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This paper presents an introduction to Cech closure spaces. The 
set of all Cech closure operators on a set is closed under the operations 
of union and composition. An association between Cech closure operators 
on a finite set and zero-one relation matrices is used to present matrix 
operations corresponding to 

v 
union and composition of Cech closure oper

ators. Finitely generated Cech closure operators are defined, and it 
is shown that the set of all finitely generated Cech closure operators 
on a set, partially ordered in a natural way, yeilds a uniquely comple
mented, dist~butive, and complete lattice and is therefore a Boolean 
algebra. A Cech closure operator generates a semi-topology and an under
lying topology; relationships between the~e are studied. Several 
separation properties are generalized to Cech closure spaces and studied 
in this broader context. 
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CHAPl'ER I 

INTRODUarION 

v 
Cech closure spaces were introduced by Cech [3]. For each Cech 

closure space there exists an underlying topological space that can be 

defined in a natural way. Some familiarity with the rudiments of topology 

on the Part of the reader is assumed. 

The set of all 6ech closure operators on a non-empty set is closed 

under union and composition; while the composition of two topological 

closure operators is not necessarily a topological closure operator, it is 

a Cech closure operator. The set of all 
v 
Cech closure operators on a set, 

partially ordered by inclusion, yields a complete lattice. 
v-

A finitely generated Cech closure space is a generalization of a 
~ v 

finite Cech closure space. The set of all finitely generated Cech closure 

operators on a set, partially ordered by inclusion, yields a uniquely 

complemented distributive complete lattice. 

Sharp, in [5], and Bonnett and Porter, in [2], represent finite topo

logical spaces using zero-one matrices. Matrix characterizations of many 
v 

topological properties are given in these papers. Cech closure operators 

on a finite set can also be represented by zero-one matrices; matrix 
v 

operations corresponding to union and composition of Cech closure oper

ators are defined. 

In this paper, several mild separation properties are extended to 

Cech closure spaces and characterized, for finite spaces, in terms of the 

matrix associated with the closure operator. It is shown that finitely 
v 

generated Cech closure spaces satisfying certain of these separation prop

erties are topological spaces. Therefore some of the separation properties 
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for 
~ 

Cech closure spaces carry over to the underlying topological space. 
~ 

A Cech closure operator also generates a semi-topology; that is, a 

collection of sets that satisfies the axioms for a topology, except for 

the union axiom. 
y

Cech closure operators of finite degree are defined and studied. It 

is of interest to note that 
v 
Cech closure spaces of finite degree provide 

a generalization of topological spaces. 



CHAPTER. II 

BASIC DEFINITIONS AND RESULTS 

v 
DEFINITION 2.1. A mapping c: p(X)-+p(X) is called a Cech closure 

operator provided it satisfies the following three axioms: 

(C1) c(l) = f 
(C2) Acc(A) for all AC.X 

(C3) c(At)B) = C(A)U c(B) for all A,BcX. 

Then c, together with the underlying set X, is called a Cech closure 

space and is denoted by (X,c). If c also satisfies: 

(C4) c(c(A)) = c(A) for all Ac.X, 

then (X,c) is a topological space. 

DEFINITION 2.2. Let (X,c) be a Cech closure space. A subset A of X 

is called closed provided A =c(A). A subset A of X is called open 

provided its complement X-A is ciliosed. Let t(c) = ~O: X-O = c(X-O)] . 

LEMMA 2.1. Let (X, c) be a Cech closure space, and AcB c::.X. Then 

c(A) is contained in c(B). 

PROOF. c(A)C. c(A) l}c(B) = c(AUB) = c(B) since AUB = B. 

LEMMA 2.2. Let (X,c) be a Cech closure space, and A~X. If c(A) is 

contained in A, then A is cilimsed. 

THEOREM 2.3. Let (X,c) be a Cech closure space. Then t(c) is a 

topology on X (t(c) is called the underlying topology of (X,c)). 

PROOF. Clearly, X and'; are members of t( c) • Suppose 0 and Q are 

members of t(c). X-COn Q) = (x-o) U(X-Q) = c(x-o) Uc(X-Q) = 

= c( (x-o) U (X-Q)) = c(X-(0 f)Q)). Now donsider an arbitrary collection of 

setsf ... :~ €.A..~, each a member of t( c) • For each ""*.A, X-Qqo is closed and 

I)[x-~: c<. ~.A.J is contained in X-Ot(. Lemma 2.1 then implies that 

c(n fX-QD(: eJ.E...A3) is contained in c(X-O~) = X-¢O(' for every""~. Hence 

3
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c(() [X-O,,(: 0( e AJ) is contained in nfX-O",: 0( EAj' and by lenuna 2.2, 

n[X-Of/(: C( eA.] = X- U[OI(: I1((fA] is closed. 

