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Computer software was developed for use in demonstrating
mathematical topics in the classroom. Each program was written
to be used as an enhancement for the teacher's usual teaching
strategies, and not as a tutorial for the student. The programs
were then used for demonstrating topics 1n college level mathe-
matics courses and the students' reactions were tested with a
questionnaire. The use of each program was discussed in detail,
intended as a guide for their use. The results of the question-
naire suggest that the majority of the students felt the programs
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CHAPTER I

INTRODUCTION

Introduction

When the writer of this paper was siudent teaching, his

responsibilities included +teaching two courses in computer
programming. Most of those students were also enrolled in an
algebra class that he taught. Coincidentally, at one point

during the semester, the course content of the +two courses
centered around the graphing of conic sections. For instance, in
the algebra class, the students were learning what effect chang-
ing certain numbers in the equations of conic sections had on
their graphs. Simultaneously, the computer class was learning to
graph the same type of equations on the monitor of a microcompu-—
ter, using computer graphics techniques.

As one might expect, +the students realized guickly the ease
with which their algebra problems in graphing might be accom-
plished using the programs written in their computer class. Very
soon, they had not only mastered the graphing of conic sections
but had begun to familiarize themselves with the graphs of other
equations as well. They experimented with graphing many types of
equations and functions, and in a relatively short +time, they
gained far more insight into the meaning of functions -- for
example -- than they could have accomplished from a routine

algebra assignment on graphing.

Statement of the Problem
It became apparent +that wusing a computer to help teach

students 1io graph eguations could be very beneficial. The
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prohlem which this thesis addresses was to discuss the ramifica-
tions of creating and using microcomputer graphics programs in
the teaching of mathematics courses. The content of this thesis
will provide the secondary and college level classroom teacher
with the programs, and the knowledge of how best to use those
programs, needed for implementing computer assisted instruction

into their normal course curriculum.

Importance of the Study

The use of a computer as a tool to help the classroom
teacher present many of the topics of mathematics has many
advantages. For example, it is customary for an instructor to
teach the graphing of linear equations by drawing examples on the
chalkboard. Although there is nothing wrong with that approach,
most such drawings are at least a little crude, and, often, not
extremely accurate. Using a computer to draw a line insures the
line will be perfectly straight and go through exactly the
points that it should. Also, the amount of time taken to
accurately graph a linear equation on the chalkboard limits the
number of examples that are possible for study in one class
period. The computer will graph the equation very rapidly and
precisely, allowing time to show many more examples and permit-
ting much more practice. Another important advantage a teacher
will gain by using a computer is the opportunity for more student
input into the lesson. Having students give the equations to be
used in the programs helps keep them involved and interested, and

allows the teacher +to more closely monitor how well they are
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learning. When a teacher uses the same teaching strategies every
day, students can easily become bored. Thus, any chance an
instructor has to vary his/her teaching style and teaching
methods can provide a more interesting session. Students find
the computer to be very intriguing. Hence, a topic or a course
taught to them using the computer certainly serves to focus their
interest. Once the wusefulness of the computer in teaching is
recognized, +this study will provide the basis for implementing
its use. With the programs contained in this thesis, and the
discussions of how to best use them, mathematics teachers will
have what is needed in order to bring a microcomputer into their

classroom.

Procedures Followed

As the author began work on this study, considerable time
was spent writing the graphics programs. It was important that
each program be simple to use. Thus, each one was formatied to
use a command menu. The title of each program was chosen to
describe the general topic with which it was concerned. The
command menu was designed to separate topics into more specific
categories. Some programs might conceivably be used every day
for a week, using a different choice of the menu each time.

Most of the graphics techniques used in the programs were
fairly simple, allowing for other individuals to modify them +to
suit their particular needs. The author devised a method +to
allow for a function or equation to be changed, as many times as

desired, during program execution. Each program was designed to
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maintain careful balance between versatility and a controlled
number of input statements. It was found that, making the prog-
rams flexible enouph to accept a wide variety of changes forced
the user to deal with too many input statements, which slowed the
presentation and dulled its effectiveness. The original function
in each program, located on the disk, was determined to be the
best function with which to begin the program.

After the programs were written, +the author spent approxim-
ately one year using them in actual c¢lassroom situations. A
guestionnaire was devised, appropriate to the study, which was
used to test student reactions to the use of the computer in the
classroom. A form of the guestionnaire was completed by each
student who viewed one of the computer demonstrations. The
information gathered through the use of this guestionnaire was
used to evaluate the usefulness of the graphics programs and is

compiled in chapter three.

Limitations of the Study

The writer chose for this study graphing topics primarily
related to the fields of Algebra, Trigonometry, and introductory
Calculus. Obviously, such topics as three - dimensional graphing
could have been considered, but in the spirit of confining
discussion to +the three mentioned fields, such {fopics were
necessarily excluded.

Most of the programs contained herein, as was alluded to be-
fore, were tested before an actual class. Some, however, were

not. The untested programs covered topics that the author had
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not had the opportunity to teach, either in his own classes or in
those of other teachers. However, this is not considered a major
limitation, and one should not construe that those programs were
inferior, since each one was run many times by the author, using
many different test modes.

The questionnaire, designed to test student reactions to
the programs, was very brief and somewhat general. When class
time must be used to complete guestionnaires, there simply cannot
be an excessive number of questions, and all questions must be
designed so that answers are short. However, since the main
thrust of this study was to develop the programs and explain
their use, this is not considered a major limitation.

The thesis does not include any instruction as to the basic
use of computer systems. It was assumed by the author that any
materials needed for this type of instruction would be readily
available, and was therefore excluded. Users of the programs are
required to know only how to turn the computer on, load the
program desired, then how to run it.

As a finmal 1limitation, it should be noted that these
programs were written specifically for the IBM-PC and IBM-PCjr.
As a result, the disk provided will not run on a computer that is
not IBM compatible. In order to use the contained programs on
any other computer, one must code in the programs from the lis-—

tings provided, making any necessary changes in syntax.

Qverview of the Thesis

Chapter one is a chapter that provides +the reader an
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introduction to the study. The second chapter is a survey of
literature related to the study of computer assisted instruction,
and to computer graphics techniques in general. Chapter three
contains the results of +the questionnaire on program
effectiveness, which was completed by every student who observed
a demonstration using one of the programs. The actual statistics
are listed, then an interpretation, followed by a sampling of
comments written by the students pertaining to the use of the
programs as a teaching aid.

In chapter four, a detailed discussion of each of +the
programs is presented. This discussion includes the standard
method of presenting each topic, without the use of a computer,
and leads into how the computer might be added to enhance that
presentation. The chapter offers statements to provide the
instructor with some idea as to when the best time is to present
a computer demonstration, according to the usual order of the
mathematics curriculum.

The fifth chapter provides the technical portion of the
thesis. It is here that the actual programs, with step - by -
step directions for their use, are discussed. The way in which
input statements should be handled, and the best numbers and
functions to enter in each program, are important topics in this
discussion. The chapter deals with each program stored on the
diskette separately. Included in the discussion of each program,
are some examples of how text, equations, and input statements
appear on the screen of the computer.

The sixth and final chapter is a summary of +the thesis.
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Conclusions are made, as well as any additional recommendations
for instructors using these programs in their classrooms.
In addition, some other topics +that could be very nicely
presented with +the use of a computer are suggested for further
study.

Following this chapter, is the bibliography, and then two
appendixes. The first appendix contains figures that illustrate
how the screen of the computer will appear at selected times
during the execution of each program. The second appendix con-
tains the program listings for each of the programs designed for

this study and found on the provided diskette.



CHAPTER II

A SURVEY OF RELATED MATERIALS

i tio

Throughout +the available reading materials on Computer
fAissisted Instruction, several themes are most prevalent. Nearly
all publications will devote some of the writing to dealing with
the added student motivation that is possible with the use of a
computer in the classroom. Also two very important topics that
occur quite frequently are the changes, or lack of changes, in
the teaching style and methods used by instructors who present
topics with a microcomputer, and changes in the ways that stu-—
dents learn and retain new material. Any writing about Computer
Assisted Instruction lists many new uses of the computer in the
classroom; from using it as a gradebook, +to using it to illus-
trate topics in front of a class. Another point of frequent
discussion in the literature was the serious lack of available
software written for wuse of the computer as a teaching aid.
These are the topics that most often recur in reading on Compu-—

ter Assisted Instruction, and are the topics of concern here.

Student Motivation

Every teacher, whether it be in mathematics or in any other
subject, is very much concerned with student motivation. The
very brightest student, who is capable of accomplishing a great
deal, will often be satisfied to produce only minimum effort, if
not motivated otherwise. The subject of student motivation is an
important one when considering the use of Computer Assisted

Instruction.
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The 1984 Yearbook of the National Council of Teachers of

Mathematics, entitled Computers in Mathemstics Education, dealt

with this subject a great deal. In this book, the computer was
said to be a "provocative, motivating device" (4,4) that is
available for use in today's mathematics classroom. It went on
to say, "Students and teachers alike become excited and enthu-—
siastic about the computer as a new tool in the classroom.” (4,4)

One author compiled a 1list of the benefits that a
mathematics teacher receives by integrating the use of computer
software inte classroom curriculum. Among those benefits is,
"Computers can stimulate student learning.” (4,13) The use of
computer graphics, the level of active student participation, and
the excitement caused by the challenge of gaming type programs,
were given as some of the main contributing factors to the added
motivation.

To understand the ways in which computer graphics can in-
crease a student’'s level of motivation, one needs only to observe
a class being presented a lesson with the use of moving graphics.
For whatever individual reasons, every student watches the screen
of the computer. Alfred Bork, in discussing the use of computer
graphics in teaching, wrote, "Visuals have long been recognized
as an important factor in motivating people. We cannot afford to
neglect such motivation in student environments." (1,29) His
point is not just that the computer would be beneficial to wuse,
but that the computer is essential.

Later in his hook, Mr. Bork mentions the difference between

a passive and an active learning medium. A passive medium, such
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as reading, offers no student interaction and no real built in
motivational factors. On the other hand, an active medium, such
as a computer program, offers moving visuals, and quite often
direct student interaction. He writes, "The first advantage, not
always realized, is the level of interaction possible." (1 ,247)

Another factor in the motivation of students, was discovered
by the author of this thesis, in the student responses to the
guestionnaire concerning the computer demonstrations. Many of
the comments written by students who had been exposed to Computer
Assisted Instruction, mentioned the fact that the computer repre-
sents a new and different method for them to learn, which cap-
tured their interest. Any time a teacher varies the method of
presentation, the possible monotony of class pace can be broken,
and the students are motivated by the very act of change. The

following chapter includes comments illustrating this point.

Changes in Teaching

The use of a computer in the classroom can cause some chang—
es in the methods used to teach mathematics. One article
suggests that the use of software as an in-class teaching aid,
will "create an environment for three - way interaction: teacher,
students, and microcomputer.” According to the article, software
can, among other things, "enhance their (teachers) capabiities in
presenting new material, and encourage them to use effective
teaching strategies."” (4,89)

There are some who feel that the increasing use of the

computer as a teaching aid is somehow an attempt to replace the
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teacher. Of course, this 1is not the case, since classroom
software 1is intended only to increase the capabilities of the
teacher. Warning that the computer is not a panacea, an add-on,
or a replacement for the teacher, one article suggests, "Despite
the cries of those who fear that education will be dehumanized,
the computer will, in fact, only enhance the role of the
teacher.” (4,13) One author had this to say, "Teaching is still
teaching whether done by computer or any other device." (1,12)

fis a discussion concerning the potential changes in teaching
methods, the following comment from the opening article in the
1984 NCTM Yearbook is offered:

Mathematics teachers stand at the threshold of a new
era in education. Imagine how you might have felt if,
as a teacher, you had learned of a technological break-
through called a printing press, which would become an
easy, inexpensive, reliable, comprehensive, graphical,
dynamic instrument for transmitting information and
stimulating learning. Computing technology constitutes
such a revolution. (4,3)
Each of the adjectives given above for the printing press, of
course, applies equally well to the microcomputer.

The same article suggests that the ways in which mathematics
is taught may change, and that the computer will bscome an in—
structional tool +that will "put the mathematics teacher into
deep, personal interactions with the student.” (4,5) Robert
Burke, the author of CAI Sourcebook, offered this opinion, "I
think CAI is one of the most elegant alternatives to traditional
methods we have."” (2.3)

It is a common theme throughout the reading on CAI, that the

modern mathematics teacher needs to make some changes. The use
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of the computer as a teaching aid is not presented as a device to
be wused by those teachers who desire it, but instead as an
essential tool that every teacher of mathematics needs to use,
for the benefit of the student. "Mathematics teachers need to
study state-of-the-art instructional computing -- from the point
of view of both the student and the teacher; ... " is how one
author worded it. (4,9) Another wrote, "If computers are to have
a place in the mathematics classroom, then they should be used as
teaching tools when appropriate for what is being taught.”

(4.,135) 1In the journal for the NCTM, Mathematics Teacher, it was

written that "Geometric concepts, including the use of computer
graphics, should be integrated into entry-level courses wherever
appropriate.” (5,373) The same article reports that teachers
should begin immediately to deal with the impact of the micro-

computer on the content of all mathematics courses.

Changes in Learning

Also in +the article just referred to, was a comment
concerning the impact of the computer on the way that students
learn. The author remarks, "“Computers and other elements of
information +technology are changing in fundamental ways both the
mathematics that it is important to learn, and the ways that
mathematics, +traditional or otherwise, can be learned.” (5,373)
Being able to see a concept presented with computer graphics has
many advantages over traditional methods of teaching the same
concept. Learners receive the same information, but in a differ-

ent manner.
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In Learpning With Computers, it was written that computer

graphics offers an alternate method of conveying information to
the learner, "different from the manner information is conveyed
through words or numbers." (1,29) The difference between the
textbook and computer is very profound. When a topic is pre-
sented on a computer screen, the entire text or the complete
picture does not need to be displayed at once. For example, in a
trigonometry textbook, the diagram used to illustrate solving a
triangle by the law of sines, when two iriangles are possible,
appears as the complete figure. The triangle is on the page,
with side of known length that is opposite the known angle al-
ready appearing in two places, showing both triangles simultan-—
eously. Customarily the instructor will explain how that side is
allowed to "swing” through an arc, touching the base of the
triangle whenever a triangle is possible. This arc is wusually
drawn on the diagram as well, in its entirety. Using a computer,
the same diagram is drawn, but the students can actually see it
being formed. The side is visually moved through the arc, show-
ing precisely how it is possible to have more than one +triangle,
and then each triangle may be dealt with separately. The in-
structor controls when each step of the diagram is constructed,
allowing for pauses and discussion. With the textbook drawing,
"...there is no sense of information evolving in time to aid the
student in understanding the phenomenon." (1,32)

The computer programs written to aid in the instruction
of mathematics almost always parallel the conventional teaching

strategies and textbook outline, but the information is given in
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a method more likely to facilitate student understanding. One
researcher of the subject stated, “Students exposed to this type
of computer — enhanced approach are likely to witness dynamic
illustrations of traditionally developed theory and technique.”
(3,62)

It is often the case that students form a bias against using
graphics techniques for the solution of certain mathematical
problems, such as the solution of a system of two linear
equations, or the zeroes of a polynomial function. The lack of
accuracy in the graphs and the difficulty of creating the graph
itself make +this method of solution seem unworthy, and the
students will often dismiss it before any real understanding of
the concept is reached. "Computing technology offers promise of
changing this style of operation to a bias in favor of graphics.”

