b,c"17,a]ca" {[e,a"11p]

= e ™

Proof. (Part (i)). By definition [a,b] = a~lb=lab |

and if a~lb~lab = e then ab = ba. Conversely, if ab = ba
1, -1

s
then a” b""ab = e, Hence [a,b] = e, and (i) holds., Each of
the other conclusions follows similarly by direct computation
using the definition,

Notice that if G is an Abelian group then ab = ba

for all a and b in G. Hence, by Theorem 2.1 (1), al fe} .



Theorem 2,2

.The commutator subgroup Gl is normal in G,

”B;ggg; Let a be an element in Gl and let b be an
element in G, By (iii) of Theorem 2.1, b~lab = a[a,b] .
Now, a and [a,b] are elements of Gl so that their product
must be in Gl, Therefore b~lab is in G! and Gl is normal
in G,

Since Gl is a normal subgroup of G, there exists a
factor group G/Gl; by Theorem 1.2, The existence of G/Gl

makes the following theorem possible,

Theorem 2;3

If G is a group then G/Gl is Abelian.

Proof. Let x and y be elements of G, then xGl and
yGl are elements of G/Gl. Consider the commutator [xGl,yGlj;
since Gl is a normal subgroup,

[(x6l,yal] = (xG1)~1l(yal)=1(xGcl)(ycl)
= x"]-y"]-xyG1 = Gl .
Gl is the identity of G/Gl, and therefore G/Gl is Abelian by

Theorem 2.1 (i).
DEFINITION OF TRANSFER

This section will be devoted to defining and explain-
ing a special homomorphism; the transfer,
In a group G with subgroup H, a complete set of coset

representatives S =[x1,x2,x3,...>,x;1 is a set such that for



any x§ in S, x3H is a coset of H. Also, if xjH = xjH then
Xj = Xj, and if y is an element of G then there exists one

and only one x in S such that y is in the coset xH,

Notation

1f [gl,gz,g:;,...,gn} is a subset of a group G,

then mng; is the product £7£983++.8p.

Definition

Let H be a subgroup of a group G, Let S
= {xl,xz,X3,...,xn} be a complete set of left coset repre-
sentatives of H in G, If y is an element of G then for each
x; there exists an hj in H and an X in S such that yx;
= xshy. T is the transfer from G into H/H! if and only if
T(y) = (nh;)nk,

The cosets of H partition G so that every element yxj
is an element of one of the cosets of H. Thus, by the
definition of coset, yx; 1is the product of some coset repre-
sentative Xj and some h; in H. Therefore, there exists an hj
for each x; such that yx; = xjhi' Hence the definition is
valid, When H is an Abelian group the transfer can be con-
sidered as a function from G into H as H! = {e} .

For an example of the transfer; let G be the cyclic
group of order six, {e,a,az,a3,a4,a5} « Let H be the sub-
group {e,az,al‘} e Since H is Abelian, Hl = {e} so that

the transfer is a mapping from G into H. Let the cosets of H

in G be eH and aH, then {e,é} is a set of representatives,



Let x; = e and x2 = a, Thus, when y = a3; yXi] = ade = a3

and yx?p

= a3a = a%, Now, a3 is in aH and a% is in ed, or

a3 = aa2 and a% = eab,. Hencé, hy = a2 and hy = a%, and

2.4

mhi = hjho= a“a’ = e. Therefore T(y) = e.

for x; = e and one for X9 = a, For each x;

Table 1 shows all possible forms of the equation

yXj = xjhi. For each y there are two such equations, one

i there is asso-

ciated an x. and an hi'

J

TABLE 1

THE POSSIBLE VALUES
FOR THE EQUATION

yXi = Xjhy

X XMy X X3 by
y=e e e e y=a e a e

a a e a e a2
y=a2 e e a2 y=ale a a2

a a a2 a e ab
y=at e e ab y=ale a ab

a a ab a e e

The table does not contain the image of any y under

the transfer, However, for each y it gives the appropriate

hy and hyp so that T(y) can be determined by taking their

product.