Consider these examples of 
'-
Cech closure spaces. 

EXAMPLE 2.A. Let X =[1,2,3,4]. Define c(1) =[1,2] , c(2) =[1,2} , 

c(3) =[2,3) , c(4) = {3,43. For all A contained in X, let 

c(A) = (<p if A = ~ 
f.... U{c(a): aE A} otherwise. 

By the definition of c(A), (C1) and (C2) are satisfied. Let A and B be 

subsets of X. Then c(AU B) = U{c(x): x€ AVB) = 

= (U[c(x): xi.AJ ) U(U[c(x): xl-B}) = c(A)Uc(B). Thus (X,c) is a 
~ 

Cech closure space. 

EXAMPLE :2.B. Let N represent the natural numbers. For all elements 

n of N, let c(n) = [n, n+1j. For any A contained in N, define 

(¢ if A = c/
c(A) 

(U[c(n): nl': A] otherwise. 

EXAMPLE 2.C Let X be any infinite set. For all A contained in X, let 

I ~if A = 

c(A) = A if A is finite[ 
X otherwise. 

Notice that example 2.C, in addition to being a ~ech closure space, 

is a topological space. 

DEFINITION 2.3. Let (X,c) be a Cech closure space. If c(A) = A for 

every set A contained in X, c is called the discrete closure operator on 

x. If c(A) = X for every set a contained in X, c is called the trivial 

closure operator on X. 
~ 

DEFINITION 2.4. In a Cech closure space (X,c), c is finitely generated 

provided for any subset A of X, c(A) = U[c(a): a~A}. (X,c) is then 
v 

called a finitely generated Cech closure space. 
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V' 

THEOREM 2.4. Every finite Cech closure space is finitely generated. 

THEOREM 2.5. Let X be a non-empty set and e: X....p(X) be a mapping 

such that x£ e(x) for each x£ X. Let c(A) = Ufe(a): a ~ A] for all Ac. X. 

Then (X,c) is a finitely generated eech closure sPace. 
v 

Essentially, a finitely generated Cech closure operator is determined 

by its action on singleton sets. 

DEFINITION 2.5. Let c and d be eech closure operators on a set X, and 

Abe a subset of X. Then define: 

(cUd)(A) = c(A)Ud(A), and 

(c 0 d)(A) = c(d(A)). 

v 
THEOREM 2,6. Let c and d be Cech closure operators on a set X. Then 

v 

(cUd) and (cl:>d) are Cech closure operators on X. 

PROOF. Let A and B be contained in X. Easily (c U d) (~) = f and 

A C (c Ud)(A). Now (c Ud)(AUB)= 

= C(AUB)Ud(AUB)= 

= c(A) U c(B) U d(A) Ud(B) = 

= (CUd)(A)U (cUd)(B). 

Clearly (cod)(f) =1> and Ac (cod)(A). By definition,
 

(co d)(AUB) =
 

= c(d(AUB)) =
 

=c(d(A) Ud(B)) =
 

= (cod)(A)U(cod)(B).
 

THEOREM 2.7 In the set of all eech closure operators [c t( J on a set 

X, the operatIhon U is associative, conunutative, and has an identity, 

while the operation 0 is associative and has an identity. 

PROOF. Since U is defined in terms of set unions, it inherits 

commutativity and associativity. Let Co be the discrete closure operator 
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v 
on X, and d any Cech closure operator on X. Then for any subset A of X, 

(dUc,,)(A) = d(A) UCo(A) = d(A) UA = d(A). Now consider c, d, and e, 

elements of (ctJ(5. (co(doe»(A) = c(d(e(A») = «cod)oe)(A). Again, 

let Co be the discrete closure operator, and d any element of [c«j . 
Hor any subset A of X, (coo d)(A) = co(d(A» = d(A) = d(co(A» = 

=(do co)(A). 
v 

THEOREM 2,8. If c and d are Cech closure operators on a set X, and 

A is a subset of X, 'fhen (c Ud)(A) is contained in (c 0 d)(A). 

PROOF. By definition, (c Ud)(A) = c(A) Ud(A). A is contained in 

d(A) , so by lemma 2,2, c(A) is contained in c(d(A» = (cod)(A). Now d(A) 

is contained in c(d(A»; hence (cUd)(A) is contained in (c Od)(A). 

COROLLARY 2.9. If c and d are 
v 

Cech closure operators on a set X, and 

Ais a subset of X that is closed under d, or d(A) is closed under c, then 

(c Ud)(A) = (c 0 d)(A). 
v 

While union of two Cech closure operators commutes, composition does 
v 

not; the union of two Cech closure operators does not, in general, give 

the same result as their composition, in either order. The following 

theorem shows, however, that t(c 0 d) = ted 0 c) = t(c LJd). 