(3,6)

Classroom Uses of the Computer

Programs are continually being created that allow more uses
of the microcomputer in the classroom. A teacher can use a
program to demonstrate an idea, which will generate examples,
guestions, and summaries. In the CAI Sourcebook, the statement
is made that, "The machine can be made to produce such dislpays
accurately, and flexibly.” It goes on to say that, "The teacher
needs to integrate such demonstrations into the overall
development of instruction by stimulating, oguiding, pacing, and
directing." (2,3)

In 1980, Robert Taylor classified the instructional roles of
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the computer into three main categories -- tuter, tool, and

tutee. (4,20) Most of the software that has been created has

been for wusing the computer as a tutor for the individual
student. This means the student needing additional help goes one
on one with the computer, using a tutorial program. The computer
as a teaching tool, which is the thrust of this thesis, involves
the teacher using the computer in front of an entire class at one
time, just as one might use the chalkboard. As a tutee, the
computer is "taught" by the students. In other words, the
students learn mathematics concepts by programming them into a
computer.

In discussing the use of the computer for teaching calculus,
”Kathy Heid points out that graphing functions on a computer
screen is the easiest, and most appealing enhancement of calculus
teaching. She stated:

With computer relief from the tedium of plotting and

connecting (X,Y) points, the teacher in a classroom

demonstration, or the student in an individual explor-—
ation, can focus on the interpretation of a curve's
intercepts, asymptotes, slopes, or concavity. (3,62)
This author continues with a discussion of the opportunity the
computer provides for increasing student understanding of the
limit concept. The computer allows for a much more vivid

demonstration of the epsilon - delta definition of the limit, a

iypically difficult topic for students to understand. (3,62)

Ihe Lack of Sofiware
As was alluded to before, most of the software that has been

created for mathematics instruction, has been for the use of the
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computer as a tutor. The shortage of software for use of the
computer as an in - c¢lass teaching aid is well documented. At a
1975 conference of the AMS/ MAA, Stephen Garland asked, “Why,
given the great number of experiments using computing to teach
calculus, and given the attention devoted to the subject in
journals and conferences, hasn't there been more widespread
acceptance and use of this approach to calculus 7" He cited that
limited computing facilities, including the lack of suitable
software, was a major factor. (3,61) In the NCTM Yearbook for
1984, it was stated that despite many proposals and much develop-
mental effort, the methods of teaching mathematics in the
secondary schools are remarkably similar io those of thirty years
ago. (4,20) In another article in the same yearbook, it was
written that, "Most of the software currently available for CAI
in schools has been developed for use by a single student inter-
acting with a single terminal."” It goes on to say that software
should be created for the teacher to use in the classroom, since
“teachers remain the best source of student learning, irreplac-

able by any computer." (4,89)



CHAPTER III

RESULTS OF REACTION QUESTIONNAIRE

duction

In teaching these courses —- Introduction to Algebra, Col-
lege Algebra, Trigonometry, and Calculus I -- and appearing as a
guest in other Calculus classes, the writer presented a total of

21 computer demonstrations to enhance the topic being studied.
For nearly every computer demonstration given, an accompanying
guestionnaire was distributed among those present. This Qques-—
tionnaire was designed to determine the overall reaction the
students had concerning both the value of that particular demon—
stration, and the use of Computer Aided Instruction in general.
This chapter is a question — by — question treatment of the
results of the questionnaire. Each question was to be answered
in two ways, first by the participant writing a brief comment,
then also by circling a number between one and five, with one
being the lowest, and five being the highest. The results are
listed by first giving the question, then the total number who
responded to that guestion, the average of all the numerical

answers, and a sample of the comments written.

The Questions

Question 0One. The first question the students were asked
to answer dealt with their prior knowledge of the topic
demonstrated to them. The answer given to this question had
possible effects on the answer to the next three questions, so
they are discussed with that concern. For the most part, unless

a student was repeating a course, or was in some other way ahead
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of the rest of the class, prior knowledge was rated fairly low.

The question read as follows: Rate your prior knowledge of
the subject being demonsrated. A total of 95 people responded to
this Qquestion, and the average of the responses was 2.35. The
indication is, as would be expected, that most students were
learning the topic for the first time. As for comments written
on the first question, if any were written, they were usually a
list of background courses taken, or a statement in direct cor-
relation to the number that was circled.

Question Two. The second question was as follows: Do you
feel the demonstration gave you an adequate understanding of the
subject, as opposed to the instructor using just the text? fis
was mentioned before, the way in which the students rated their
prior knowledge of the subject seemed to have some effect on the
way they answered this question. A total of 78 students gave a
numerical answer to this question, and the overall average ansuwer
was 4.26.

The following is a breakdown of the averages of the answers
for each of the five possible ratings for the first question.
First, for those rating their prior knowledoe as a |1, there were
26 who responded to this question, with 3.48 being the average.
There were 18 students who rated themselves at 2, and then re-
sponded to the second question. The average of these 18 was
3.83, a value somewhat higher then the last. OFf those who rated
themselves at 3, there were 23 who answered question two, with
value for the average being 3.91. For a rating of 4, there

ere 11 students that responded, and their average response was
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4.5. There were no students that rated themselves at level 5,

who answered the second guestion. Obviously, there was a defin-
ite increase in the average response, as the rating for prior
knowledge increased.

0f the comments that were written concerning this question
{and the others), there were mixed reactions. The number of
positive, negative, and indifferent comments directly relates to
the average of the numerical results, but only a few of each are
presented here.

There were not any decidely negative comments on this
question, but one student remarked, "I saw no difference betuween
the text and the demonstration." Another student wrote, "1 think
it helped me understand it, but by using the computer and the
text, an even betier understanding could be reached."”

Others indicated that they preferred the use of the
computer, by writing such comments as, "“Moving pictures are
always better than a texthook.” Several students quoted an old
saying, and wrote, "A picture is worth of +thousand words!”
Another positive reaction was, "A& few minutes of demonstration
can replace a week of wading through textbook examples.”

Question JThree. The third guestion essentially asked the
l@ane information as the second, but from a different viewpoint.
ﬁﬁe question was: Did the program, along with the instructors
iﬁalp, seem to do a good job of explaining the subject ? Instead
of rating the understanding they received, the students were
rating the performance of the program, and the averages were a

little higher. Again, the results are given both as an overall
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total, and by the response to the first question.

A total of 94 responses were given to this question, and the
average of those responses was 4.35. If students rated their
previous knowledge as the lowest, a 1, the average was 4.21, with
2B being in the category. With a rating of 2, there were 23
students, for an average of 4.39. Of those who rated themselves
at level 3, there were 26 who responded to this guestion, giving
an average of 4.19. For level four, the total responses was 14,
and that average was 4.78. There were only three students who
rated their prior knowledge at a 5, and their average answer to
question three was 4.67. Unlike the second question, the results
seemed to be independent of the students response to question
one.

In response to this question, concerning the program on
limits, one student had this to say, "Yes, but I was confused
about where they got delta.” Apparently, the instructor failed
to pgive an explanation concerning how the computer calculated
that wvalue, and the student focused on that problem. Another
negative comment was, "It was sort of complicated."” It is wun-—-
known whether this person was referring to the topic, or the way
it was presented on the computer, but sither interpretation might
imply dissatisfaction.

One student, who seemed to have no preference in the method
that was used, commented, "Yes, although the text was also
helpful to me." A more positive comment was, "Yes, it was more
clearly illustrated.” Tuwo comments made reference to the input

from the teacher, along with the computer program. The first
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wrote, "Yes , the chalkboard example before made the CRT
(computer) equations very easy to follow." The other concerned
the instructor’'s help during the demonstration, saying, "Yes, we
needed certain gquestions answered as it was demonstrated.®

Question Four. The fourth guestion on the questionnaire
was: Try to rate your knowledge after the demonstration, as com—
pared to before it. This gquestion was intended to test the
amount of improvement the students felt they achieved, and for
the most part seemed to accomplish that. There were, however, a
few cases where students were apparently confused, since they
rated their knowledge after the demonstration as lower than
before it. Hopefully the assumption can be made that these
students circled the number that described their increase, and
not their overall knowledge, since to assume otherwise would
imply the demonstration subtracted from their knowledge. There
were four students who answered in this manner, and fourteen that
indicated their knowledge the same before as afterward.

For the group that rated their knowledge before as 1, there
were 29 that responded to the fourth question, and the average of
their answers was 3.83. Those that rated themselves as 2 before
averaged a rating of 4.05 after the demonstration, with a total
of 22 responding. Of the students that rated prior knowledge at
level 3, 25 responded for an average post-rating of 3.80. A
rating of 4 on the first guestion produced a group of 15 that
responded, and the average was 4.27. Of the three people that
rated their prior knowledge at 5, 2 responded to +the fourth

question. One of the answers was at level 3, while the other was
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at level 5, giving an average of 4. All together, there were 93
responses to the fourth guestion, and the overall average rating
of their knowledge after the demonstration of 3.95, as compared
to the overall rating of 2.35 before the demonstration.

of the comments written, there were none that were
completely negative; however, a few expressed concern that the
demonstration alone was not enough. Among those comments was,
"It helped me, but I need more hands on work, like with the
exercises in the book." Another wrote,"Since it was such a new
subject to me, I was still a bit confused.”

Several students wrote comments concerning how the demon—
stration helped them. One such reaction, which concerned the Law
of Sines program, was, "It helped me to actually watch the trian-
gles form.,” Writing about a demonstration of parabolas using the
Conics program, one student commented, "I learned how different
parts of the equation change the thickness and whether the curved
line goes (opens) up or down." Another student compared it to
the text, saying, "I realize now what the book was +trying to
explain.

Question Five, From the fifth gquestion on, the guestions
were designed to get student reactions to the use of Computer
Aided Instruction in general, beginning with: Do you feel the
use of the computer was interesting 7 A total of 94 students
gave numerical responses to this question, and the average re-
sponse was 4.67. Of the five possible answers, two students
answered with 3, and everyone else responded higher.

Of the comments written pertaining to this question, only
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one was negative. That response was, Yes, but I'd rather see
problems written out on the board.” O0Of the other comments,
several mentioned the difference in teaching technique. 0One such
comment was, "It seemed to capture everyone's attention, opposed
to listening to a teacher lecture.” Another student wrote, "It
was new and different." Similar to that was, "A little variety
never hurts." 0One student liked seeing the concept presented on
the computer, uwriting, "“Yes, one can see the math at work this
way." Another mentioned the computer in this way, "Yes, the
graphics are very helpful.”

Question Six. Question number six asked the students to
react to the presence of the computer, asking: Did you feel
alienated at all by the computer ? A total of B7 people offered
a numerical answer, and the average answer was 1.69. There were
six students that answered with a 4, but most answered with 1.

Some of the comments received on this guestion indicate
there might have some confusion as to what was being asked. It
was intended that they answer pertaining only to their feelings
during the demonstration, but many seemed to answer with respect
to computers in general. Typical of these comments were, "Yes,
since 1 have no experience with them," and, "No, I've had tuwo
programming classes.” One student had this remark, “Yes, it
takes the instructor away from the class."” A more positive
comment was, “No, it’'s just an electric chalkboard." There were
many answers such as, "A little bit,"” or, "No, not at all.”

Question Seven. The seventh question was: Would you like

to see a computer used in the classroom again, both in this class
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and classes you may have in the future 7 The overall average
answer was very positive, at 4.46. Of the 92 people responding,
there were none that answered with a 1, and only two that
answered with a 2.

Several of the comments received were nondecisive, such as,
*1t depends on the subject matter.” One student indicated having
no opinion, with, "It really doesn’t make much difference to me.”
Others said they would like to see it used again, provided some
conditions were met. Of those, one wrote, "Yes, in classes where
it would help.” Another was, "Yes, as long as there is a
teacher.”

There were two decidedly negative comments, one of which the
meaning is not entirely clear. That comment read, “Not on a
regular classroom atmosphere.” The other negative reaction was,
"No, I found it more distracting than helpful."

The positive comments included, "I can think of a lot of
classes I 've already taken where a little computer demonstration
would be practical." Another was, "Yes, since computers are
tools of the future." One student remarked that, "All classes
should." Concerning the trend in teaching technique, one comment
was, “I feel education is going that way."

Question Eight. The eighth, and final question, on the
questionnaire, concerned using the computer as an out of class
tutor. It read this way: How do you feel about being allowed
time to use the computer alone, needing no prior computer
experience, with a tutorial iype program ? Again, the average

response was above 4, at 4.25, with 87 students giving numerical
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answers. Four students answered this question with the lowest
value of a 1, while two answered with a 2, and the rest answered
higher.

A few of those that indicated they did not want to use the
computer as a tutor, wrote comments pertaining to this. One such
reaction was, “Computers are not teachers, they can't tell why
something bhappens, just how." Some of the other negative com-
ments indicated that the students involved misunderstood that no
computer literacy would be required beforehand, writing, "I have
no knowledge of computers,” and, "I wouldn’'t know what to do."

One comment was neither for nor against the idea, saying,
"Yes, but it’s not really necessary.” The rest of the comments
were positive, of which a typical reaction was, "I would like
that very much."” Similar to that was, “Yes, I think it is a
great idea and it helps.” One student indicated that it would be
a good idea for a study aid before tests, and another wanted it
as an aid for homework, writing, "For out of class assignments,
and possibly even in class."

Item Nine. The last item on the questionnaire was not a
gquestion, but simply asked for any additional comments and
suggestions. Nearly every student who completed a questionnaire
wrote some sort of a comment, and gquite a few suggestions were
made. The most common suggestion for improvement was typical of
this comment, "It really needs to be used on a bigger screen.” A
standard computer monitor was used, in all cases, and for the
larger classes, the students in the back apparently could not see

well enough. There were no reactions indicating completely
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negative attitudes, but one student remarked, "I am not in favor

of someone who does not know what they are doing using it as an
instructional aid." This student may have been concerned that
the computer was going to replace the mathematics teacher, which
also a concern of the student who wrote, "I felt it was a
good demonstration, and ii could be used as an aid to the
instructor, but not as an instructor itself." One student made
these observations, "I think the computer is a fantastic way to
demonstrate mathematics. It can give examples quicker and with
more accuracy ( particularly with graphs ) than the instructor
can on the blackboard."” Another very favorable comment was,
“It's interesting to watch the computer draw different lines as
different variables are substituted for X and Y coordinates and Y

intercepts.”