For y = a3, h; = a% and hy = e so that T(y) = 1hy
ale = a%, Thus T(e) = T(a3d) = e; T(a) = T(a%) = a2

and T (a2) = T(ad) = ab.



ELEMENTARY PROPERTIES

The transfer has two important characteristics as a
mapping. First, the transfer T from G into H/H! can be
modified so that the mapping is from G/G! into H/Hl., By this
modification, if K is a subgroup of H which is a subgroup of
G, then the mapping from G/Gl into K/K1 is the composite
function from G/Gl into H/H! and from H/H1 into K/Kl. This
is the transitive property. Secondly, the transfer is also
a homomorphism.

The equation yx; = xjhi contains a secondary mapping.
For each x; there is a unique x., for which y is fixed.
Hence, the equation yx; = X;hj can be written yx; = (Ax;)hy
where A is a function from the set of coset representatives

fxl;xz;X3,;..,xﬁ) into itself such that Ax; = x In the

J‘-
previous example y = e corresponds to the identity permuta-
tion, and y = a corresponds to the permutation (ea), In

Appendix A other permutations of the transfer can be found,

Theorem 2.4
The function A is a permutation;
Eggég; By definition, it must be shown that A is
one-to-one; 1f
Axy = Ax

then

xi'lxj = xi'l(y'ly)xj - (xi'ly'l)(yxj)

= (%)M yx;)



Now,

(yx3)"F = ((Axg)hg) "
and

(yxj) = (Ax;)h;
so that

(yx) " (yxs) = (Caxgdhg) ™ (Ax)h;

= h;"1(Cax;)"Hax;)n;

However,

Ax; = Axj

and hence
hy"1((ax;)"HAx;))hy = hy"thy e B
Thus x;H = x;H, and, since x; and x; are elements of a com-

J 1 J
plete set of representatives, A is one-to-one. Therefore A
is a permutation,
For every group G and subgroup H there exists a

transfer from G into H/HL., This follows directly from the

definition of transfer.

Theorem 2,5

1f H is a subgroup of a group G then there exists
exactly one transfer from G into H/ul.

Proof, 1t remains to be shown that there is only
one transfer from G into H/Hl; or equivalently; the transfer
is determined independently of the choice of the coset

representatives. Let yz; = (Bzj)a; and yxy - (Axi)hi; where

a; and hy are in H and {xl,xz;X3;...;xn} and {21;22;23;;.;,zn}



10
are complete coset representative sets. Now, every z; is in
some coset xjH so that 2z; = xjcj. For each x; there exists
an xj and a permutation D such that xj = ij. Also, a permu-

tation of the x;'s must necessarily permute the hj's and so

hj = Dhj. Thus yx; = y(ij)

(Aij)(Dhj). By using this
equation and the equation zj; = (Dxj)cj, it follows that
y((Dx3)ec;) = (y(Dx3))e;

((ADx; )(Dhj))cy .

yz;

Now, (ADx;) can be replaced as

(D-1ADz;) = (D(D"1ADx;)(D~1ADc;)

(ADx; ) (D-1ADcy )
which implies that

(ADx;) = (D-1ADz;)(D-1ADc;)-1 .
Thus

(ADxi)(Dhi)ci = (D-lADzi)(D-IADCi)-l(Dhi)Ci ’
and

= (D"'l D -)(D']'AD .)-1 Dhs e

yz3 ADz; c3)~+(Dhj)ey .

However, yz; = (Bzj)aj so that
| (Bzi)a; = (D~1ADz;)(D"YADc;) " (Dhide; .

Since (Bzj) and (D-1ADz;) are uniquely determined;

(Bz5) = (D'lADzi)
and

-1 -1

a; = (D ADCi) (Dhi)ci N

Hence

( ma;)HL = (TT(D'lADci)'l(Dﬁi)ci)Hl .
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Now, since H/Hl is Abelian and Hl is a normal subgroup of
H, the preducts may be taken in any order, Also, D and p-1aD
are permutations so that

(nai)H1 (nm (D'lADci)'l(Dhi)ci))H1

(nci)'lﬁvhi)(ﬂci)Hl = (vhi)at .