THEOREM 2.10. Let (X,c) and (X,d) be Cech closure spaces. Then 

t(ceJd) = t(doc) = t(C)()(d) = t(cUd). 

PROOF. Let 0 be a member of t(c"d). Then (c Od)(X-O) = X-O, which 

is contained in d(X-O). Lemma 2.1 implies, then, that (co d)(X-O) = 

=d(X-o) and, hence, 0 is a member of ted). Then c(X-O) = c(d(X-O» = 
=X-QoaUm 0 is arl1llember of t( c) • Thus t( cod), and similarly t(doc), are 

contained in t(c)!l t(d). Now let Q be a member of t(c)() t(d). X-Q = 

:II c(X-Q) = d(X-Q); hence (c 0 d)(X-Q) = c(X-Q) = X-Q = d(X-Q) = 

:= (do c)(X-Q). 

Let 0 be a member of t(cUd). (cUd)(X-O) = c(X-O)Ud(X-O) = x-o 
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and thus c(X-O) = d(X-O) = X-O. Therefore 0 is a member of t( c) !l t(d) • 

Now let ~ be a member of t(c)!l ted). Then c(X-~) = d(X-~) = X-~ = 

= c(X-~)Ud(X-~) = (cUd)(X-~), and t(cUd) = t(c)/lt(d). 

DEFINITION 2.6. Let [co(: 0( Ejl5 be a collection of Cech closure 

operators on a set X, and let B be a subset of X. Then 

(Ulco(:o-- EA 5)(B) = U[C-«B): 0( ~.A.]. 
" THEOREM 2.11. If c« is a Cech closure operator on a set X for each 

element Cl( of J\., then ( U[ cl(: II( e.A J )is a Cech closure operator on X. 

PROOF. The proof parallels the proof of theorem 2.6. 

DEFINITION 2.7. Let (X,c) be a Cech closure space. Then, if there 

exists a smallest natural number n such that cn(A) = cn+1(A) for all A 

contained in X, then c is said to be of degree n, and (X,c) is said to be 

of finite degree. 

THEOREM 2.12. A closure operator is Kurotowski if and only if it is 

of degree one. 
~ 

Clearly, there exist finitely generated Cech closure operators that 

are not of finite degree (consider example 2.B). The following theorem 

is due to Sharp [5]. 

THEOREM 2.13. If t is a topology on a set X then the family of 

complements of memeers of t is also a topology on X (called the dual 

topology with respectoto t). 

PROOF. The proof is similar to that of theorem 2.3. 



CHAPTER III 

MATRIX REPRESENTATION 

Sha.:pp, in [5J, showed that an nX n, zero-one, reflexive and tran

si1ive relation matri~ T = [tij ) can be associated with each topology on 

a finite set with cardinality n in the following way: 

if	 j € fx1 
t· .

J.J =	 [: otherwise. 

Thus there is a one-to one correspondence between the topologies on 

a finite set X and the quasi-orderings of X [5]. 

The same kind of correspondence b~tween Cech closure operators on a 

finite set and zero-one reflexive matrices can be established as follows: 

DEFINITION 3.1. Let (X,c) be a Cech closure space where lxl = n. 

Define the nx n matrix A = [aij Jby 

= [1 if Xj t c(xi) 
a .. 

J.J	 o otherwise. 

Clearly, there is a one-to one correspondence between the reflexive 
v 

relations on a finite set X and the Cech closure operators on X. 

Some of the notation developed by Bonnett and Porter, in [2J , 

extends easily to 
v 
Cech closure spaces. Let X be a finite set. Then 

with each element Xi of X, associate the vector Ci = (J/i. ' d~; ,... ,a"t ), 
where ~ ij is the Kronecker delta and Ix J = n. With each subset A of X, 

associate the vector A =~ (( .: x. € A). Clearly, then, if A is the 
v	 z.. J. J. 

v 
matrix associated with a Cech closure operator c on a finite set X, then 

thA.,	 the i row of A, is (c(x.» • 
J.	 J. V 

Throughout this paper, "I" will be used to denote the identity 

matrix. 

8
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THEOREM 3.1. Let (X,c) be a finite 
v 
Cech closure space and A its 

associated matrix. Let B be a subset of X. Then (c(B» =B • A, where 
v v 

the matrix multiplication is with respect to Boolean arithmetic. 