All of the results given above are summarized in the Table I
on the following page. The answers to the first question, which
was to rate prior knowledge of the subject, are used to catego-
rize the results of the next three items, as was done in the

preceding narrative.
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SUMMARY OF NUMERICAL RESPONSES TO QUESTIONNAIRE
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CHAPTER IV

OVERVIEW OF USING THE PROGRAMS IN THE CLASSROOM

Introductio

One of the important advantages a teacher gains from using a
computer to present a lesson is a little variety in the standard
classroom presentation. This can not only be important to the
student, but to the instructor as well, since teachers are sub-
ject to the problems of repetition also. It should be stressed,
however, that using these programs will not induce any radical
change in teaching strategies, so an instructor new to them will
not be forced to rethink old lesson plans. Instead, the computer
will be used as a tool to enhance the standard presentation of a
topic, and will allow the teacher to present the material in
basically the same method, and at the same time, as would normal-
ly be done.

In this chapter, each of the programs will be discussed from
the standpoint of the topic inveolved, and how the program will
relate to the usual presentation of that topic. The standard
method of presenting a new topic to students is the main thrust
of this chapter, showing how the computer might be used to en-
hance that presentation, as opposed to changing it. The chapter
will not hbe a step — by - step approach to implementing the
programs, as that will be done in the next chapter, but instead
will describe how the instructor can most easily fit the computer
demonstrations into his/her normal curriculum and teaching style.

In order to induce a grouping of these programs, they have

been separated into three main categories. The first of these
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categories contains all programs pertaining to topics taught in
the algebra sequence, such as ographing lines, parabolas, and
functions. The second category groups the programs written for
trigonometry, and includes such +topics as graphing the six
trigonometric functions, the law of sines, and polar coordinates
and eguations. The final category contains the programs that
deal with topics taught somewhere in the calculus series, most
rnotable of which are the programs on limits, derivatives, and
integration. The remaining part of this chapter, then, is separ-
ated as described into these three categories. Each of the three
sections will then be subdivided for consideration of each pro-
gram separately. The sections come in the order that was listied

above, and begins with the programs written for asloebra.

 Algebra Programs

Included in +the category of programs written for algebra,
are three programs. The first of these is the program entitled
“Lines," which begins as an introduction to graphing on the
Cartesian Coordinate system. The second program is “Conics,”
which is used to teach graphing each of the five conic sections.

The third program, called "Function,” will graph more complicated
functions.

Point Plotting. The first step in teaching algebra students
to graph egquations in the X-Y plape, is defining this plane for
them. They will most likely be familiar with the number line,

which is simply a one—dimensional graph. 5o, it is customary to

begin the discussion there. Explaining how the Cartesian Coordi-
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nate system is nothing more than two perpendicular number lines,
where the second line adds the second dimension, gives them the
definition in familiar terms. Of course, if a point is to be
plotted in two dimensions, it must have two coordinates, one for
the horizontal component and one for the vertical. By this time
in the lesson, most teachers will have the axes drawn on the
board, and begin giving examples of how to plot points. Letting
the students sugpest coordinates, or telling where a point with
given coordinates will be, is & good way get them involved.

All of +the above strategies can be accomplished in a very
similar manner, using the program "Lines." The first choice on
the menu of +this program, is designed to introduce point
plotting. It is recommended that the teacher introduce the topic
on the chalkboard first, drawing the axes and discussing them.
Then, run +the program, and use it to show where points with
certain coordinates are placed. The computer draws the X and Y
axes, labels them, then draws a grid on the screen very similiar
to graph paper. Next, the user will enter the coordinates of a
point, and the point is plotted on the grid. It is very effec-
tive to have one student offer the coordinates of a point, and
another predict exactly where that point will be, by pointing at
the screen. Then, the instructor types the coordinates, presses
enter, and the point will appear. This method allows for consid-
erable student involvement, and helps them enjoy the lesson.

Graphing Linear Equations by the Point Plotting Method. For

the most part, when the students feel comfortable with the X-Y

plane, and do well with graphing points, the next step is +to
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graph basic linear equations by arbitrarily picking values for X,
and computing the corresponding Y value, producing an ordered
pair. Several of these ordered pairs are graphed, then connected
with a straight line. The author's recommendation is to teach
this lesson, and the following one on finding the X and Y inter-
cepts, by using the chalkhoard and a straight edge. The computer
is too fast +to effectivly illustrate the process of picking
values and calculating ordered pairs. Once the students learn to
graph by these two methods, they are ready to learn the concept
of slope, which will lead to the remaining methods for graphing
linear eguations.

Slope. When beginning the lesson on slope, the students
need to be given the basic concepts of rise over run, positive
versus negative slope, and zero versus undefined slope. Once
this is done, the program can be used right away. As it runs,
the first thing the computer does is to draw the X-Y plane, with
the grid. It then pauses and asks the user to input the first of
two points. When it is entered the program graphs it, and the
second point is reguested. After graphing that one, it begins
constructing the right trianole formed by the +two points and
the lines of the grid. Starting with the vertical leg first, it
draws a unit at a time, fairly slowly, so that the viewers can
count as it goes. When the iriangle is complete, it will ask for
the correct slope to be entered. If an incorrect slope is en-
tered, the program erases the answer and asks for it again. This
continues until it receives the correct slope, at which time it

asks if the wuser wishes to try another two points. It is ben-
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eficial to do several examples of each possible type of slope —--
positive, negative, zero, and undefined -- so the students become
well aquainted with the differences.

Slope Intercept Form of a8 Line. Once the students have

mastered slope and the concept of intercepts, they are of course
regdy to graph linear eguations in the slope - intercept form.
The third choice on the menu of the Lines program first allows
the user to input an eguation. Then, the graph of the line ap-
pears on the grid. This program needs no lead in, and can be
used to introduce the concepts involved. The linear eqguation
originally in the program is a good one to begin with, and is
graphed by defaulting through the input statements. The instruc-
tor can then have them discover, by counting, the slope of the
line, and its Y-intercept. If the connection between the slope
and intercept on the graph, &and the numbers in the equation, is
not made, change the eguation slightly and graph another. Usual-
ly, by +that +time the students will see how the graph and the
equation relate, and they are ready to answer guestions relating
to these concepts. A good way to use the program at this time is
to type an equation, and then have the students give the slope
and intercept, before it is graphed. Next, after several examples
of this kind, the teacher might have individuals give the equa-
tion for a line with a certain slope and intercept.

Point Slope Form of a Line. The fourth and final choice on

ithe menu of this program will allow the user to graph lines in
the two-point form. The students typically enjoy this program a

great deal, since it is designed with some of the qualities of a
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game . What it does is to ramdomly select two points, and place
them on the graph. Then, the students must give the proper
equation that will draw a line connecting those two points. The
instructor types in an equation, which has been supgested by the
students, and the computer graphs it. It is obvious at that

point whether the eguation was correct or not, and the program

will ask if it was. If "Y" is entered, it assumes the line was
correct, and will then graph two more points. If, however, the
line was not correct, +the program asks for another try at it.

The computer requires that the =squation is entered as:

Y=m (X ~h) + Kk

and not as:
(Y -k )Y=m{X~-h),
50 the students need to be aware of how to use both forms.
Farabolas. The next of the filgebra programs will enable
one 1to agraph the conic sections, and typically the first of
these to be deali with is the parabecla. The wusual teaching
strategy for parabolas is to hegin by using the point plotting
method. Before using the computer to graph parabolas, it is best
to start at the chalkboard, and graph Y = X"2. Once it is aon the
board, tell the students what it is called, and how all parabolas
are simply variations of that one. It is helpful to graph, by
hand, a few more parabolas that have some of the variations, and
even have the students graph one at their desks, When this is
done, the conic sections program will offer the best way for them

to practice. The first choice on the menu of this program will

allow one to graph parasbolas, wusing the general form of the
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equation:
Y= a((X-hr"2+%k,

and allowing the user to make changes in the three constants a,
h, and k. The wuse of the program will teach them +to graph
parabolas in this form, without having to use the point plotting
method, since +they can see that each time the vertex of the
parabola is at (h,k), and also discover how the number a affects
whether it opens up or down and how “thick” it 1is. Again, it
works very well to have individuals give the equation of a parab-

ola that has its vertex at a given point, and has characteristics

of being wide or narrow, opening up or doun.

Circles. After parabolas, the next concept studied 1is
circles. As with most of the programs, it is best to introduce

the topic on the board, using the point-plotting methed, starting
with something simple like:
X2 + Y“2 = 4,

Usually, this is when the teacher will relate the circle to the
distance formula, and then derive the center-radius form of the
equation. Once the students are somewhat familiar with this type
of equation, they are ready for the computer demonstration. The
second choice on the menu of the conic sections program is
“Circles,” and when it is selected, it will allow the user to
change the values of h, k, and r, in the following equation:

{ X =h Y2 + (¥Y=k )2 =pr2
The resulting circle is graphed, and then the program waits for
further changes.

Ellipses. The ellipse part of the program is treated in
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" basically the same method; starting on the board, introducing the

ellipse, then moving to the computer. The program uses an equa-
tion of the form that follows:
X*2 / a2 + Yr2 / b*2 =1,
with the user entering the values for a and b. Many times there
will be a student who asks if all ellipses have their center at
the origin, which of course they do not. The capability to move
the center is obtained by making that choice when +the ellipse
menu selection has been made. Its equation is of the form
(X —- h)'2 / a2 + (Y - k)2 / g2 =1

The user will be asked which form of the equation is desired, and
the program uses whichever is requested. For the above form,

values for the four numbers, h, k, a, and b, must be entered by

the user.
H rbolas. The final choice on the menu is used to graph
the one remaining class of conic sections -- hyperbolas. This

portion of the conic sections program will have two sub choices,
allowing first the Y term to be the nepgative one, +then +the X
term. Both use an equation of the fpllowing form:

X"2 / a*2 - Y2 /b*2 =1,
except the second one has a negative sign before the X term, and
8 positive sign before the Y term. Most students, when first
faced with this type of equation, will still bhe thinking in terms
of the ellipse. Using the point-plotting method is a good way to
illustrate the difference, because the existence of asymptotes

becomes apparent, and at the same time the students can see how

there cannot exist a Y-intercept or X—-intercept, depending on the
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equation. The standard technigque for graphing a hyperbola of
this form involves drawing a rectangle, centered at the origin,
with the horizontal sides running from ~a to a, and the vertical
sides running from -b to b. The asymptoties of the hyperbola are
the extended diagonals of this rectangle, which are dotted in.
Then, the hyperbola is drawn in accordingly. Since the students
are taught to graph hyperbolas with this method, the program was
written so that it ographs the rectangle, draws the aymptotes, and

then graphs the curve itself.

Irigonometry Programs

The next set of programs is designed for use in front of a
trigonometry c¢class, and covers three main topics. The first of
these programs illustrates, with moving graphics, the Law af
Sines. The second program graphs variations of the six ftrigono-
metric functions, and has a menu choice for esach. Finally, the
third program deals with polar coordinates and the graphing of
polar eguations.

Law of Sines. Trigonometry textbooks vary greatly as +to
the order in which topics are presented, so the law of sines
program is to be used whenever the course deals with solving
triangles. Usually, +textbook writers discuss the solution of
right triangles, and move from there to study triangles that may
be solved using the law of sines. Of these triangles, there are
two types. The first, which is the simplest, and the first
choice on the menu, is a triangle where two angles and the length

of a side oppesite one of those angles are given. Then, the
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missing angle and the length of each of the two missing sides
must be found. When first faced with the prospect of "solving"
this +{riangle, many students do not understand that there can
only be one triangle possible, and it should be explained to
them that the given angles and side force the triangle to have a
certain shape, unigue from any other.

After the law of sines has been proved, the class should he
ready to view the demonstration using the law of sines program.
The program will choose one of the unknown sides to bhe the base
of the triangle, and places it horizontally on the botiom of the
screen. The other unknown side will be connected, with one of
the given angles, to the left end of the base ( the other end has
yet to be determined ). The side with known length is placed at
the right edge of the screen, with its end touching the base at
the specified angle. When the teacher presses enter, the side on
the right moves, keeping the correct angle with the base, until
its top end comes in contact with the side extending up from the
left. At that point the only possible triangle has been formed,
and the program pauses in execution. ficross the bottom of +the
screen is written the law of sines formula, with a missing side
left as a variable. The students then compute the correct answer
for this side and the teacher enters it. If the answer is with-
in certain tolerances, the value is placed next tao the appro-
priate side on the drawing. Then the above procedure is repeated
for the other missing side. If an answer is incorrect, the sntry
is erased and asked for again. The last of the missing pieces,

the third angle, must also be entered, and once it is correctly



given, the +triangle is declared solved. Whenever the program
pauses with a guestion, every student should be encouraged +to
calculate the answer, and then when a concensus is reached, the
teacher enters the value.

The second choice on the menu of the Law of Sines program
demonstrates the case of two given sides, and a given angle that
is opposite one of those sides. Before the program is run, it
helps if +the students understand that with this information,
there may be none, one, or two possible triangles. The proogram
is effective at showing why this is true, but students need to be
aware of the different cases before running the program. As with
the previous case of the law of sines, the side of unknown lenogth
is placed across the bottom as the base. To be consistent with
the diagram found in nearly all textbooks, the program then
places one of the given sides on the left endpoint of the base,
with the one given angle between them. The third side, also of
known length, 1is connected to the top end of that side, at an
arbitrary angle that prevents it from touching the base. On the
instructor’'s command, this third side swings slowly down wuntil
its free end touches the base. When this occurs, the computer
beeps, leaves a side ( and thus a triangle ), and continues its
arc until it again touches the base. Once the arc has been com—
pleted, a Qquestion will appear asking how many triangles were
possible. When +the correct answer ia given, the class solves
each possible triangle, one at a time. The program ceases execu-

tion when all possible triangles are solved.

Graphing Trigonomeiric Functions. The trigonometry curric-



ulum includes several topics dealing with the graphs of the six
trigonometric functions. At this point in the curriculum, it is
customary +to spend some time using the point — plotting method.
Trigonometry students should be accustomed to graphing, but often
they need to review, and the process of determining ordered pairs
will provide that review. Once they have seen the graphs of the
sine and cosine functions, the next step usually involves chan-
ging the amplitudes, +the periods, and finally causing phase
shifts, of these basic functions. These topics may either be
introduced pn the beoard, then demonstrated on the computer, or
introduced on the computer first.

The computer program for graphing trigonometric functions

does a fine job of presenting these changes, and allows for

guick demonstration of many examples. The program, entitled
"“Triggraf”, has a separate choice on the menu for each of the
trigonometric functions. It is sugoested that they bhe presented
in the order they appear on the menu -—- sine, cosine, tangent,
cotangent, secant, and cosecant —-— beginning with amplitude
changes in the sipe and cosine waves. After these have been

satisfactorily learned, use the sine wave to illustrate period
changes. Next, phase shifts are presented. Finally, combina-
tions of all three are used.

Before the tangent function is graphed using the computer,
the students should be reviewed as to what an asymptote is, and
when one will occur in a graph, so they are prepared for the
dotted asymptotes that the program creates on the screen. The

secant and cosecant functions are normally studied last, once the
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students are already familiar with period changes and phase
shifts.