Hence a group and a subgroup determine a transfer,
Therefore when two or more transfers are being considered
the following notation will be used,

Notation
If H is a subgroup of G then TG,H is the transfer

from G into H/ng

Theorem 2,6

The transfer is a homomorphism,
Proof. Let yx; = (Ax;)h;, and zx; = (Bxj)c; where
z and y are elements of G, ¢ and hy are in H; and A and B
are permutations, Then
(yz)x3y = y(zx3) = y((Bxj)ei) = (y(Bxj))ey
(ABx3)(Bhy)ey .

Hence

T(yz) = (n(Bhs)e)nt
and since H/H! is Abelian,

(m(Bhi)ei)H! = (whi)Hl(mei)H! = T(y)1(2) .
Therefore

T(yz) = T(y)I(z)

and T is a homomorphism,
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The next property to be considered is that of transi-
tivity. In general the transfer is not transitive, However,
when the subgroup H of the transfer TG,H is Abelian the
image of G under TG,H is a subset of H and so, if K is a
subgroup of H; there is a transfer Ty g and a transfer TG,K
such that TG,K = TH,KTG,H' This is the transitive property.

Through the following theorem, a function greatly
related to the transfer for which the transitive propérty
holds can be defined, This new function is the same as the

transfer when the subgroup of the transfer is Abelian,

Theorem 2,7

The function TE,H’ from G/GL into H/H, defined by

Té’H(yGl) = Tg,u(y), for all elements yGl, is a homomorphism,

Proof., It first must be shown that TE,H is well
defined, If h and k are elements of G, such that nel = kel
implies that TE’H(hGl) = TE’H(kGl), then the mapping is well
defined. Tg y(hGl) = TG u(kGl) if and only if Gl is contain-
ed in the kernel of Tg y. Let K = Ker(Tg,y). By Theorem 1.3,
G/K is isomorphic to H/H!, and hence Abelian. By Theorem 2.1
(i), since the identity of G/K is K, K = [aK,bK] for all
elements a and b in G; Now; K is a normai subgroup of G so
that [aK,aK] = [a,bJK., Thus, all commutators of G are in K,
But, K is a subéroup of G and hence Gl is contained in K.

Therefore Ty y is well defined,
b
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Let yGl and zGl be elements of G/Gl., Since Tg. g is
H
a homomorphism it follows that

T8,u(r26Y) = Tg 4(y2) = Tg 4T y(2)

* Lyp¥* 1
TG,H(yG )TG,H(ZG ) .

Therefore Té g is a homomorphism,
9

Theorem 2,8 (Transitivity of the Transfer)

If G is a group and K is a subgroup of H which is a

x * *
subgroup of G, then Tg g = TH,KTG,H'

Proof. Let {xl;xz;X3,...,xn} be a complete set of
coset representatives of H in G, and let {i1,22,23;..;;zm}
be a complete set of coset representatives of K in H, Let y
be an element of G and yx; = (Ax;)h; where h; is in H and A
is a permutation of the xi's. Since G is the union of all
cosets of the form xiH and H is the union of all cosets of
the form z.K, it follows that G is the union of all cosets

J
xizjK. Thus, for each i and j there is a permutation A; and

an element kij of K such that hizj = (Aizj)kij s e
Hence

- (Axi)((Aizj)kij) = (Axi)(Aizj)kij
Hence

TE’K(YGI) =-TG,K(y) = ("ijkij)Kl ;

and
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* % 1 * * 1
Ta,kTe,u(y6 ) = Tg xTg,uly) = Ty k((mih;)H

= Ty, g(mh;) = m3(Ty ghy)

= Tri('lTJli)Kl = (TTiJli')Kl °

The last equality is justified, since K/K! is Abelian,

Therefore

* * *
TG,K = TH,KTG,H .

CHARACTERISTICS

Computing the transfer is often time consuming. Some
of this work can be eliminated by using the theorems in this
section, These theorems are also valuable in proving other
theorems. In particular, Theorem 2.9 is needed for the proof

of Burnside's Theorem,

Theorem 2,9

Let G be a group and H a subgroup of G. Let T be
the transfer from G into H/Hl. Then, for each y in G, there

exists a subset S* = {xl,xz,X3,...,xr} of a complete set S

of coset representatives of H such that

n
(1) xi'ly ixi H for proper choices of nj
and Xi’ i= 1,2,.oo’r 3

(ii) Zn; = [G:H] .