PROOF. Since c(B) =U[c(xi ): xi€ BJ' the theorem follows if 

(c(x.» = A. = (. .. A. Let u. denote the ~ entry of f . r A. Then 
~ v ~ ~ J ~ 

u. = s- n dik a. . = a .. ; hence t.. . A = A.• 
J "-./(", KJ ~J ~ ~ 

v 

COROLLARY 3.2. Let (X,c) be a finite Cech closure space and A the 

associated matrix. A subset B of X is closed if and only if B = B • A,v v 

where the matrix multiplication is with respect to Boolean arithmetic. 

THEOREM 3.3. A reflexive, nxn, zero-one matrix T corresponds to a 

topology on a finite set if and only if T2 = T, where the matrix multi

plication is with respect to Boolean arithmetic [5]. 

THEOREM 3.4. Let (X,c) and (X,d) be finite Cech closure spaces 

with associated matrices A and B, respectively. Then: 

(1) the matrix associated with (X,cUd) is A+B, and 

(2) the matrix associated tiith (X,c 0 d) is BA, 

where matrix addition and multiplication is with respect to Boolean 

arithmetic. 

PROOF. (1). The theorem follows if (A+B). = ((cUd)(x.» for any 
~ ~ v 

element x. of X. Let x. be an element of X. (cUd)(x.) = 
~ ~ ~ 

=c(x. ) Ud(x ) = ("'x .: a .. =1JU[x j : b.. = 1] ; hence (A+B). = ~ i {J ~J ~J ~ 

= ((cUd)(xi»v' 

(2). The theorem follows if (BA). = ((co d)(x. » for any element 
~ ~ v 

xi of X. Let x. be an element of X. (co d)(x.) = c(d(x.» = 
~ ~ ~ 

= [~: ~ ~ c(x j ); x j € d(xi ) for some x j ~ X 5. (BA)i = 

= (2:"bi ·a·1 , ~ b ..a.
2

, •.• , Z:b..a. ). 
. J J S- ~J J . ~J In 

J J j 
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~ _[1 if bij =1and a jk =1for some 1~ j ~ n 
L b .. a'k 

j 1J J 0 otherwise. 

That is,

'\	 [1 if x. €. d(xi ) and ~ it c(x.) for some x. E X 
L-.. b .. a' = J J J

kJ 1J J	 0 otherwise. 

Hence (BA). 
1

= ((c 0 d)(x.))
1

. v 

THEOREM 3.5. Let (X,c) be a finite Cech closure space with asso

ciated matrix A. Then: 

(1) c is of finite degree n, 

(2) t(cn) =t(ck ) = t(c); 1 ~ k ~ n, 

(3) An is the matrix associated with t(c). 

PROOF.	 (1). Since X is finite, n = 
m= inf[m: cm(A) = c +1(A) for all A c xl exists. 

(2). Let 0 be a member of t(c). Then X-O = c(X-O) = c2(x-O) 

n••• - cn(x-o). Now let 0 be a member of t(cn). c (X-6) =X-O = 

= c(cn(x-O)) = c(X-O); hence t(c) = t(cn). 

The proof of (3) follows from theorem 3.4. 

The following	 theorem is due to Sharp [5]. 

THEOREM 3.6. If T is the matrix corresponding to a topology t, then 

TT (the transpose of T) is the matrix corresponding touthe dual topology 

with respect to t. 

DEFINITION 3.2. Let (X,c) be a finite Cech closure space and A the 

matrix associated with it. Then the dual Cech closure space with respect 

to (X,c) is the Cech closure space associated with the transpose of A, 

and is denoted by (X,cT). 

THEOREM 3.7.	 Let (X,c), (x,cT), and (X,d) be finite Cech closure 

spaces. Then: 

I
I
I
I
i
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(1) c and	 cT have the same degree, 

(2)	 t(c) and t(cT) are dual topologies,
 

T T T
(3) (c 0 d) = d c> c . 

PROOF. (1) and (2). Let A be the matrix associated with (X,c), 

and let n be the degree of c. An, then, is the matrix associated with 

t(c), and (An)T = (AT)n is the matrix associated with t(cT). 

(3). Let B be the matrix associated with (X,d). (BA)T = AT BT, 

where matrix multiplication is with respect to Boolean arithmetic, and 

thus (3) holds. 



CHAPI'ER IV 

v 
THE LATTICE OF CECH CLOSURE OPERATORS 

v 
DEFINITION 4.1. For any pair of Cech closure operators c and d on a 

set X, c <d provided c(A) C d(A) for all sets A contained in X. 

DEFINITION 4.2. Let X be a non-empty set. Then define L(X) as the 

set of all Cech closure operators on X, and C(~) as the set of all 

finitely generated 
~ 

Cech closure operators on X. 