Polar Coordinates and Eguations. Since the polar ccordin-

ate system will bhe, for the most part, completely new to the
students, it is hest to begin this topic on the chalkboard. It
is also beneficial to distribute copies of polar graph paper, and
then explain how a point with coordinates that express a radius
and an angle are plotted on it. The program titled "Polar" can
beg run following just a brief introduction of the coordinate
system, using the first of the two menu choices. This choice
asks for the coordinates of a point to be given, and plots that
point on & polar coordinate graph created on the screen. An
effective way of using this part of the program is to ask indiv-
iduals to give the coordinates for a point that will be graphed
at a specific place on the screen, perhaps a spot where the
teacher is pointing. This program will also accept negative
angles and negative radii, which should not be neglected in the
demonstration.

When the students have learned how to plot points in polar
form, they are ready to be introduced to polar equations. The
usual teaching strategy, as expected, is to graph one or more by
hand on the board, using the point - plotting method. By having
the students graph an equation on the paper that was distributed,
a teacher can be sure they understand what is involved in the
process. After that has been done, the second portion of +the
polar program may be run, which allows one to graph many polar

equations. First, the program allows the eguation to be entered.



41
Then, it graphs that equation on the same system it used for
plotting points. Since graphing polar eguations by hand is very
time consuming, students learn whal general shapes the different

equations produce much fastier when the computer is used.

Calculus Programs

The last of the three groups of programs consists of those

written for the three main concepts of first semester Calculus.

The first of these programs is “Limits,"” and uses various
technigues to present that topic. Second is the program titled
"Derivatv", which teaches +the derivative as the slope of +the
tangent line +to & curve at a given point. The third program,
"Integral ," teaches upper and lower Riemann sums, and defines

integration in those terms. Also, this program has the capabili-
ty to agraph an illustration of the trapezoidal rule, a method
used to approximate the definite integral.

Limits. This program is designed to be used as an intro-—-
duction of the topic, and can be used with very 1little pre-
discussion from the teacher. The menu on the program has three
choices, the first of which is an explanation of limits wusing
moving graphics. The wuser is told that the function in +the
program has a value of 3 when X = 5. Then the axes are draun,
and a dotted horizontal line is drawn, at a height of 3, from the
Y axis to +the line defined by X = 5, with a dotted vertical line
drawn from there to the X axis. The computer begins graphing the
function, from both ends of the screen, which causes the curve to

close in on the point (5,3). As this is happening, two small



42
arrows close in, at the same rate, to 5 on the X axis, while two
others converge to 3 on the Y axis. When the two arrcws along
the Y axis get within .1 unit of 3, the program pauses to compute
how close the arrows along the X axis had come to the 5. At that
time the teacher should introduce the traditional epsilon - delta
process of defining the concept of "limit." By explaining that,
if no matter how close one wished to bring the arrows in on the Y
value, they could do so by bringing the arrows close enough to
the given X value, then that particular Y value must be the limit
of the function as X approaches the given value, the teacher
prepares the students nicely for the formal definition of the
limit.

Not wuntil after the students have been given +the epsilon-
delta definition of the limit, should the second choice on the
menu be used, This choice graphs an entered function, asks at
what value of X the user wishes to test for a limit, +then asks
for a value for epsilon. When that has been entered, the program
draws the customary two horizental lines from the Y axis to the
curve, at an epsilon’'s distance on each side of the functional
value for the given X. Next, it draws the two vertical lines from
the points where these horizontal lines associated with epsilon
intersected the curve, down to the X axis. The program computes
the distances from the given X value to these two vertical lines,
and assigns delta the value of the smaller one. At that point the
user may enter another value for epsilon, and the old lines are
arased and new ones drawn to fit the new epsilon value. This may

be done as many times as is desired.
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The last choice on the menu constructs the table often found
in textbooks, that lists X values and their corresponding

functional values, as X approaches the given value. It allows X

to approach from both the right and the left simutaneously, which
l illustrates whether +the function values converge on the limit
from both sides.

Derivatives. The program entitled "Derivatv" was designed
to follow the usual teachino method for presenting the derivative
of a function. This method involves establishing a set value for
X, followed by trying to find the slope of the tangent line to
the curve at the point ¢ X,f(X) ), Since the slope of any secant
line through the given points can be determined, a secant line is
drawn through the point ( X ,f(X) ) and another point on the
curve, called ( X+h,f{(X+h) ). The slope of this secant line is
determined to be ( f{X+h) — f(X) ) divided by ( X+h = X ). In
order to bring the secant line down into the position of a tan-
gent line, the point ( X+h,f{(X+h) ) must be moved closer to the
set point ( X ,f(X) ), which can be accomplished by making the
value of h smaller. If h is allowed to approach a value of zero,
then the point ( X+h f(X+h) ) will approach the given point, and
the secant line will approach the position of the actual tangent
line. Thus, by taking the limit of the slope of the secant line
as h approaches @, the slope of the tangent line is obtained.
Then, this is expanded to become the definition of the derivative
of the function at X. 1In the spirit of adhering to this strategy
for teaching derivatives, the program graphs a function, then

draws a secant line through the selected point and an arbitrary
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point on the curve, somewhere near the right edge of the screen.
This line is erased, as another is drawn through a slightly
closer point, and this is continued until the given point is
attained. At that point, the secant line becomes the tangent,
and is left in place. Its slope is computed and given as the
value of the derivative of the function at the given value of X.

Inteagration. The typical teaching strategy for introducing
the integral, is to consider the region bounded by a continuous
function, the X axis, and two vertical lines that intersect the
functions graph. The program "Integral” is intended to he a
complete introduction, and the first choice on the menu starts at
the very beginning. A parabola, opening down, 1is graphed. and
the region between the curve, its X intercepts, and the X axis,
is considered. First, the curve is enclosed by a rectangle, and
the area is given. Then, the interval from the left intercept to
the right is partitioned into three equal parts, and three rac-
tangles are drawn, using the maximum height of the curve in each
subinterval as the height of the rectangle. The areas of these
three rectangles are summed, and the total printed,. When this
stage is completed, the teacher will explain that this new sum is
closer 1to the actual area under the curve, than was the first
single rectangle. Next, the computer repeats the above with ten
partitions of the interval, &and the sum of the areas is given.
As the next step, the computer allows the user to determine the
number of partitions, which the students are eager to offer. The
program will draw the rectangles for any number of partitions de-

sired, but for a partition of more than about 200, the execution
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is very slow. Finally, the computer uses a partition of 200, and
graphs the rectangles for that. While the program is running,
the instructor can discuss the concept of Upper and Lower Riemann
sums, and how they differ from Riemann sums in general. Also,
when the prooram completes the graphing of 200 subintervals, the
teacher may consider the concept of the limit as the number of
partitions approaches infinity. This is then given as one of the
definitions of the integral of a function.

The second choice on the menu of the program is used to
change +the function under study. Different from the format of
most of the programs, this is done because the user will not want
to enter a new function for each of the menu choices. The third
and fourth choices graph upper and lower Reimann sums, respec-
tively, for the function entered using choice two on the menu.
Choice five lists a table of partitions, with their corresponding
Riemann sum values and trapezoidal rule value, starting with =a
partition of 2 and going to 14@0. The final choice on the menu is
used for the approximate integration technique of the Trapezoidal
Rule. This choice may not he used until later in the course than
the others, since most textbooks present approximate integration
as the last section of the integrals chapter. In order to use
the trapezoidal rule part of the program, the students need to be
reviewed on what trapezoids are, and how the trapezoidal rule
formula is derived. The program graphs a given function, over a
given interval, accepts the number of partitions, then draws the
trapezoids on the graph. Then, the areas are summed and the sum

is printed.



CHAPTER V

SPECIFICS IN THE USE OF EACH PROGRAM

Introduction

In order to best implement the programs contained in this
thesis, some additional ideas on the most effective way to
present each, are needed. For instance, with many of +the
programs, the user is allowed to enter any number desired as a
coefficient in an equation. Although this is a very important
characteristic, in extreme cases it could lead to "bad examples”
that do a poor job of illustrating the point. If an equation is
entered +that causes the graph to be beyond the scope of the
screen, obviously the students will not benefit. Therefore, the
main emphasis of this chapter is to provide information on the
most wuseful numbers and equations to enter when a particular
program is in execution. Also, +this chapter will give detailed
instructions for the use of each program. The chapter is divided
into seperate sections, one for each of the programs, and each
section includes the above mentioned suggestions, as well as any
further ideas for class participation not given in the previous

chapter.

Items Common to All Programs

The diskette provided is formatied using PC-D0OS version 2.1,
and if used on a compatible computer, is designed to be self-
booting. In other words, all the user is required to do in order
to use any of the programs, is to insert the diskette into the
computer and turn it on. The autoexec file on the disk automat—

ically runs a program called "prompt.,” which prints a list of the
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programs, with explanations, and asks the user to type the name
of the desired program. When this is done, the desired program
is automatically run. If, however, the computer being used does
not recognize the DOS version, it should be turned on with the
appropriate DOS disk, put into BASICA, and then the desired
proagram should be loaded and run.

Every one of the programs has several input statements,
which allow the user to enter information into the program. This
information must, however, be entered in a very precise method,
set by the programmer, and explained each time by the displayed
“prompt." A prompt is a message printed on the screen, whenever
the program pauses for an input statement, which explains very
briefly what is to he entered, and the format that must be used
to enter it. In most cases, the prompt will be very short, with
the format given as variabhles. If only one number is to be
entered, then no format is given, and the user simply types the
number and presses enter. If two or more numbers are needed, the
format is displayed, followed by a guestion mark. For example,
if the coordinates of a point are needed, the prompt would be
this:

T M

telling the user it expects the X coordinate, a comma, and then
the Y coordinate. If information is entered incorrectly, the
computer will reject it, displaying the message "Redo From
Start.” Often, this message will cause the screen to scroll up a
line, which in turn causes the coordinate system on the screen to

be out of phase with where the program expects it to he. Thus ,
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anything plotted thereafter will not appear in the correct place.
If this happens, +the program should be stopped, and returned to
the command menu to start over. This is most easily accomplished
by performing a Control-Break, done on the IBM-PC by holding down
the Control key, marked CTRL, and pressing the BREAK key (which
is also marked with Scroll Lock). When the Break message is
visible on the screen, RUN the program again, making the same
menu choice as before.

All of the programs use one of two methods for inputting a
rew function or equation. Most common among the programs is the
use of the EDIT command within the program, which stops program
execution and displays the line containing the function, together
with its line number. When this method 1is wused, something
similar to the following is printed on the screen:

1000 Y = 2=X - 1
6070 550

The cursor will be positioned under the left digit in the line
number, in this case 1000. The user simply moves the cursor past
the equals sign, and +types in the desired right side of the
equation. It is important to note that the symbol * must be used
for multiplication, the symbol / for division, and the symbol "2
for exponentiation (in this case squaring). Since the program is
not running while these changes are being made, it must be re-
started once the new function has been entered. This is accom-
plished by sending the program to the next line, in this example
550, through the use of a GOTD statement. The GOTD has been

printed in a position where all the user must do is type in the
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equation, then press enter, putting the cursor on the 60T0 line.
By pressing enter a second time, the G0T0 is executed, and the
program begins execution at the point where it had stopped.
The other method used by some of the programs, is to simply use
input statements. The general form of the equation jis printed on
the screen, with letters such as a, b, h, or k for numbers the

user is allowed to change. Below the equation is printed an

input prompt, asking for the values that are be assigned to the

letters. When they are correctly entered, the equation contain-
ing the letters is erased, and replaced by the same equation with
the numbers that were entered. The following is an example,
using the equation of an ellipse:

X*2 / a*2 + Y2/ b2 = |

a,b ?

After the user enters the values to be assigned to a and b, the
equation is rewritten with those values.

For the computer agraphics in most of the programs, the
computer is put into "high resolution" graphics mode. If the
machine on which +the programs are run does not have the
capability of color graphics in this mode, +then some program
editing must be done. Somewhere near the start of each of the
programs will be two statements appearing as follows:

30 CLEAR,,,32768 : SCREEN & : COLOR 3,4
49 'SCREEN 2

For the IBM-PCjr, +the first statement clears the graphics memory
for use, and turns on Screen B, the high resolution color screen.

On the IBM-PC, the Clear statement is not recognized, and there-
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fore must be taken out. In line 40 above, there is an apostrophe
before the word SCREEN. This symbol signals the computer to
ignore that line, so if using the program on an IBM-PC, insert an
apostrophe before the word CLEAR in line 30, and delete the one
in line 40. Once this is done, the program will run, and all

graphics will be in black and white.

The Program LINES

The program entitled “Lines" is designed to aid in the
instruction of graphing in the Cartesian Coordinate system,
beginning with plotting points, and ending with linear equations
in the point - slope form. An example of what the screen looks
like during the Slope portion of the program is given as figure
1-A in appendix A, and figure 1-B shows how the screen appears
during the Point - Slope portion.

The opening menu of the program is as follows:
COMMAND MENU

1. Point Plotting

2. Slope

3. Lines in the Slope - Intercept form

4. Lines in the Point - Slope form

5. Terminate Program

ENTER YOUR CHOICE ?

Point Plotting. The first choice, Point Plotting, con-

structs a grid that extends from -8 to 8 along the X axis, and
from -5 to 5 along the Y axis. In the lower left hand corner of

the screen is the prompt; X,Y 7 asking for the coordinates of a
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point to be entered. Any coordinates within the scope of the grid

may be entered, and are subsequently plotted as a small circle at

the proper spot. Points graphed on the outer edges of the grid
do not show up as complete circles, since part of the point is
"off" the screen. If a point entered is off the screen, it will
simply not appear on the graph, and the program continues. The
program will accept any numerical value as a coordinate, positive
or negative, such as 1.5, but not 3/2.

Slope. The second choice on the menu teaches the concept
of slope, by having the user enter any two points to be used as
the endpeoints of a line segment. The prompts for entering these
points are:

Point 1: X,Y ?
Point 2: X,Y ?

The coordinates for these points are restricted to integers,
so numbers like 4.5 and 3/2 are not allowed. Once the points are
entered and graphed on the screen, the line segment joining them
is drawn, and then the right triangle, formed by this segment and
the grid, is slowly constructed. The vertical leg is drawn
first, a wunit at a time, then the horizontal leg. When the
triangle is complete, the following prompt appears:

Slope 7

The wuser is expected to enter the correct slope. Since several
formats for the slope are possible, the following instructions
are pertinent. If the slope is zero, a @ is entered. If +the
slope is undefined, the user enters UND . Finally, if the slope

is neither of those two, then it must be entered as a fraction.
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However many units are contained in the vertical leg, followed
by / , +then the number of units in the horizontal leg, is the
format used for this case. Very important here is that even if
the slope is a reducible fraction, it still must be entered as
the exact units of vertical change over the exact units of horiz-
ontal change. For instance, if the right triangle constructed
has a vertical leg of 4 units, and a horizontal leg of 2 units,
the program will consider a slope of 2 as incorrect. Instead,
4/2 must be entered.

Slope Intercept-Form. The linear equation that is in the

program when it is loaded is Y = 1/2 * X + 1, It is suggested
that this equation is graphed first, by defaulting through +the
input operation with two presses of the ENTER key. When the line

is graphed, the teacher might stop and have the students compute

its slope and Y - intercept, then see how they relate to the
equation. The program then asks if another is desired, which
would be answered by typing Y for Yes. This program uses the

first method discussed before, which stops the program and allouws
the user to edit the sguation. Any previous lines are not erased
before a new one is graphed, allowing for visual comparisons. If
the screen becomes cluttered, clear the screen by returning to
the command menu and making the same choice again.