(111) T(y) = (m(xg~ly"ix,))ml

Proof. For each element y in G, there exists a
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permutation A of S such that yx; = (Axj)h; where x; is an
element of S and hy is an element in H., If A is the identity
permutation, then (Axj)hj = xjh; for all xj, so that
hy = xi‘lyxi. Thus xi'lyxi is an element of H, and

T(y) = (nhy)HL = (n(x;~lyxg))El
Also, in this case each n; =1 and it follows that
£a; = [G:H] .

Otherwise, let (xilxizxi3"'xit) be any cycle of A

of length n;. Then

yX31 = Xj2h49 ’ yXij2 = X33h42 >
YX33 = X34hs3 s o o es YXi(e-1) = Xiehy(e-1),
YXje = X31hy, .
Thus
x -l -— h. X -1 F3 h.
i2 Y¥*j1 T il ’ i3 YXi2 T 2
Xia-lyxi3 = hi3 3 o o o
X . 'lyx. = h:
it i(t-1) i(t-1) ’
x31"Lyxi ¢ = hyq >
so that
(%51 Lyxs o) (x5 o~ Lyxs eoolx;50"Lyxs 1)
il it it YXi(t-1)/++\Xj2 "YX41
= hjhy(g-1)eeebhy .
Therefore
-1,t _ -
(x31 ly X31) = hithi(t-l)"°h‘1l ’

n
and it follows that xi‘l ixie.H, and so (i) holds. Since
H/Hl is Abelian and H! is normal in H; the product mwh; may

be taken in any order so that



16

n:
1
1y Xi) .

Thy = m(x;~

Thus (iii) holds. Now, since A is a permutation, and there-
fore onto, the sum of the lengths of the cycles of A
(including cycles of length one) is the number of elements
in the complete set of coset representatives, Therefore,
by Lagrange's Theorem, the sum of the lengths of the cycles
of A is [G:H].v

In itself; this theorem does not aid in the calcu-
lation of the transfer, However, from it the following

three theorems are proved, the first two of which simplify

the transfer for special cases,

Theorem 2,10

Let H be an Abelian subgroup of a group G. Let
[G:H] = n and let T be a transfer from G into H/Hl, 1If
G = HK, H is a subset of C(K), the centralizer of K, and y

is any element of G, then T(y) = yn,

Proof, Since G = HK, K contains a complete set of
coset representatives of H, Let yk; = (Aki)hi where k; is
an element of K, and h; is an element of H. Then, by

Theorem 2,9,

Nns
T(y) = (n(ky-ly lki))H1 .

n

Ns M
Hence k;~ly lk- €H and y 1€ k.Hk, -1 « But, H is a subset
1 1 1771 ’

1

of C(K) so that ksHk™ " = Hkiki‘l = H. Now, yni is in H and
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so it commutes with all elements of K, and therefore

(ﬂ(ki‘lyniki))ﬁ1 = (ﬂ(yni))Hl = youl .

But H! is the identity; as H is Abelian, so that T(y) = y".

Theorem 2,11

Let [G:H] = n and let T be a transfer from G into
B/Hl., 1f H is contained in Z(G), the center of G, and y is

an element of G, then T(y) = ym1.

Proof. Since H is a subset of Z(G), HL = {el so
that T can be considered as a transfer from G into H.
By Theorem 2,10,
N
-1, X
X3"'y x3;€H
and

-1 nl
T(y) = n(xy "y “x4) .

Hence

R 1

y € xini‘1 .

But, H commutes with all elements of G since it is a subset
of 2(G) and so

n
Thus y 1 is in H and it too commutes with all elements of G

so that

Ne. n
i i
m(x3=ly "xy) =my =y,
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Therefore
T(y) = yo .