THEOREM 4.1. Let X be a non-empty set. Then (L(X), <: ) and 

(C(X), <) are partially ordered((reflexive, anti-symmetric, and tran

sitive) sets. 

PROOF. The theorem follows from definition 4.1. 

DEFINITION 4.3. Let X be a non-empty set and c and d be elements 

of L(X). Then let cVd = lou.b. (c,dj and CAd = g.lob. fc,d]. 
v 

THEOREM 4.2. Let X be a non-empty set and c.-<, a Cech closure oper

ator on X for each 0( lEA. Define d by d(A) =U[~(A): C'( ~ A] for 

each A c:. X. Then: 

(1) d = V [co(: 0( E"J13 ' and 

(2) (L(X), V , /\ ) and (C(X), V, !\ ) are complete lattices. 

PROOF. That d is a Cech closure operator is shown in theorem 2.11; 

d is clearly an upper bound of fCD(: 0( E.A] . Let e be any element of 

L(X) that is an upper bound of fc... : c( eAr· Then c~(A) c::: e(A) for any 

0\ E.A. and subset A of X; thus d <e • Now 1\ fc~: CI( e..AS = 

= sup Fe: e E'L(X) and e< Co( for eachoc. EAS. Hence (L(X), V , J1) is 

a complete lattice. 

Since the least upper bound of a collection of finitely generated 

Cech closure operators is finitely generated, one shows that (C(X),\I ,)\) 

12
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v 

is a complete lattice in a similar manner. 

The symbols L(X) and C(X) will also be used to denote the lattice of 

Cech closure operators on a non-empty set X and the lattice of finitely 
v 

generated Cech closure operators on X, respectively. 

The operations V and A have the following properties in any 

lattice [1J. Let c, d, and e be elements of L(X). Then: 

(1) CAC = c; cVc = c, 

(2) c I\d = dl\ c; c vd = d IIc, 

(3) (cl1 d)", e = c.l\(dt\e); (cVd)ve = cV(dVe), 

(4) c 1\ ( c V d) = c V ( c ~ d) = c, and 

(5)	 c<d ~ c)\d = c and cVd = d.
 

v
 
EXAMPLE 4. A. Although the union of two Cech closure operators 

results in a " Cech closure operator, the analogous result need not hold 

for their intersection. Let X = [1,2,31 and let c(f) = f ' c(1) = [1,2], 

c(2) = {2f, c(3) = (3], d(f) = f ' d(1) = [15, d(2) = f2J, and d(3) = 

= [2,3]. Also, let (cfld)(A) = C(A)nd(~) for any subset A of X. 

Clearly, (cnd)(f) = and Ac:: (cnd)(A). Let A = = [3] .f (tJ and B 

Then (cfld)(AUB) = C(AUB)!l d(AUB) = X, but (Cfld)(A)U(C/)d)(B) = 

= (c(1~ I) d(1)) U(c(3) 11 d(3)) = [1,33. Hence (c nd ) does not satisfy 

(C3); therefore (cnd) is not a Cech closure operator. 

From theorem 4.2 it follows that cvd = cUd. If c and d are 

elements of C(X) for some non-empty set X, then CAd can also be easily 

determined. 

THEOREM 4.4. Let X be a non-empty set, and c and d be elements of 

C(X). Define e(x) = C(x)l(d(x) for any element x of X. Then (c)\d)(A)= 

=U [e(x): xl: A]. 
PROOF. Define e(A) = U[e(x): X~AJ for any subset A of X. Then 
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'"
 by theorem 2.5, e is a Cech closure operator on X. Clearly, e < c and 

e<d; hence e<c Ad. Now let yE"(CAd)(x) for some element x of X. 

Then y E c(x) nd(x) = e(x). Since e is finitely generated, the theorem 

follows. 

DEFINITION 4.4. Let A = [aij] and B = [b ] be nx n, zero-oneij

matrices. Define the matrix operations 1\ and V as follows: 

(1)	 AI\B = fa•• A b ..] , and 
~ ~J ~J 

(2)	 AVB = Ca.. v b .. ] • 
~J ~J 

v 
If A and B are matrices associated with Cech closure operators c and 

d, respectively, on a non-empty finite set X, theorem 3.4 implies that 

AVB is the matrix associated wiihh c v d. 

THEOREM 4.5. Let (X,c) and (X,d) be eech closure spaces with 

associated matrices A and B, respectively. Then the matrix associated 

with	 (X,cAd) is A/\B, 

PROOF. This theorem follows from theorem 4.4. 

THEOREM 4.6. Let X be a non-empty set. Then C(X) is a distributive 

lattice and hence a modular lattice. 