Any equation entered is accepted, so care must be taken to
insure that the graph appears on the screen. Since the Y axis
goes only from -5 to 5, it is best stay within those bounds,
although parts of some lines with Y-intercepts beyond this will

appear, possibly across a corner of the screen. Ne wvertical
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answers that is was correct, the computer will not detect this
and assume it was correct. In the event +that this happens,
simply request another problem and go on from there.

It is important that the students recognize that the two
equations:
Y =m= (X -h)+k and Y~-k=m* (X ~-h)
are equivalent, since the first of these is required by the

program.

The Proaoram CONICS

"Conics" is a program written for the purpose of graphing
sach of the conic sections using the general form of the equation
of each. The scale on the axes for each part of the program is
from -16 to 16 for X values, and from -10 to 10 for Y values.
If, at any time, numbers are entered that exceed this scale, a
part or all of the graph will be missing from the screen.
Figures 2-A and 2-B illustrate how the screen appears after an
ellipse and a hyperbola have been graphed, respectively.

All of +the portions of this program use the second method
discussed above for changing the equation being graphed, which is
by entering the values for certain parameters in the equation.

With the exception of hyperbolas, all the conic section
equations are graphed without erasing any previously graphed
equations. This 1is to allow for comparison of several graphs,
but occasionally the screen will need to be cleared before anoth-
er is graphed. The screen can be cleared in the same method as

n

mentioned for the program "Lines," by returning to the menu and
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making the same choice as before. The menu for this program
appears on the screen as follows:

COMMAND MENU
1. Graphing Parabolas
2. Graphing Circles
3. Graphing Ellipses
4. Graphing Hyperbolas

5. Terminate Program

ENTER YOUR CHOICE 7

Bar la The parabolas portion of the program begins by
creating a coordinate system very similar to the one used by the
Lines proaram, except for the extended scale of the conics
program. Then, in the lower left corner of the screen, the
general form of the equation of a parabola is written, with the
input prompt below that. The form of parabolic equation used in
this program is as follows:
Y=2a=* (X - h)2 +k
The users are to enter values for the three parameters, a, h, and
k, and when they have been given values, the general equation is
rewritten with the respective values in place of the a, h, and k.
Then, the parabola is graphed. Any values may be entered, but it
is best to keep the vertex of the parabola away from the sides of
the screen so that a suitable portion of the graph 1is visible.
When the instructor is demonstrating how the value of a effects
the parabola, using a few extreme values is effective. Very

large numbers for a make the parabola close in almost to a
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straight line, while very small numbers, such as .01, cause the
parabola to be very wide. The teacher should always have the
students compare the picture on the screen with the equation, to
be sure they realize where the three numbers a, h, and k are
used, and what effect each has on the graph.

Circles. The circles portion of the program is wused in
very much the same method as for graphing parabolas. The
equation that is used for graphing circle is the center - radius
form, as follows:

(X - h)*2 + (Y - k)2 = r"2
The three values missing from the equation are entered, according
to the prompt, and the equation is then written with the numbers
instead of the letters. After that has been done, the circle is
graphed, and the user is asked if another is desired. As with
the parabolas, any values may be entered, but if the center is
too close to an edge to accommodate the radius, part of the
circle will be missing. This is not a particularly undesrirable
occurence, as long as the center does appear on the screen, with
enough of the circle to show its shape. The teacher should take
care to point out where the three inputted numbers appeared in
the equation, and how each effected the graph of the circle.

113 s When the third choice on the menu of the conics
program is selected, the following will appear on the screen:

Select the form of elliptic equation desired.

1. X*2 7/ a2 + Y"2/ b*2 = 1

2. X~ hi"2 L a2 * (XY =K)}"2 7 h2 = 1

CHOICE 7
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The first choice is the form most often taught first, and when it
is selected, the axes are drawn, and the ellipse is drawn with
its center at the origin, and the characteristics set by a and b.
When the graph is complete, the program asks:
Another 7
If the user enters an N, the program then asks:
Other form 7
If this guestion is answered with a Y, the other form of equation
is offered for graphing. The other form listed above allows the
center of the ellipse to be moved from the origin, to the point
(h,k).

Hyperbolas. As with ellipses, the hyperbola portion of the
program allows for a choice of two types of equations. The first
thing appearing on the screen is:

Select the form of hyperbolic eguation

1. X*2 7 a*2 = Y2 ¥ h*2

1}
i

2: = X2 £ B2 ¥ YR 7 B2

1

CHOICE 7
If the first choice is made, the user may graph hyperbolas that
open right and left, while the second choice allows one to graph
hyperbolas opening up and down. For whichever choice is made,
the corresponding equation is used, and the values of a and b are
entered. The values entered should be small enough that at least
a small part of the hyperbola will fit on the screen. When the
values are entered, they are placed in the equation, and the
graph is drawn. First the rectangle and asymptotes (discussed in

the last chapter) are drawn as dotted lines, then the curve is
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graphed.
For illustrating how the graph of the hyperbola relates to
its asymptotes, a good example is to choose the second form of the
equation, csusing the hyperbola to open up and down, then enter a

3 for the value of a, and | for the value of b.

The Program FUNCTION

The program "Function" differs from most of the others in
the way it was designed. There is no openning menu for this
program, so the first thing done is to enter the function. The
method of stopping the program and editting the function line is
used in this program, and once it has been entered, some
nuestions are asked of the user about the function. The first of
these questions is as follows:
Is the function continuous 7
If this question is answered with Y for yes, the program con-
tinues. If, however, there are discontinuities, the user should
answer with N for no, in which case the following question is
asked:
Are there any intervals where the function is undefined 7
If the answer is Y, +the left and right endpoints of the interval
where the function is not defined, are then entered. If, for
instance, the left endpoint is negative infinity, then it should
be entered as any X coordinate pést the left edoe of the screen,
which the user will determine to be either =16, -1@, -5, or -1.
The next question appearing on the screen, whether an interval

was entered before or not, is as follows:
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Number of points where undefined 7
If the answer is @, +the program goes to the next stage. An
answer of a positive integer, however, will allow the user to
enter the X values of all the points where their function is
undefined. The reason that the prompts concerning undefined
values are needed, is to avoid error messages such as “Division
by zero" and "Illegal function call" (which occurs, for instance,
if the computer attempts {to compute the square root of a
negative number).

When all discontinuities have been entered, the user then
decides the scale with which the axes will be drawn. That is
done in the following manner:

Choose the scale for the X axis.

1. -16 to 16
2. =10 to 10
g -5 to §

4, -1 to 1

CHOICE ?

These numbers indicate the values on the X axis that will be at
the edges of the screen, The values on the Y axis are according
to the length of a unit, as determined by the above choice,
however, they are not the same as for the X axis. Because of the
dimensions of +the screen, the number at the top edge will be
smaller then the number at the right edge of the screen.

The scale is chosen according to the function entered, by
where its intercepts, asympiotes, and other points of inierest

are located. As an example, the function defined by:



60
Y = .01 » (X + 9) = (X + 3)* (X -1)
would require either the scale -16 to 16, or -10 to 10, in order
to illustrate all the X intercepts. The function:
Y =X % SIN ¢ 1/X )
is most interesting near the origin, so the scale -1 to | would
be chosen.

Figure 3 in the appendix A shows an example of a function
graphed wusing this program. The scale was chosen as -10 1o 10,
and discontinuties were entered as -4 and 4. The function en-
tered was:

Y =(X + 4)°2 / (X - 16)"2

After the function has been graphed, the user is asked first
if a change of the scale is desired, and if so, the program
branches back to that set of choices. If no change is desired,
the user is asked if a new function is to be graphed. An answer

of Y starts the program over, while an answer of N ends it.

The Program SINELAW

The program to introduce the law of sines, entitled
"Sinelaw," uses low resolution graphics instead of high. This
allows color graphics to be used even on the IBM-PC, and has the
effect of making the text on the screen twice as large. When the
program is run, the first thing that appears on the screen is the
command menu, which is as follows:

COMMAND MENU
1. Two Angles and a side opposite one of the angles.

2. Two sides and an angle opposite one of the sides.
3. Terminate program



61

The first choice demonsirates the case of the law of sines
most often taught first. When it is selected, the prompts for
entering the two known angles and the known side are placed on
the screen. They are as follows:
1st ANGLE 7
2nd ANGLE 7
SIDE 7
There is no labeling of these guantities as Alpha, Beta, side a,
and so on, during the prompt, since this can cause confusion for
the students when textboaok examples use a different label for a
particular item. The program always considers the first angle
entered as Alpha, the second as Beta, and the entered side as a.
Thus, any examples should be entered with that in mind.

For the following description of what appears on the screen,
refer to figures 4-A and 4-B, The unkrnown side ¢ is placed
horizontally across the screen, from one edge to the other, and
the triangle is constructed above it. Side b, the other unknown
side, is connected to the left end of side ¢, with the given
angle Alpha between them. This side will extend to the top of
the screen until its length has been determined. The side of
known length, a, 1is connected to the other end of side ¢, with
the angle Beta between them. When the teacher presses enter, the
side ¢ is shortened, bringing the known side a along, at the
proper angle, wuntil the top end of a touches side b. At that
point, side b is shortened to the proper length, and all +the
pieces of the newly formed iriangle are labeled. Known pieces

are given their respective values, while unknowns are labeled
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ith letters. All unknown sides are labeled with small letters,
through ¢, and unknown angles are given capital letters, A
ough C. When the triangle has been properly labeled, the
ollowing appears below the triangle:

b ({ a

in {beta) sin (alpha)
1l variables listed in parentheses are known values, and their
umerical value is printed in those places, The students are to
ompute the value of side b, round off to one decimal place, and
ell the teacher what to enter. If the value entered is
incorrect, the computer beeps, erases it, redisplays the prompt.
When the correct value is given, the letter b on the triangle is
'Fmplacad by its value, and then the bottom of the screen is
cleared. Next, the following is written:

Angle C 7
As soon as the correct angle is given, it is placed on the
triangle in place of the letter C. The law of sines is then
written again, just as before, only using the letter ¢ and the
'angle computed for C. When the correct answer is supplied, it is
also placed on the triangle, and then the program declares the
triangle solved.

In order for all of the triangle to fit on the screen, it is
not possible to use any obtuse angles, and sides should be kept
less than 12 units in length. If it is calculated that an en-
tered triangle will not fit on the screen, a message indicating

4
s0 is printed, and the value input prompts are redisplayed. The
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permissable lengths of the given side depend on the angles en—
tered, but 12 is a good guideline. If a right triangle is to be
displayed, enter 90 degrees for the first angle; then enter the
second angle. The entered side, for this case, may be fairly
long, but again depends on the value of the second angle.

The second case when the law of sines is used occurs when
two side lengths, and the measure of an angle opposite one of
those sides, are the known pieces of the triangle. Depending on
the values of the known parts, there might be none, one, or two
triangles possible. This concept is difficult for the students,
s0 a teacher might elect to introduce it before using the pro-
gram. It seems to work well, however, to use the program to
introduce the concept, choosing first a case where no triangles
are possible, then one where one triangle is possible, and final-
ly a case where two are possible. When the second menu
choice is made, the following prompts are printed first:

Angle 7

st Side 7

2nd Side 7

After these values have been entered, the screen is cleared, and
the computer begins to construct the triangle. Refer to figure
5-A for an illustration of the following description, and to
figure 5-B for the next stage of the construction of the tri-
angle.

As before, the unknown side is placed across the bottom of
the screen, from left edge to right edge. This side will be

designated as ¢. The second side entered, which is designated as
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b, is connected to the left edge of c, using the given angle A.
At its top end, the remaining side, a, is connected with an
arbitrary angle. This side will extend to the right, almost
horizontally, so that its other end does not touch side c.

When the teacher presses the enter key, the second stage of
the construction begins. Side a begins to swing, from its point
of contact with side b, until it gone through an arc sufficient
to take it past the vertex at angle A. If, at any point during
its arc, the free end of side a touches side ¢, the computer
beeps and leaves a side in place, drawn in blue. The user is
then asked how many triangles were possible, which is determined
.ﬁy how many blue lines are on the screen. If the program is used
to develop the concept of how many are possible, the teacher
- should lead the students to decide why that particular number of
triangles occurred. When the correct answer for the number of
triangles has been entered, the program redraws the first blue
line in white, erases the other ( if applicable ), and labels the
triangle as before. The triangle is then solved exactly as was
done with the first case, having the user supply the values of
the missing parts. If two triangles were possible, after the
first is solved, it is erased and the second one drawn. When all

- possible triangles are solved, the program returns to the menu.
Again, entered values should be limited in order to keep the
triangle on the screen. For illustrating the three cases
possible, some recommendations for values are given. The first
case, where no triangles are possible, is well demonstrated by

entering 30 for the known angle, 4 for the first known side, and
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18 for the second known side. These values will cause the side
that is swung to never come in contact with the bottom side,
showing that it is not possible to construct a triangle of those
dimensions. The second case occurs when the side opposite the
known angle is exactly equal to the altitude of the triangle to
the horizontal base. This produces a right triangle, and the
swinging side will touch the bottom side at the very bottom of
its arc, and only at that one position. Good values to use for
this case are 30 degrees for the known angle, 5 for the first
side entered, and 10 for the second side. These values will form
a 30 - 60 - 90 right triangle. Any values may be used for the
third case, two triangles, &as long as the triangle fits on the
screen, and the first side length entered is smaller than the
sacond, and longer than the height of the triangle. Values such
as 55 degrees for the angle, 7 for the first side, and 9 for the
second side, work very well. Then, to produce the last case,
where the side opposite the entered angle (entered first) is
longer than the other entered side. In this case, the arc
created by the swinaing of the side intersects the botiom side in
one point, then again on the line extended from the bottom side,
outside the triangle. A good way of illustrating this case is to
use the same values as for the previous case, sexcept reverse the
values of +the two sides that are entered. Enter 55 for the

angle, 9 for the first side, and 7 for the second side.

The Proagram TRIGGRAF

The program entitled "Triggraf” is used to graph the six
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trigonometric functions. When it is run, the following command
menu appears on the screen.

COMMAND MENU

1. Graph of Sine Functien

2. 6Graph of Cosine Function

3. Graph of Tangent Function

4. Graph of Cotangent Function

5. ©Graph of Secant Function

BE. Graph of Cosecant Function

7. Terminate Program

CHODICE 7

For the first three choices, the program uses the edit
command to stop the program and allow the function to be channoed.
The next three choices, the Cotangent, Secant, and Cosecant, all
use input statements for the parameters a, b, and ¢, in the
following general equation:
Y =a * TRIG( b * (X - ¢)).
When any of the six choices are entered, the first +thing to
appear on the screen are directions on how to enter the function
to be graphed. Then, when ready, the instructor presses enter to
move into the input procedure. Once the equation has been en—
tered, the axes are drawn and the eguation is graphed. An
example of the screen output for this program, using the cosecant
function, is given as figure 6 in appendix A.