In Ay®7%Zy (Appendix A) the center is {1;3} . Con-
sider the transfer from G into Z(G). Theorenm 2;11 says that
for each y in G; T(y) = y" where n = [G:H] = 12, However,
all of the elements of A4®Z) have orders which divide 12,

Therefore, T(y) = 1 for all y in G,
Theorem 2,12

Let [[G:H] = n and let T be a transfer from G into
H/Hl. 1f G = HK and the intersection of H and K is the

identity then K is a subset of the kernel of T, Ker(T).

Proof. Since G = HK and the intersection of H and K
is the identity, K is a complete set of coset representatives
of H, Let y be an element of K, if k; is a representative

from K; then

1, 1
ki-y kie K L]
However, by Theorem 2,9(i),

n

-1 1
l{i Y ki c H .

Hence

Therefore

n, :
T(y) = (n(x;~ty 'ky))HL = enl ,



19

and K is contained in Ker(T).

For an example of this theorem, consider A4,@®Z) again
(Appendix A). The subgroups H = {1,3,9,12,14,16,18,20}
and K = (1,2,4} satisfy the hypothesis of the theorem. The
transfer Tg y has kernel (1,2,4,10,11,12,15,16,17,18,21,24}
which contains K. Notice that the subgroups {1,10,17},
{1,11,21}, and (1,15,24} could each replace K, and so each

is a subset of the kernel.

Theorem 2,13

Let T be a transfer from a grcup G into the factor

group H/H!., If x and y are conjugates in G then T(x) = T(y).

Proof, Let g be an element of G such that g‘lxg = Ve

Then
T(g~lxg) = T(g~1)T(x)T(g)
(T(g))1r(x)T(g)

T(y)

as T is a homomorphism. Since H/H1 is Abelian,
(T(e))~1T(x)T(g) = T(x)(T(g))"11(g) = T(x) .
The fact that the images of conjugates are the same
decreases the work of computing the transfer., In A4QDZZ
(Appendix A) two thirds of the work is eliminated by Theorem

2,13,

Theoren 2;14

Let G be an Abelian group with p-Sylow subgroup H.



20

If T is a transfer from G info H then T is onto,

Proof. Since G is Abelian, H is Abelian and so T
can be considered to be a mapping into H. Now, for every y

in H,

as G is Abelian, Thus T(y) = y® where n = [G:H]., Suppose g
and h are in H such that T(g) = T(h). Then‘gn = h™, which
implies that

gn(hn)-l = e ,
so that

(gh™H) = e .
H is a p-Sylow subgroup so that (p,n) = 1, and so gh'1 = e
or g = hs Therefore T is onto.

Requiring G to be Abelian seems to be a stronger
restriction than needed. However, the theorem cannot be
proved by only requiring the subgroup H to be Abelian, In
fact, the theorem with such a change is false, To prove
this, refer to A,@Z7 (Appendix A). The subgroup
{1,3,9,12,14,16,18,20} is Abelian and the transfer to this

subgroup is not onto., The image of the transfer is {1,5} .
BURNSIDE'S THEOREM

So far the transfer is little more than an interest-
ing homomorphism. However, in this section; it will be used

to characterize the structure of some groups;
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Theorem 2,15

If P is a p-Sylow subgroup of G, and L and M are
self conjugate subsets of P which are conjugate in G, then

they are conjugate in N(P).

Proof., At first, the conclusion seems obvious,
However, for L and M to be conjugates in N(P) there must
exist an element y in N(P) such that y~lPy = M,

By definition of conjugate, there exists a g in G
such that g'ng = M, Let t be an element of P; then g'ltg
is an element of g‘ng, and

(g7 tg) (e Le) (g7 te) = (g lt~lg) (e lLg) (g lts)
g"1(t7lLt)g = g7lLg

This last equality is justified as L is self conjugate in P,

Hence g'ng is a self conjugate subset of g'ng. Thus, M

is a self conjugate subset of g'ng, and so g‘ng is con-

tained in N(M). Hence, by Sylow's Theorem, there exists a z

in N(M) such that z~l(x~lLx)z = P. Therefore, z‘l(x'le)g

= z"Mz = M, and since zx is in N(P), the theorem is proved,
The next theorem is usually presented as part of the

proof of Burnside's Theorem, However, it characterizes the

transfer for certain types of subgroups and so is valuable

in itself,

Theorem 2,16

Let P be a p-Sylow subgroup of a group G, and let T
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be a transfer from G into P/Pl., 1I1f N(P) = C(P), then
(i) the intersection of Ker(T) and P is
the identity,

(ii) T is onto P.