PROOF Let A be a subset of X, and c, d, and e be elements of C(X). 

(cl\(dve»(A) = 

= U[c(a)!l(d(a)Ue(a»: a€ J= 
= U [(c(a) fl d(a» U(c(a) fle(a»: a € A3 = 

= «cAd)V(cAe»(A). 

Then (c V d) A ( eVe) = « c V d) A c) V ( ( c v d) A e) = 

= cV«cAe)V(dAe» = (cv(cAe»V(dAe) = cV(dl\e) by properties 

of /\ and V and the first part of this proof. 

DEFINITION 4.5. Let X be a non-empty set, and c ~ C(X). For each 

x € X, let e(x) = [x] UX-c(x) . Define c I (A) = UCe(x): x ~ A] for 
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any set A contained in X. 

THEOREM 4.7. Let X be a non-empty set and c e C(X). Then: 

(1) c' € C(X), 

(2) c' is a complement of c in C(X), and 

(3) C(x) is uni~uely complemented.
 

PROOF. (1). c'E C(X) by theorem 2.5.
 

(2). Let A be a subset of X. (cvc')(A) = c(A)U (U[e(x): XEA])=
 

= c(A) U(Ul [x 1U (x-c(x) ): x E A ) = X. ( c .1\ c ' ) (A) = 

= U[c(a)!1 c'(a): aE.A] = U[c(a)!/ ([aJ U X-c(a)): a£ A] = A. 

(3) Every distributive and complemented lattfume is uni~uely 

complemented. 

COROLLARY 4.8. C(X) is Boolean algebra, if X is a non-empty set. 
v

DEFINITION 4.6. Let c be a Cech closure operator on a finite set 

X, and consider the associated matrix A = [a ) • Define A' = [a:.1 byij ~J 

1 if i=j 

a: . = < 1 if i1j and a. . = 0 
~J / ~J 

o if itj and a. . = 1 
~J 

THEOREM 4.9. Let (X,c) be a finite 
v 
Cech closure space With associ

ated matrix A. Then A' is the matrix associated with c', the complement 

of c. 

Clearly, all the members of the lattice of topologies on a finite 

set X are contained by C(X), although the lattice of topologies is not 

a sublattice of C(X). 

n(n-1)THEOREM 4.10. If IXI = n, ( )C X has 2 elements. 
v 

PROOF. Each reflexive, zero-one nx n matrix represents a Cech 

closure operator on X. 

THEOREM 4.11. If X is finite, C(X) is an atomic lattice. If Ix)= n, 





CHAPI'ER V 

SEMI-TOPOLOGIES 

v 
DEFINITION 5.i. Let X: be a non-empty set and t a subset of p(X). 
V' 

Then t is called a semi-topology provided: 

(Si) ~ '0: t; X€ t, and 

(S2) 0 c! t and QE t implies 011 QEt. 
v 

DEFINITION 5.2. Let (X,c) be a Cech closure space. A subset B of 

X is called c-closed provided B = c(A) for some set A contained in X. A 
v 

subset 0 of X is called c-open provided X-O is a c-closed set. Let t(c) 

denote the collection of all c-open sets in (X,c). 

THEOREM 5.i. Let (X,c) be a Cech closure space. Then t(c) is a 

semi-topology. 

PROOF. Clearly, X and f are elements of t(c). Let 0 and Q be 

elements of t(c). Then there exist subsets A and B of X such that 

X-O = c(A) and X-Q = c(B). X-(O()Q) = (x-o)U(X-Q) = c(A) Uc(B) = 

= c( AUB); hence 0 () Q is an element of t(c) . 
'V v 

COROLLARY 5.2. Let (X,c) be a Cech closure space. Then t(c) con

tains t(c). 
v 

EXAMPLE :5. A. Distinct Cech closure operators can generate the same 

semi-topology. Let X = [i,2,3] and c(i) = [i,2], c(2) = [i,2j, and 

c(3) = [i,3J; let d(i) = [i,33, d(2) = fi,2J, and d(3) = X. Then 

t(c) = ted) = [ f> ,[3J ,[2?,XS . 