All of the equations will accept the word PI as part of the
phase shift parameter. For example ( X — PI/2 ), where this was

either typed into the eguation, or PI/2 was entered for the phase
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shift parameter, would be recognized as valid. The scale on the
X axis is from negative PI to four times PI, and on the Y axis is
from -5 to 5. Entering an amplitude larger than 5 will result in
part of the graph being off the screen.

For all of the trigonometric functions that apply, asymp-
totes are drawn as dotted vertical lines. For graphing the
secant and cosecant functions, the value of the parameter a
should not exceed 4, since the scale on the Y axis only goes to

5, and very little of the graph would be visible.

The Pregram POLAR

The program “Polar® is used to plot points, and graph
equations, on a polar coordinate system. The command menu for
this program appears as follows:

COMMAND MENU
1. Plot Points with Polar Coordinates
2. Graph Polar Equations

3. Exit Program

CHOICE 7
When the choice is made to plot points, the polar coordinate
system is created on the screen, then the user is asked to enter
the coordinates, in polar form, of a point to be plotted. The
scale on the graph extends to a radius of 11, and lines are drawn
at @, 30, 45, BO, 90, degrees, and their multiples. Either of
the coordinates may be entered as a positive or negative value.
Once the point has been graphed, the program asks if another is

desired. If so, the Point prompt is cleared and redisplayed, but
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- any previous points are lefi on the graph,
When the second menu choice, for graphing polar eguations,
is selected, the first message appearing on the screen is:
Does your equation contain a square root 7
If the answer is N, the screen is cleared and the equation is
entered by the user. Also, the user is asked to enter the last
value to be used for the angle theta, as a multiple of PI. The
prompt for this is as follows:
Theta begins as @. Enter stopping point as PI, 2PI, 3PI, ... 7
If, however, the answer to the square root question is Y, the
the equation must be entered without the square root, after a
variable called PSQR. The user types in what PSOR is +to be.
Then, when the program is running, the value of PSQR is computed
for varying values of Theta. That value is then tested to deter-—
mine if it is negative. If not, the value is wused, and its
square root is computed. For example, in order to graph an
equation such as:
P =8QR ( sin ( Theta )) ,
the user would be asked to enter the equation without the sguare
root, after PSQR, as follows:
PSQR = sin ( THETA )
Equations such as this look the best if a larpe coeffecient 1is
used before the SIN, such as 20, 30, or 40. This makes the graph
large enough to be seen easily by the students. Figure 7 in the
appendix A shows the graph of an Archimedes Spiral, using this
program. The figure does not appear perfectly round, which |is

caused by +the printer, as the polar coordinate system on the
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creen appears circular.

For most polar equations, the stopping point for Theta
should be Z2PI, since the graph will repeat after that. For any
of the spirals, however, values of up to 8PI might be used,

causing the graph to have half that many complete spirals.

Program LIMITS
The program “"Limits" is intended to be used for an
Sntroduction to limits. The command menu appears as follows:
COMMAND MENU
1. Explanation of Limits
2. Input a new Function
3. Graph Function with Epsilon - Delta lines
4, Table of Function Values as X Approaches some Number
5. Exit Program
CHOICE 7
The first choice, an explanation of limits, gives a brief
‘introduction of what is meant by the limit of a function, then
uses moving graphics to present an example. Figure B-A shows how
the screen appears after the first example has been graphed. The
program writes on the screen that X values will be chosen closer

and closer to 5, and that the value of the function at 5 is 3

(f(5) = 3 ). The function being used is:

Y = 1/20 » (X - 1) # (X = B) = (X - {0) + 2
Then, when the teacher presses enter, the screen is cleared, the
axes are drawn, and dotted lines are drawn from the point (0.,3)

to (5,3), and from (5,0) to (5,3). The program then begins
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graphing the function, moving from both X = 1 and X = 7, in
toward the point (5,3). As the different values for X are used,
arrows are moved along just below the X axis, +toward the number

5. When the functional value gets sufficiently close to 5 from
both directions, two arrows are moved along the Y axis,
- indicating the Y value, toward the number 3. The process stops
when the arrows along the Y axis are within .1 of the value 3,
which has brought the arrows along the X axis to within .1 of 5.
The customary epsilon and delta lines are drawn from the axes to
the graph, and the distances between the lines are printed.

Once the first example has been completed, the function is
changed (by the program) to :

Y = 1/20 # (X — 1)%(X - B)*(X - 10) + 2.5 if X not egual to 5
Y =3 if X =25

This is the same function as before, except it has been shifted
up .5 units. The functional value at X = 5 remains the same.

Then, the process of graphing the function is repeated; how—
ever this time it is not possible to bring the functional value
to within a distance of .1 of 3, s0 it is determined that 3
cannot be the limit of the functian, as X approaches 5.

The second choice on the menu is used to change the function
in the program. The reason for having a separate menu choice for
this purpose is so the user does not have to deal with entering a
new function every time another menu choice is made. Since the
main emphasis of the demonstration is not the agraph of the
function, but rather to illustirate the epsilon - delta definition

of the limit, it is conceivable that one may never wish to change
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the original function. The original function, which is
Y = sgr ( X ) + 1,
is very good for showing the way delta depends on +the chosen
epsilon. There are, however, other functions that work well in
the program also, to demonstrate some special cases.

Choice two on the menu must be chosen before choices 3 and 4
will be allowed. When it runs, the user is asked to input the
desired function. Due to difficulties in constructing the epsilon
and delta lines, the user is restricted to the first quadrant, so
only functions that will appear in that quadrant should be en-
tered.

When the third choice is selected, the user is first asked
to enter the value of X where the limit is to be tested. Then,
the equation entered during choice two will be graphed over the
interval [ 0,14 1, and at the top of the screen will appear this
prompt :

EPSILON 7

The value entered for epsilon must be restricted to less than |
and greater than 0. If any other values are entered, a message
indicating the acceptable values is printed and the prompt is
redisplayed. It is recommended that a fairly large value, such
as .B, be used at first. Then, smaller values may be used later.
When an acceptable value has been given, +the function is graphed
and the epsilon - delta lines are drawn surrounding the specified
value of X and its corresponding value for Y. The value for
delta is computed, using the smaller of the two distances from X

to the vertical lines drawn. A third delta line, in blue, is
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drawn at a distance of delta from X on the side where the larger
distance is, so it is shown that values for X must be chosen from
within a delta’'s distance of the given point, in order to assure
that f(X) is within an epsilon’'s distance of the limit.

The values of epsilon and delta are printed at the bottom of
the screen, along with the following prompt:
Ancther value for EPSILON (return {o stop) 7
If the instructor wishes to choose a different epsilon, it is
entered, and the process is repeated. If another is not wanted,
the user simply presses the enter key. When this is done, the
user is asked if another value for X is desired. If the answer
is Y, the program branches back to the beginning of choice three.
If not, it returns to the command menu.

For an example of a limit demonstration using the third menu
choice, refer to figure B8-B in appendix A.

The fourth choice on the menu displays a table of function
values, as X approaches a given value. This value is entered
first, wusing the same prompt as for choice three. When it has

been entered, the following table is consiructed:

From the left From the right

X fFOXD fFOX) X

B 5 B 1@

The values for X begin at two units from the given value, and
each new increment is half of the last one. The last value to be

used is ©0.000015 from X on either side. The values for f(X)
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are listed on the middle of the table, so that comparisons of the
values from the left and right are easily seen.

To demonstrate a function whose limit does not exist at some
given value, using something similar to,
Y=1/(X-3),
and testing for a limit at 3, will cause the final values in the
table to be very far apart. The function:
Y =(X"2~-9)/7 (X-3)
will demonstrate a function that has a limit at X = 3, but no

functional value at X = 3.

The Program DERIVATY

The program to help teach +the second main +topic in
Introductory Calculus, derivatives, is entitled "Derivatv.” The
menu for this program will appear on the screen as follows:

COMMAND MENU
. Explanation of Derivatives

2. Graph a Function and its Derivative Function

&3]

List a Table of Function Values and First
Derivative values over a given interval.

4. Exit Program
CHOICE ?
The first choice, the explanation of derivatives, uses the stan-
dard method for introducing the topic. The graph of:
Y=-1/4  ( X - 4 )2 + 4
is drawn, and a secant line through the curve is drawn from the
point (3,3.75) to the point (6,3). This is illustrated in figure

9-A in the appendix A.
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The teacher then explains that the way to find & tangent
line to the curve at the point (3,f(3)) is to bring the other

point where the secant intersects the curve closer and closer to

the given point. The slope of the tamgent line is found by
taking the limit of the slope of the secant, as the distance of
the moving point from the given point approaches zero. On the

screen it is written this way:

The limit of ( f{(3+h) - f(3) ) / ( (3+h) — 3 ) as h goes to @
gives the exact slope of the tangent line at (3,f(3)).

When ready, the teacher presses enter, and a secant is drawn to a
point with an X coordinate .25 units closer to 3, and the old
secant is erased. This continues until the X coordinate of +the
moving point reaches 3, and the tangent line is left in place.
For each line drawn, its slope is calculated and printed in the
top right corner of the screen. The final value of this slope is
the slope of the tangent line, and the value of the derivative of
the function.

The second menu choice first allows the user to change the
present function, then choose the interval over which that
function will be graphed. The scale of the axes is determined by
the length of the interval, so any interval may be entered. When
the interval has been entered, the screen is cleared, the axes
are drawn, and the two curves are graphed, putting the left
endpoint of the inputted interval at the left edge of the screen,
and the right endpoint at the right edoe of the screen. The two
curves are graphed separately, starting with the derivative

function. After it has been completed, the teacher presses enter
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to start the graphing of the function itself. It works very well
for practice to have the students predict the intervals where the
function will be decreasing or increasing, and the points where
relative extremum and points of inflection will occur, based on
the behavior of the derivative function. This gives the students
understanding as to how positive, negative, and zero values of
the first derivative will later be used to help graph more com—
plicated functions.

Figure 989-B gives an example of the graph created, using a
function similar to the second equation listed below.

The following 1is a list of functions, together with the
appropriate intervals for graphing, that work very well with this

portion of the program.

Y = SIN (X) over [ -3.,71
Y= 1/100 *» (X + 3) # (X — 1) » (X - 5) over [-5,101
(the 1/100 is needed to keep the height of the graph within
the limits of the screen)
Y =2 x SIN (X)) + .5*X over [@,101
Y=1/2 = X + 3 over I—5,. 51
(this shows the constant derivative function)
Y = ABS(X - 3) over [0.,51
(this shows the discontinuity in the derivative function at
a point where there can be no tangent line)
Y = ((X - 4)"2)".333 over [0,101

(The powers here are how fractional exponents must be
entered. This also has a discontinuous derivative)

There are, of course, many other functions that are very good for
illustrating this point, so0 some experimenting can bhe done.
Higher degree polynomials can be created by adding more binomial

factors to +the second equation listed above. This will, how~-
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ever , usually require that the leading coefficient be decreased
in size. Otherwise, the graph will be beyond the scope of the
creen in several places.

The +third choice on the menu creates a table of values for
he function and its first derivative for varying values of X.
The first thing to appear on the screen after this selection has
been made is the prompt:
Do you want to change the function 7
If the answer is Y, the user may input a new function in the same
way as was done with the prior portion of +the program. If
another function is not desired, the function used is the last
used during the second menu choice. After the function has been
entered, the following prompt appears on the screen:
Enter the interval for the X values: A,B 7
Any interval may be entered, and there will always be ten values
used from that interval. The values used are computed from the
length of the interval, at an increment of one tenth the interval
length. The +table 1is intended to be used by first entering a
fairly large interval, then continually smaller intervals that
contain points where the first derivative has a desired value.
When the first interval has been entered and the table 1is com—

pleted, the following prompt is displayed at the bottom of the

screen:

Another interval 7

If the answer is Y, +the program is branched back to the prompt
for entering the interval. An answer of N returns the program to

the command menu.
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Due to the limited capability of the computer to handle

large numbers of decimal places, when the interval used becomes
less than .02 in length, many of the values for the derivative
are slightly inaccurrate. For this reason, if an interval
smaller than this is entered, the program will not accept it, and
‘another is asked for, Usually an interval that is at least .02
units in length is sufficient to find the values of X where the

first derivative is equal to zero, or any other desired value.

The Program INTEGRAL

The program "Integral" is very similar to "Derivatv" in its
presentation and the way it is used. The following is the way
the command menu will be on the screen:
COMMAND MENU
1. Explanation of Intergation, using Riemann Sums
2. Input a Function and Interval of Integration
3. Graph Upper Sums
4. Graph Lower Sums
5. Graph Trapezoidal Rule

B. List Values for Upper Sums, Lower sums, and Trapezoidal
Rule, Using Increasing Numbers of Subintervals

7. Exit Program
CHOICE *?
The first choice is a good first time introduction to finding the
area under a curve by using Riemann sums, leading to the defin-
ition of integration. When the choice is selected, text is

written on +the screen explaining the function that will be
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graphed, the interval over which it will be graphed, and how the
area under that curve is to be estimated. A teacher using the
program in front of a class will probably not want to read all
the text to the students, but it does provide good notes for what
should be explained prior to continuing. The equation that is
graphed as an example is:

Y =~1/4 % ( X -4 )2+ 4 ,

which has X intercepts at © and 8. The interval used is the
interval between the intercepts. The text first explains that a
way to estimate the area between the curve and the X axis is to
enclose the curve in a rectangle, the height of which is equal to
the maximum height of the function, and the hase of which goes
from @ to 8. The area of this rectangle is computed to be 32, so
it is known that the desired area is less than 32. This example
is graphed on the screen. Then, when ready, the teacher presses
enter to move on to the next explanation. The next set of text
explains that if three rectangles were drawn, enclosing the one
third of the curve each, a better approximation would result.
This example is then drawn, and the sum of the areas of the three
rectangles is printed. The process is repeated with ten rect-
angles, and the concept of a partition, in this case regular, of
the interval [0,81 is introduced. Figure 10-A in appendix A shows
how the screen appears at this point in the demonstration.

After the sum wusing a partition of ten subintervals 1is
calculated, the program allows the teacher to input a value for
the next partition. The students will benefit from being allowed

to suggest this value, and usually will offer a number between 50



79
and 80. These are very good values to use, at this point, since
the graphic display of the Riemann sums will show that the sum
computed 1is a very good approximation. Finally, +the computer
will graph an example, wusing a partition of 200, and the printed
result is accurate 1to within 3 decimal places of the actual
integral. The concept of taking the limit of the Riemann sums as
the number of subintervals in the sequence of regular partitions
is allowed +to approach infinity is introduced then, and the
definition of the integral is developed from that. If, when the
instructor asks the students to give the number of subintervals
in a partition, a student offers a number larger than 100 to 120,
the instructor should probably suggest that they choose a smaller
number, so that the computer's use of 200 subintervals is not
redundant. Also, using a number larger than about 300 causes the
program to run so slowly that much of the interest is lost.