Proof. Since C(P) = N(P) which contains P, P is
Abelian, Thus, consider T as a transfer from G into P. Let
{xl,xz,X3;...,xn} be a complete set of coset representatives

and let y be an element of P, By Theorem 2,9,

ny 1 ny
xi‘ly xiﬁ P and T(y) =ﬂ(xi’ y xi) .

Since

n n,
1

1M -
by %)%l =y ,

X.(Xi

n n

it follows that xi'ly ixi and y 1

are conjugates in G, Now,
each of these is a self conjugate subset of P since P is
Abelian, Hence, by Theorem 2,15, there exists a z in N(P)

such that z'ly iz = x5y Xy . But z'ly Yz = y .

n n n
i

Therefore, xi'ly ixi =y 1 and T(y) =ny . Let
[G:P] =n, P is a p-Sylow subgroup of G and so (n,p) = 1,
Hence y® # e if y # e. Therefore the intersection of Ker(T)
and P is the ideﬁtity. Conclusion (i) is proved. Now, if z
is an element of P such that T(y) = T(z), then y" = zD' and
hence (yz=1)? = e, This implies that yz-l = e, or that y = z,

Therefore the transfer is onto,
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Definition

A subgroup K of a group G is a complement of a

subgroup H if and only if G = HK and the intersection of H

and K is the identity.

Theorem 2,17 (Burnside's Theorem)

Let G be a group, and let P be a p-Sylow subgroup of

G. If N(P) = C(P), then P has a normal complement in G,

Proof., From Theorem 2,16, it follows that the inter-
section of Ker(T) and P is the identity. Also, by Theorem
2.16, the transfer is onto P, Thus, by an isomorphism
theorem (Theorem 1.3), the factor group G/Ker(T) is
isomorphic to P, Thus G = Ker(T)P, and therefore Ker(T) is
a normal complement of P,

A4®Zy (Appendix A) can also be used to illustrate
this theorem, Let the p-Sylow subgroup P be any one of
the subgroups {1,2,4}, {1,10,17}, {1,11,21} , or {1,15,24}.
Each of these has its normalizer equal to its centralizer,
and each has the subgroup {1,3,9,12,14,16,18,20} as its

normal complement,



CHAPTER II1
CONCLUSION

The transfer is only a small part of group theory,
and this thesis hardly reveals anything about the transfer

compared to what is still unknown about it,
SUMMARY

In this thesis, a brief discussion of commutators
and commutator subgroups provided enough background informa=-
tion to develop the transfer., The transfer was developed
starting with the definition, From the definition a few
elementary theorems followed, The theorems presented next
were intended to characterize the transfer, and to give the
reader a better understanding of it. Chapter 11 was con-
cluded by Burnside's Theorem, Burnside's Theorem is the
most important theorem of this thesis and is one of the

major theorems of group theory.
SUGGESTIONS FOR FURTHER STUDY

There remains a great deal to be studied about trans-
fers. As defined, the transfer is an into mapping. However,
in many instances the transfer is onto, Determining when
the transfer is onto would relate the transfer to the

structure of groups, Also, a deeper study of the transfer
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could reveal an easier way of computing it.
In preparing this thesis, other possible topics of
study have come to attention.,
1) How are the transfer and Burnside's Theorem
related to the solvability of groups?
2) Can the class equation be used in connection
with the transfer?
3) How can the transfer be used in the stud} of
Abelian groups?
4) What is the importance of commutators and

commutator subgroups in the study of groups?
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APPENDIX A
THE TRANSFERS OF A4,®Z9

Seven of the transfers of A,@®Z) are presented as an
aid to the reader. These transfers provide examples to
theorems 2.4, 2,11, 2,12, 2,14, and 2,17,

In connection with Theorem 2,13, the conjugate
classes of A,®2 are {2,10,21,24};: (4,11,15,17}; {5,7,22,23};
{6,8,13,19); {9,14,20} ; and {12,16,18} . The center is {1,3}.