EXAMPLE 5.B. Not every semi-topology is generated by a Cech closure 

operator. Let X = [i,2,3,4] and 

t = {(; ,x,{ij,[Jl,[4J,{t,3j,(i,45,f2,3j,b,4~,fi,3,4j,[2,3,4Jj.(x,t) 
v V v

is a semi-topological space; assume t = t(c) for some Cech closure 

i7 
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operator c on X. Then X- £1,3,4] = c(A) for some A contained in Xj thus 

c(2) =f2l Similarly, c(l) =f1J. Since [1,31 and [2,3] are elements of 

t, it follows that c(4) =[4J. Then, since [1,45 belongs to t, [2,3] = 

= c(A) for some set A contained in X. A f {2}; if A =(2,3] we would 

have that t is the discrete topology on X, so A must equal f3]. Then 

c(l) = [1], c(2) = [2], c(3) = [2,3j, and c(4) = [4J. Thus 

t( c) = [ "x,f2j ,f3J ' [4}, {1,4], {2, 3} , [2,4}, [J, 4J ' [2,3,4/, [1,3,4/, ft, 2,4jJ, 
v V v 

which does not equal t. Therefore t is not generated by a Cech closure 

operator. 

EXAMPLE .5. C• Consider the semi-topology t = r~ ,X,{11, [2}j where 

X =[1,2,3? Define c(A) = [x: Oet and x~O implies Of/A f I]. Then 

c(l) = ll,3J, c(2) =[2,3j, 6(3) =(3Jand tee) = 

= f f ,X, [1] , [2J, [1, 2]] is a semi-topology which contains t. 
That c as defined above is a Kurotowski closure operator and that 

v v _ 

t is contained in t(c) is the content of the next two theorems. 
V' 

THEOREM .5.3. Let (X,t) be a semi-topological space and define, for 

any A contained in X, c(A) = [x: 0 Et and x~O implies ollA f If. 
Then c is a Kurotowski closure operator. 

FROOF. That c( f) = f and AC c( A) is evident. c(A VB) = 

= f x: 0 ~t and x~O implies O()(AVB) 1Ii = 

= [x: OE t and x~ 0 implies (o!1A)U(oIlB) # I} =C(A)U c(B). Let x 

be an element of c(c(A)) for some non-empty set A contained in X, and let 

o be a member of t such that x is an element of O. Then 0 ne( A) +¢ . 

Now suppose x is not an element of c(A). Then there is a Q, belonging 

to t, such that x is an element of Q and AflQ = f. Since x is an 

element of c(c(A)), there exists some element y of X such that y is an 

element of (On Q)n c(A). Then y is an element of Q and c(A), which implies 
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AnQ I rf. Hence c(c(A)) = c(A). 
v 

THEOREM 5.4. Let (X,t) be a semi-topological space and e be 
v v 

defined as above. Then t is contained in tee) = tee). 
y 

PROOF. Let 0 be a member of t, and suppose x is not an element of 

X-O. Then x is an element of O. Now 0 () x-o =:: I ; hence x is not an 

element of e(X-O). Thus c(X-o) is contained in X-O, so e(X-O) =:: X-O and 
v 

o is a member of t(c). 

COROLLARY 5.5. Let (X,c) be aCech closure space. Then 

" t(c)C t(c)C tee). 

COROLLARY 5.6. Let (X,c) be a eech closure space and A be a subset 

of X. Then A C c(A) c:. c(A) C A. 



CHAPl'ER VI 

SEPARATION PROPERTIES 

Several mild separation properties are useful in the context of 
v 
Cech closure spaces. 

..."

DEFINITION 6.1. Let (X,c) be a Cech closure space. Then: 

(1) 

(2) 

(X,c) is called T1 if for each x€X, c(x) =[xl, 
(X,c) is called TO if for each x,yeX, x t y, either x f. c(y) 

or y I- c(x), 

(3) (x, c) is called R1 if for each x,y~ X, c(x) 11 c(y) = f or 

c(x) = c(y), 

(4)	 (X,c) is called symmetric (R ) if for each x,yeX, x e c(y)
O

implies yc c(x), 

(5)	 (x, c) is called Ty if for eahh x,y~ X, x f y, c(x)(l c(y) 

equals either the empty set or a singleton set, 

(6)	 (X,c) is called TyS if for each x,y~ X, x f y, c(x) 11 c(y) 

equals either I, [xl, or fyj, 

(7)	 (X,c) is called TF if for each x€X and disjoint set F, either 

x¢ c(F) or c(x)n F =f ' and 

(8)	 (X,c) is called TFF if for each pair of disjoint sets F and G, 

either c(F)!l G =I or F () c(G) = I. 
A discussion of most of the above separation axioms in the context 

of topological spaces is found in Bonnett and Porter [2J. 
~ 

THEOREM 6.1. The following series of implications hold for Cech 

closure spaces: 

(1)	 T1 ~ R1 ~ RO' 

(2)	 T1 ::::) TyS ~ Ty 9 TO' and 

20 
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(3) T1 .::::> ~ TO'TFF ~ TF 
v' 

THEOREM 6.2. Let (X,c) be a finitely generated symmetric Cech 

closure space. Then OE t(c) if and only if x-o € t(c). 