The second choice on the menu is used to input a new
function and to define the interval over which the integration
will be performed. By using a separate menu selection for this
purpose, the teacher does not need to be concerned with entering
a function, even when a new one is not desired. For the most
part, the best functions to use are those that stay above the X
axis for most of the defined interval. Most of the screen is
devoted to quadrants I and II. Thus, if the curve goes very far
below the X axis, part of it will be absent from view. The scale
of the axes is determined from the length of the interval en-
tered, so horizontally, any function will fit. If the curve does

go above the top edge of the screen, or below the bottom edge,
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the rectangles will be cut off. The values calculated for the
areas, however, will still be accurate.

The following is a list of & few functions, and the

intervals to use with them, that work well for this program.

Y= 1/6 #* (X - 5)"2 + 1 over [0,10]
Y =1/6 » (X - 5)2 - 2 ) over [0,10]
(this puts the vertex of the parabola below the X axis,
and demonstrates negative portions of the area sums)
Y =1/10 * (X + 3) * (X) = (X - 3) + 4 over [-5,5]
Y =2 % §IN ( 1/2#X ) over [-5,51
The +third and fourth menu choices are used to illustrate
Upper and Lower Riemann sums, respectively. When chosen, the

first thing that must be entered is the number of subintervals in

a regular partition. When the prompt for this entry has been
answered, the screen is cleared, and the curve is graphed over
the previously defined interval. As soon as the curve is

graphed, +the appropriate Riemann rectangles are drawn, either
using the maximum height in each subinterval, or +the minimum
height, depending on the choice. The sum of the areas of the
rectangles is computed, and printed across the bottom of the
screen. The user is then asked if a different number of subin-
tervals is desired. If the answer is N, the program returns to
the command menu. An answer of Y starts that part of the program
over.

The fifth choice will graph and estimate the integral of the
given function using the trapezoidal rule. Any of the above

functions will work with this choice, but those with sharp bends
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will make the trapezoids more ocbvious. Also, if a partition of
20 or more subintervals is used, the tops of the trapezoids tend
to blend with the curve itself, and are hard to see. Starting
with a small partition, such as with 5 subintervals, then moving
to the large ones, will show that the trapezoidal rule produces
accurate results much faster than Riemann sums. Figure 10-B
illustrates what appears on the screen after using the
Trapezoidal Rule portion of the program.

Choice number six on the menu computes upper and lower
Riemann sums, and areas by the trapezoidal rule, for varying
numbers of subintervals. Beginning with a partition of 2 subin-
tervals, the +table prints wvalues for selected numbers of
subintervals, and ends when a partitieon is reached large enough
that the values of the upper and lower sums are within two decim-
al places of each other. The viewers can see that the computed
values for the three sums approach each other, as the number of
subintervals increases. The last values printed are all equal,
since they are rounded off to two decimal places. It should be
explained +to the students that this is a result of the computer
rounding the values off, and that the values would never actually
be equal. The table illustrates very well that of these methods
of approximate integration, the trapezoidal rule is more accurate

than the Riemann Sum approach.



CHAPTER VI

SUMMARY , CONCLUSIONS, AND RECOMMENDATIONS

Summary of Thesis

The purpose of this thesis was to study the use, and effect,
of a microcomputer in the mathematics classroom. The increasing
development of this type of technology, leads to changes in the
traditional methods of teaching mathematics. There are, of
course, many uses for the computer in the mathematics classroom,
but the emphasis of this thesis was on the use of the computer as
an in class teaching aid, a tool for the teacher to use, just as
pne might use a film strip or the chalkboard.

The first chapter was an introduction to the thesis.
In it was discussed how the idea for the thesis originated, the
importance of such a study, the procedures used to study the
problem, and the limitations of the study. Also given in the
chapter was an overview of the thesis.

Chapter two was a presentation of what other authors have
written concerning the field of Computer Aided Instruction.
Intended mainly to prove a case for the use of CAl, quotations
were included from notable works on the subject. Used in the
study were several works from the National Council of Teachers of

Mathematics, including the 1984 Yearbook for that organization,

which was entitled, Computers in Mathematics Education. Also
used were several books writien on the subject, including Lear—
ning With Computers, by Alfred Bork, and CAI Scurcebook, by

Robert Burke.

The third chapter offered the reactions of the students that
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took part in the study. These students had all witnessed the use
of a program written by the author, and had completed a question-
naire which asked for their opinion on several items. They were

asked their reaction to the particular program they observed,

their reaction to CAI in general, and any sugogestions they might
have. The answers to the guestionnaire were both written com-
ments, and a numerical response from 1 to 5. The numerical

responses were totalled and averaged, and samples of the written
comments were listed.

Chapter four treated the subject of using the programs in
the classroom, from the aspect of how a mathematics teacher could
most easily incorporate them into the normal curriculum of the
course. The usual method of inireoducing a concept to a class was
given. Then, the ways in which each program could be wused in
conjunction with that were discussed.

The fifth chapter was a detailed look at the use of each
program, and could best be described as & user’'s guide to the
programs stored on the disketite. Descriptions of how the teacher
should enter values, what values and equations are the best to
use, and explanations of what appears on the screen at different
times during the execution of each program, were the important
parts of the discussion. References were made to appendix A,
which contains printouts of the screen during the execution of
the programs. These figures were intended to help in inter-—
preting the descriptions given in chapter five.

The sixth and final chapter summarizes the thesis, and gives

conclusions and recommendations for those intending to use +the
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programs offered.

Following the =sixth chapter are a biblicgraphy and two
appendixes. The first appendix, as was mentioned above, contains
printouts from the screen that the reader may wish to refer to.
The second appendix contains the listings of the actual programs,
as they appear on the diskette. These are included as an aid to
those wishing to expand the programs to include other topics, or
to modify the programs to more closely fit +their individual

classroom needs.

Congclusions

During the course of this study, several conclusions hecame
obvious. The following is a list of conclusions made by the

author , concerning the study.

1. When introducing algehra students to the Cartesian coordinate
system, and particularly to point plotting, it is best
to use chalkboard examples. Through conversations with stu-
dents, and reactions written on the student questionnaires,
it became apparent to the author that the point plotting part
of the program "Lines" spent more time than necessary teach-

ing a subject that is quickly and easily learned.

2. If the program "Conics” is used to teach the graphing of con-
ic sections, with no other explanations being offered by the
instructor, the students will miss a very important point.
The fact that these curves result from the intersection of a

plane with a cone should be taught, and usually is. But
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beyond that, it is very easy for the instructor to neglect
the locus of points definition of each. Knowing that a
parabola is formed by the locus of points equidistant from a
peint and a line, 1is an important way for students to relate
geometry and algebra, and adds a point of interest to the
lesson. The program does nothing to illustrate this point;

therefore, by itself, it is not enough.

After demonstrating the concept of limits to a class that had
never been exposed to it before, and then again to a Calculus
II class, it was shown that the use of moving graphics made
possible by +the computer, gave the students a bettier
understanding of the concept. Too often the epsilon-delta
definition of limits is never qguite understood, and computer
graphics help to alleviate this problem. The beginning level
classes seemed to have satisfactory understanding of the
definition following +the demonstration, while an alarming
number of the Calculus II students seemed to be learning it
for the first time. Many of these students commented after-
ward that they now understood precisely what the definition
meant, as opposed to only vague understanding prior to the

demonstration.

Although +the use of CAI designed for use in front of an
entire class 1is quite often favorable, it became apparent
from the nquestionnaires that the small computer terminal
that was wused was often not adeguate. The determining

factor was the size of the class involved. In the larger
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classes, the students in the back of the room could not see
enough detail on the screen to understand the +topic very
well. Despite encouragement to move forward in the room, it
was difficult for some to see, and they invariably lost
interest. Forr small classes, +there was no problem, but if
only the standard monitor size of 13 inches 1is available,
then the viewing capabilities of the entire class should be a

concern.

From +the reading of other works on CAI, it can be concluded
that there are many mathematics teachers who are pushing +to
make the use of +the computer for +teaching mathematics
standard practice. Certainly there are ithose who feel the
computer is not a necessity, and is to hbhe used only if the
instructor desires it. This is not the recurring theme,
however, in the works reviewed. Instead, it is the belief of
those authors, and the author of this thesis, that the com-
puter allows the instructor to do a better job of +teaching,

and that mathematics teachers cannot afford to ignore it.

Apparent from the comments supplied by students on the ques-
tionnaires, was the fact that students themselves believe
CAl is both important and effective. The high average
response of 4.67 ( ocut of 5 ), on the guestion asking if they
thought that the wuse of +the computer was interesting,
indicates that & much higher level of student interest is
achieved through the use of CAI. It was common for the

author of +this +thesis to be asked by students when the
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computer was going to be used sgain, indicating they were
anxious for that, and that ithey preferred to be taught with

the teacher using CAI.

7. Despite efforts to provide a multitude of error traps in the
programs, it is still very easy for a user of the programs to
enter something incorrectly. To completely error proof the
programs, one would be reguired to spend much time, and add a
multitude of lines to each. It seemed plausible to assume
that those using the programs could learn easily enough how
to avoid these problems, and the extra effort was not

necessary.

Recommendations

Initially in this section, recommendations relating to the
above conclusions are made. where appropriate. Pertaining to the
second conclusion, concerning the use of the program "Conics,” it
is recommended that the teacher introduce conic sections with
solid, three-dimensional wvisual aids, and with the locus of
points definitions, then proceed to the graphing of the algebraic
equations. It seems +to help the students with the graphing
techniques if they have these concepts first.

In relation to the third conclusion, as to the effectiveness
of the program limits, it is also recommended that students are
taught a strong intuitive definition of limits, before they are
ever exposed to the epsilon-delta definition. Too often students
develop the idea that the limit definition is beyvond their com-

prehension, when in fact it is a rather straightfoward concept.
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Concerning the fourth conclusion, that the small size of a
standard computer monitor causes viewing problems in large
classes, the solutions to this problem are varied. Mast
desirable, but unfortunately not always an option, is to use a
larger monitor. These are expensive, 50 schools do not typically
own them. Microcomputiers may be connected to large color tele-
vision sets, with the use of special adapter cables which are
relatively inexpensive, if the television has that capability.
Much simpler, and usually effective, is to use a seating arrange-
ment that abandons the desks, and crowds the students together
near the computer. This uncomfortable position does not need to
be maintained for a long period of time, and is well tolerated
by the students.

The seventh conclusion, dealing with the lack of error
traps, warrants some further recommendations. First, if a
teacher can afford the time to run a program through a few times,
in order to become accustomed to the procedures before presenting
it to a class, the problem viriually disappears. Also, by care-
fully fel- lowing the directions given in chapter five of this
thesis, a teacher can avoid most errors. Then, if a problem does
occur in front of a class, knowing how to get out of the program.
and get it restarted quickly, will minimize any embarassment.
This +too should be practiced, and the methods for the procedure
are given in the fifth chapter also.

For a teacher wishing to expand the number of topics which
may be presented using a micromcomputer, the following recommend-—

ations are made. First, if one has no real experience with
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graphics programs, it is suggested that the program listings in
the third appendix be studied. The methods wused in those
programs are fairly simple graphics commands, and the logic
involved should be straightforward. It would be easiest +to
create a new program by using one of the existing programs as a
skeleton, editing where needed. The actual main program for
nearly all of them is merely & menu driven series of subroutine
calls, so by writing additional subroutines, one could expand the
possibilities of any given program.

One recommendation for expansion concerns the program
“Lines."” The addition of a subroutine that would graph a system
of two linear eguations, mark ithe intersection point, and supply
the coordinates of that point, would not he a major task. By
using the same method of inputting eguations, and the same method
of graphing those lines, the existing program could serve as a
model .

A similar subroutine could be added to the program "“Conics,”
which would graph any two equations, linear or not, and
graphically solve the system. The structure of such a subroutine
would be nearly identical to the one for a linear system,

mentioned above.

Recommendations For Further Siudies

Any one of the three main program categories studied in this
thesis —- algebra, trigonometry, or calculus -- could be consid-
ered as a source for providing materials for related studies. As

an example, should a person desire to do a study emphasizing only
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trigonometry, a program could be written for the solution of
triangles using the law of cosines, which would be very similar
to the program "Sinelaw." Furthermore, all of the trigonometric
function definitions relating to the side lengths of right trian-
gles could be presented nicely through a graphics approach.

It should be noted that the graphics in this study were all
two-dimensional. A related study using three—-dimensional
graphics could certainly be of benefit to studenis dealing with

the solid, analytical geometry concepts encountered in Calculus

g
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APPENDIX B

PROGRAM LISTINGS




xxexxra*  GRAPHING LINES MIKE MOSIER s%#s#wxextnx

STORED UNDER: LINES
JUNE 15, 1885

LEAR, ,,32768! : SCREEN B : COLOR 3.4

5,15:PRINT "COMMAND MENU

8,10:PRINT "1, Point Plotting

190, 10:PRINT "Z. Slope

) 12,1@:PRINT “3. Lines in the Slope - Intercept form
) LOCATE 14 ,10:PRINT "4. Lines in the Two Point form

LOCATE 16, 1@:PRINT "5. Terminate Program

'LOCATE 22,1@:INPUT “ENTER YOUR CHOICE ", CMD

) " this is an error trap for their choice!