For the transfer onto {l,2,4} the set
S = {1,3,7,8,9,10,11,12} is used as the set of coset repre=-
sentatives, When y = 1, T(y) = 1, and the permutation of S
is the identity permutation, For y = 2, T(y) = 4, and

(1 8 9)(10 11 12) is the permutation,

_Xj Ax{ _hi Permutation
y = 2 1 1 2 T
3 3 2
7 8 1
8 9 1 & (7 8 9)(10 11 12)
9 7 1 |
10 11 1
11 12 1
12 10 1
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T:A,Q27 ——> {132’4}

. =)
bbbeNHNHNHNHNJ-\HNJ-\NJ-\NHJ-\HE

Permutation

(7
(1
(7
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1

I

8 9)(10 11 12)

3)(7 10)(8 11)(9 12)
9 8)(10 12 11)

3)(7 11 9 10 8 12)
3)(7 12 8 10 9 11)

7 12 3 10 9)(8 11)

8 12 3 11 9)(7 10)
9)(3 12)(7 11)(8 10)
10 12)(3 7 9)

11 12)(3 8 9)

12)(3 9)(7 8)(10 11)
7 11 3 10 8)(9 12)
7)(3 10)(8 12)(9 11)
10 11)(3 7 8)

10)(3 7)(8 9)(11 12)
12 10)(3 9 7)

11)(3 8)(7 9)(10 12)
9 10 3 12 7)(8 11)
8)(3 11)(7 12)(9 10)
12 11)(3 9 8)

9 11 3 12 8)(7 10)
8 10 3 11 7)(9 12)
11 10)(3 8 7)
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T:A 029 ——>> {1,2,4)
Image of T Ker(T)
L,2,4} {1,3,9,12,14,16,18,20}
T:A,Q2p ———3> {1,10,17}
Image of T Ker(T)
{1,10,17} {1,3,9,12,14,16,18, 20}
T:A,@27 ~——— (1,11,21}
Image of T Ker(T)
fi,11,21} {1,3,9,12,14,16,18,20}
T:A,®Zy ——— {1,15,24}
Inage of T Ker(T)
{i,15,24} {1,3,9,12,14,16,18,20}
T:A®Z) ——> {1,12,16,18
Image of T Ker(T)
{1} A,Q®Z2
T:A,®2Z97 ———>={1,3,9,12,14,16,18,20}
Image of T Ker(T)
{1,3} {1,2,4,10,11,12,15,16,17,18,21,24}
T:A,Q2%2) ——> {1,2,4,10,11,12,15,16,17,18,21,24}
Image of T Ker(T)
{ul, 261, 461}, where {1,3,9,12,14,16,18,20}

! = {1,12,16,18
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The Multiplication Table of A4QZ>

7

7
8
10

8

8
9
11
7

12
10
18
21

15
20
22
12

2
17
5
19

23
6
24
4

3
1
16
14

9

9
7
12
8

10
11

ol

wonp

17
18
19
20

13
14
15
16

23
24
21

10

10
11

12

19
14

23
17
16
24
20

18

21
22

15
13

11

11
12

8
10

9
7
20
22

13
18
21
15

5
19
2
17

24
4
23
6

1
3
14
16

12

13

14

14
23
16
19

24
17
21
15

18
22
13
20

11
1

- -
VNON NPV W®

15

15
18
13
21

16

N

17

17
16
19
24

H

H
NoNvun == W

24

24
17

16

19
14

11
12
10
22
21
18

20

13
15



Lattice of A,®Z9

1 10 15 18
2 11 16 21
4 12 17 24

14 1109 111 [115
25 317] [321 |3 23
a = < - z - - 36 (719 [822 [1324
3 |3 3] f12] |9 o| |12
18| | 9| |wa| (1a] el |16l |16
200 12| |ie] [20) 18] [20] |18 ><<::::

1 1 1 1
2 10 11 15
4 17 21 24