PROOF. Let 0 € t( c) • Then x-o =: c(X-O). Let x E. c(0) • Then there 

exists a y ( 0 such that x E c(y). Assume x t X-O. This implies that 

y~ c(x)C: c(X-O) = X-O, a~contradiction. Hence c(O) =: 0 and x-o c t(c). 

COROLLARY 6.3. In a finite symmetric topological space, a set is 

open if and only if it is closed. 

"" 'I'HEOREM 6.4. Every finitely generated R Cech closure space is a1 

topological space. 

I'ROOF. Let (X,c) be a finitely generated R eech closure space and
1 

A be a subset of X. Let xE c(c(A». There exists ate c(A) such that 

x€ c~t), and an aE A such that t~ c(a). Since R implies RO' tEc(x),1 

which implies c(x) = c(a). Thus xe c(A) and c(c(A» =: c(A). 

THEOREM 6.5. Every finitely generated TF ~ech closure space is a 

topological space. 
.." 

PROOF. Let (X,c) be a finitely generated Cech closure space, and 

suppose that (X,c) is not a topological space. Then there exist elements 

X., X., and ~ of X such that Xi € c(x ), x j E" c(~), and Xi ¢ c(~). 
~ J j 

Now xjf [xi,xJ; hence either xj¢c([xi,xJ) or C(Xj)()Fi'0=~' 
But x. E c(x..) and x. E c(x.). Therefore (X,c) is a topological space.

J .K ~ J 

COROLnARY 6.6. Every finitely generaeed TFF 
,/

Cech closure space is 

a topological space. 

THEOREM 6.7. Let (X,c) be a finite eech closure space with 

a.ssociated matrix A. The following pairs of statements are equivalent: 

(A) (X,c) is RO'
 

(A*) A is symmetric.
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(B) (X,c) is R1 . 

(B*) Two rows of A are either equal or disjoint. 

(0) (X,c) is TO' 

(0*) A is anti-symmetric. 

(D) (X,c) is T1 . 

(D*) A = I. 

(E) (X,c) is Ty • 

(E*) The intersection of two distinct rows of A is either empty or 

a singleton. 

(F) (X,c) is TyS ' 

(F*) The intersection of the ita and ~ rows of A, where i ~ j, 

is either ~, a .. , 
1.1. 

or a ..•
JJ 

(G) (X,c) is TF• 

(G*) For each i, either the i th row or the i 
th column of A-I is 

zero. 

(H) (X,c) is TFF .
 

(H*) A-I or (A-I)T has at most one non-zero row.
 

PROOF. The proofs of A through F follow immediately from the
 

definitions. The proofs of G and H follow from theorem 6.5 and theorems 

3.2	 and 3.5 in [2J, respectively. 

THEOREM 6.8. Let (X,c) be a finitely generated Cech closure space. 

(1)	 If (X,c) is T then t(c) is T •1	 1 

(2)	 If (X,c) is T then t(c) is T •F	 F

(3)	 If (X,c) is TFF then t(c) is TFF• 

(4)	 If (X,c) is R1 then t(c) is R1 • 

PROOF. All parts follow from the fact that the seParation axioms 

stated assure that (X,c) is a topological space. 
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v 
EXAMPLE 6.A. A finitely generated eech closure space can be TO and 

the illlderlying topology may not be TO' Let X = [Xi ,x2,x35 and let c 

1 0 1J 
be represented by A = 1 1 0 Then by theorem 6.7, (X,c) is TO'[011 
yet t(c) is the trivial topology on X. 

EXAMPLE 6.B. A finitiHy generated eech closure space can be TyS 

(and hence Ty ) and the illlderlying topology not be Ty ([~ ~enC~Jnot TyS )' 

Let X = [X1~X2'X3] and let c be represented by A = 0 1 1 . 
1 0 1 

Then (X,c) is TyS by theorem 6.7, but t(c) is the trivial topology on X. 



CHAPI'ER VII 

SUMMARY 

An introduction to 
~ 

Cech closure spaces has been presented, and an 

attempt at discovering some fundamental properties of Cech closure 

spaces was made in this paper. 

There is a one-to-one correspondence between the reflexive relations 
v 

on a non-empty finite set X and the Cech closure operators on X; there 

is a one-to-one correspondence between the reflexive and transitive 

relations on X and the topologies on X [5J. 
The lattice of all finitely generated 

v 
Cech closure operators on a 

v 
non-empty set (and, consequently, the lattice of all Cech closure oper

ators on a finite set) is a Boolean algebra. The relationship between 

the lattice of 
y 

Cech closure operators and the lattice of topological 

closure operators on a fixed set is an area for further investigation. 

24
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