) WHILE CMD <> FIX(CMD) OR CMD < 1 OR CMD > §

D LOCATE 24 ,1@:PRINT "Please enter a 1, 2, 3, 4, or 5"
4] GOTO 179

) WEND

D WHILE CMD <> 5

) ON CMD GOSUB 33@, 470, 920, 1220

LOCATE 23,1 :INPUT "Press enter to return to the command menu. " ,B%
(4] GOTO 8@
30 WEND

0 SCREEN 0
@ END

0 ‘rexxxerrexrxxxx  SUBROUTINE TO PLOT POINTS FEERRRNEREEER
40 CLS

) BOSUB 1820 "to draw the Cartesian Plane
BOCATE 23,1 = INPUT "X.Y "sX.Y

O PX = 320 + 40 * X : PY = 100 - 20 + Y "figure pixels and plot
9@ CIRCLE (PX.,PY),Z = CIRCLE (PX,PY),7 " the point

10 LOCATE 23,1 : PRINT " .
LOCATE 23.1 : INPUT "Another ";A%
LOCATE 23,1 = PRINT " "

IF A% = "Y" OR A%$ = "y" THEN 360

' RETURN

CHEREHERELEERBRRRRR SUBROUTINE TO EXPLAIN SLOPE WA R R RN

CLS

G0SUB 1820 "to draw the graph

LOCATE 23,1 : INPUT "Point 1 "3X1,Y! “enter the two points

ROCATE 23,9 + PRINT * "

LOCATE 23,1 : INPUT "Point 2 "iX2,YZ

LOCATE 23,3 : PRINT " i

IF X1 > X2 THEN SWAP X1 ,XZ : SWAP Y!1,YZ 'leftmost point should be X1,Yl



320 + X1 = 40 : PY1

ii

100 ~ Y1 # 20 "figure the pixels

3 320 + XZ % 40 : PYZ = 10@ - Y2 #+ 20 'and plot the two points

9 CIRCLE (PX1,PY1),Z : CIRCLE (PX1,PY1),7

BCIRCLE (PXZ,.PY2),2 : CIRCLE (PXz.PY2),7

) LINE (PX1,PY1)-(PXZ,PYZ) : LINE (PXI1+1,PY1)-(PXZ+1 ,PYZ) 'connect them

pIF Y2 < Y1 THEN SIGN = t ELSE SIGN = -1 ‘determines pos. or neg. slope

i

;FOR J 1 TO 500 : NEXT J ‘'all J loops are time eaters
) FOR I = PY! TO (PY2-SIGN*2@) STEP SIGN#ZQ "loop to draw vertical leg
LINE (PX1-2,1)-(PX1-2 I+SIGN*20) ‘of the triangle

LINE (PX1-4,1)-(PX1-4 ,I+SIGN*20)

[} FOR J = 1 T0 50@ : NEXT J

0 NEXT I

® FOR I = PX1 TO PXZ-40 STEP 40 ‘"loop to draw horizontal leg of triangle
LINE (I,PYZ+1)-(I+40,PYZ+1)

LINE (I ,PYZ+2)-(1+4@ ,PYZ2+2Z)

0 FOR J = 1 TO 500 : NEXT J
80 NEXT 1

:FLOCHTE 23,1 ¢ PRINT " i

30 DELTAY = Y2 - YI g DELTAX = X2 - XI

80 IF DELTAY = @ THEN 850

@0 IF DELTAX = O THEN 870

1@ IF DELTAX > 9 THEN NUMLEN = 7 ELSE NUMLEN = i 'no. of digits to check

30 LOCATE 23,1 : INPUT "Slope "“iM$
0 IF VALC(LEFT®(M$,7)) = DELTAY AND VAL(RIGHT®(M$ ,NUMLEN)) = DELTAX THEN 300

ELSE LOCATE Z3,1 : PRINT ” * : GOTO 830
@ LOCATE 23,1 : INPUT "Slope ";M$
IF M$ = "@" THEN 830@ ELSE LOCATE 23,1 : PRINT " " GOTO 850

 LOCATE 23,1 : INPUT “"Slope ";M$

IF M$ = "UND" OR M$ = "und"” THEN 90@ ELSE LOCATE 23,1 : PRINT "
GOTO 870 "to let them try apgain

LOCATE 2Z,1 : INPUT "Another “;A%

IF A% = "Y" OR A% = "y" THEN 470 ELSE RETURN

"Exxxervvrwxwnsrrxsr  SUBROUTINE TO GRAPH SLOPE - INTERCEPT FORMS s##=xxxux

CLS

GOSUB 1820 " to draw graph

GOSUB 1110 " {0 input new eguation

X = -7 " initial value for X

870 GOSUB 1170 " figure Y for that X

880 PX1 = 320 + X * 40 : PYl = 100@ - Y *# 20 'convert point to pixels

@ FOR X = -6 TO 7 STEP .5 ' loop to draw the line

GOSUB 1170 ° to figure Y

PXZ = 320 + X # 40 : PYZ = 100 -~ Y * 70 'convert point to pixels

IF FYZ > 1899 OR PYZ < 1 THEN 106@ 'since it's off the screen

LINE (PX1,PY1)-(PXZ,PY2) ‘draw the line through the points
LINE (PX1.,PY141)=(PXZ PYZ2%+1)

PXt = PXZ : PY1 = PYZ

1@80 LOCATE 23,1 : INPUT "Another “;A%
1030 IF As ="Y" OR A% = "y" THEN GOTO 950
1100 GOTO 762

1110 -’ SUBROUTINE TO INPUT EQUATION



B LOCATE 23,1 : PRINT "GOTO 1150 "
B LOCATE 221 : EDIT 1190
) GOSUB 950

:' SUBROUTINE TO FIGURE FUNCTIONAL VALUES

DY - 1/2%X
b RETURN

) “sxxrexsernxsrrsxs  SUBROUTINE TO GRAPH TWO - POINT FORMS ###sxxws

0 CLS

@ GOSUB 18720 "to draw graph

@ ° the following statement turns on the random number generator and uses

@ RANDOMIZE VAL(RIGHT$(TIME®,Z)) + VAL(MID$(TIME®,4,2)) "the clock for seed
@ XVAL1 = INT( RND * 10 ) ° pull out a value, decide if pos. or neg., then

0 IF XVAL1 / Z = INT (XVAL] / 2) THEN SIGN = 1 ELSE SIGN = -1 "make sure
O IF XVAL1 > 7 THEN 1280 "it fits on screen

10 X1 = XVAL1 * SIGN

@ "the next three blocks repeat procedure for other coordinates

40 IF YVALZ / 2 = INT (YVALZ / 2) THEN SIGN

40 YVAL! = INT( RND * 1@ )

p IF YVAL1 / Z = INT (YVAL! /7 Z) THEN SIGN
IF YVALY > 4 THEN 1340

Y1 = YVAL1 = SIGN

=1 ELSE SIGN

U
-

il

XVALZ = INT( RND = 1@ )

IF XVALZ / 2 INT (XVALZ / 2) THEN SIGN
IF XVALZ > 7 THEN 1330

X2 = XVALZ # SIGN

YVALZ = INTC( RND * 10 )

i
il

-1 ELSE SIGN

I

li

1 ELSE SIGN = -1
IF YVALZ > 4 THEN 1430
YZ = YVALZ * SIGN

PX1 = 320 + 40 * X1 = PY1 = 100 - 20 * YI " these plot the tuwo
CIRCLE (PX1,PY1),Z2 : CIRCLE (PX1,PY1),7 : " random points

PXZ = 320 + 4@ = XZ = PYZ = 100 - 20 * YZ

CIRCLE (PXZ,PYZ2),2 : CIRCLE (PXZ,PY2),7

LOCATE 23,1 : PRINT "GOTO 1550" ° let user input equation
LOCATE 22,1 = EDIT 179@

X = -8 " draw the line that was entered
G0SUB 1770
PX1 = 320 + 40 » X : PY!l = 100 - 20 = Y
IF PY! > 199 OR PY! < 1 THEN X = X + .1 : GOTO 1570 ‘make sure it's on the
FOR X = -7 TO 7 STEP .5 ' “screen
GOSUB 1770
PX2 = 320 + 40 * X PYZ = 100 - 2@ = Y

IF PYZ > 188 OR PYZ < 1 THEN 1E7@
LINE (PX1,PY1) - (PXZ,PYZ)
LINE (PX1,PY1+1)-(PX2,PYZ+1)




) PXi = PXZ : PY! = PYZ 'move the points up
) NEXT X

LOCATE 23,1 : INPUT “Correct "; A%
@ LOCATE 23,11: PRINT " "
D IF A% <> "Y" AND A% <> "y" THEN GOTO 153@
O LOCATE 23,11: PRINT " "
@ LOCATE 23,1 : INPUT "Another "; A%
@ IF A% = "Y" OR A% = "y" THEN GOTOD 1230
@ GOTO 260
D SUBROUTINE WITH THE EQUATION

Y = M* (X -H)+K
¥ RETURN

) ‘rexsrxxxzxexxxx  SUBROUTINE TO DRAW GRAPH s#»#xxsexxxsxsFssexs

"SCREEN 2
D first draw the axes
30 LINE (@,100)-(B640,100) : LINE (@,1@1)-(B40,101)
70 LINE (320,0)-(320,200) : LINE (321.,@0)-(321,200)
80 LOCATE 14,77 : PRINT "X" s LOCATE 2,39 : PRINT "Y"

00 loop to draw the vertical grid
:QO FOR I = @ TO B4@ STEF 49

LINE (I,0)-(1,200),2
NEXT I

loop to draw the horizontal grid

FOR I = @ TO 202 STEP 20
LINE (@,1)-(b4@,1),2

RETURN



10 ‘*wxxxxwxxsxr  CONIC SECTIONS MIKE MOSIER ##z##sx%xsx%
20 '

490 STORED UNDER:  CONICS
5p - JUNE 3@, 1985
& -

3

®» CLEAR,,.32768! : SCREEN B : COLOR 3.4
B0 "SCREEN 2
80 CLS
100 LOCATE 3,12:PRINT “THE PROGRAM CONICS"
110 LOCATE &, 15:PRINT “COMMAND MENU
20 LOCATE 8,10:PRINT "1. Graphing Parabolas
13® LOCATE 10,1@:PRINT "2. Graphing Circles
140 LOCATE 12,1@:PRINT "3. Graphing Ellipses
150 LOCATE 14,10:FRINT "4. Graphing Hyperbolas
160 LOCATE 16,1@:PRINT "5. Terminate Program
170
80 LOCATE ZZ,1@:INPUT "ENTER YOUR CHOICE ", CMD
190 WHILE CMD <> FIX(CMD) OR CMD < 1 OR CMD > &
200 LOCATE 24 ,1@0:PRINT "Please enter a 1, Z, 3, 4, or 5"
210 GOTO 180
270 WEND
'@30 ’
240 WHILE CMD <> 5
250 ON CMD GOSUB 3Z@, B30, 1030, 1570
260 LOCATE 23,1 :INPUT "Press enter to return to the command menu. " ,B$
270 GOTO 90
280 WEND
290 SCREEN @
300 END
310

320 “#x#xwsxrsxx SUBROUTINE TO GRAPH PARABOLAS  *#s#ssxxxsexssn

330

340 GOSUB 2270 ' to draw the X - Y plane

350

36@ LOCATE 22,1 : PRINT " "

‘370 LOCATE 22,1 : PRINT "Y = a X—h 2 + k"

?sﬂ LOCATE 23,1 = INPUT "a,h,k "3A,H.K

380 IF H < ® THEN SIGN1$ = "( X 4" ELSE SIGNI% = "¢ X -" 'these lines print
IF K < @ THEN SIGNZ% = “- " ELSE SIGNZS% = "+ “ "out the equation

il@ LOCATE 2Z,1 : PRINT "Y = ";A;SIGN1$;ABS(H);")"2 ";5IGNZ%$;ABS(K)

X =-15 : Y = A*(X-H)"Z + K ' set the initial value for X, and figure Y
) PX1 = 3720 + 24+%X : PYI = 100 - 10*Y ‘figure the first pixels

loop to graph the parabola

FOR X = -15 TO 15 STEP .3

Y=RA#* ( X~H 2 4+ K

PXZ2 = 3720 + Z24#X 3 PYZ = 100 - 10xY

’ test to see if the point is on the screen

IF PYZ > 189 OR PYZ < @ THEN 530

LINE (PX1,PY1)-(PX2,PYZ) : LINE (PX1+1 ,PY1)-(PXZ+1,PY2)

PX1 = PXZ : PY1 = PYZ " moves old point up to new point position
NEXT X



See if they want to graph another
LOCATE 23,1 : PRINT “ "
LOCATE 23,1 : INPUT "Another ";A%$
IF A$ = "y" OR A% = "Y" THEN LOCATE 23,1 : PRINT " * 1 GOTO 360

RETURN
TERERERBEEE R SUBROUTINE TO GRAPH CIRCLES s#w*sx#sasxsxrxsrrs
GOSUB 2270 "to draw the X - Y plane

LOCATE 22,1 = PRINT * "

LOCATE 21,1 = PRINT " ¥

" get the equation of the circle

LOCATE 22,1 < PRINT “(X -~ B)Y*2 4 (Y - k)*Z = r*2"

LOCATE 23,1 = INPUT "h.k.r "¢ H,K,R

LOCATE 23,1 : PRINT " "

IF R < ® THEN LOCATE 21,1 : PRINT “NO CIRCLE 1I " :GOTO 970

IF H<® THEN FIRST$ = "(X +" ELSE FIRST® = "(X -" "next three lines
IF K < @ THEN SECND% = "(Y +" ELSE SECND$ = "(Y -" ‘print it back out
LOCATE 22,1 : PRINT FIRST$:ABS(H);")*Z + ";SECND$;ABS(K);")*Z ="yR;""2"

XCENTER = 320G + 24*H : YCENTER = 100 - 10+#K "finds the
pixels of the center
CIRCLE (XCENTER,YCENTER),Z " mark the center
PX1 = XCENTER - R *24 : PY!1 = YCENTER : PYZ = YCENTER ‘sets first set

of pixels
begin graphing the circle
FOR X -R TO R STEP .15
SQ = R*2 - X"2
Y = SQR ( 5Q )
PXZ = XCENTER + 24+X : PY3 = YCENTER - 1@ # Y : PY4 = YCENTER +10 * Y
IF PY3 > @ THEN LINE (PX1,PY1)-(PXZ,PY3)
IF PY4 < 200 THEN LINE (PX1,PYZ)-(PXZ,PY4)
PX1 = PXZ : PY1 = PY3 : PYZ = PY4
NEXT X
X =R
5Q = R"Z - X2
Y = 5QR ( SQ )
PX2Z = XCENTER + 24#X : PY3 = YCENTER - 1@ * Y : PY4 = YCENTER +10@ # Y
IF PY3 > @ THEN LINE (PX1,PY1)-(PXZ_,PY3)
IF PY4 < Z0® THEN LINE (PX1,PYZ)-(PX2,PY4)

see if they want to graph another
LOCATE 23,1 : INPUT “Another ";A%
LOCATE 23,1 : PRINT " *
1000 IF A% = "Y" OR A% = "y" THEN BBQ@
101@ RETURN
1020 ;
1030 '#xsvrvxxsxxx  SUBROUTINE TO GRAPH ELLIPSES ts##»#aexxssxxxxes
1040 -
1050 CLS : XCENTER = 320 : YCENTER = 100
106@ LOCATE 19,15 = PRINT "Choose which eguation you want. "
4@70 LOCATE 12,15 = PRINT "1, X*2 / a2 + Y2 / b"Z =1
10 LOCATE 14,15 = PRINT "2. (X - )2 / &2 + (Y - k)»*2 / b2 = 1
103@ LOCATE 17,15 = INPUT "CHOICE ";CHC
1100 IF CHC = 2 THEN 1710
1110 GOSUB 2270



XCENTER = 320 : YCENTER = 100

LOCATE 2Z,1 ¢ PRINT ™ "

LOCATE ZZ,1 = PRINT "X"2 / a"Z 4+ Y"2 / b"Z2 = 1"

LOCATE 23,1 = PRINT " “

LOCATE 23,1 : INPUT "a,b "; A,B

LOCATE 21,1 = PRINT " "

IF A<C®OR B < © THEN LOCATE Z1,1 : PRINT “"Positives only." : GOTO 1150
LOCATE 22,1 = PRINT ™ X"2 /"A;""2 + Y"2 /";B;""2 = 1"

60TO 1360

GOSUB 27270

LOCATE 22,1 : PRINT " "
LOCATE 22,1 : PRINT "(X - h)*Z / a2 + (Y - k)"2 / b*2 = "

LOCATE 23,5 : PRINT " "

LOCATE 23,1 = INPUT "h,k "5 H,K

LOCATE 23,1 : PRINT " "

LOCATE 23,1 : INPUT "a,b "; A,B

LOCATE Z1,1 = PRINT " "

LOCATE Z3,1 : PRINT " 5

IF A <®OR B < © THEN LOCATE 21,1 : PRINT "Positives only." : GOTO 1270
IF H < @ THEN FRST$ = "“(X +" ELSE FRST® = "(X -“

IF K < @ THEN SCND$ = "(Y +" ELSE SCND% = "(Y -"

LOCATE 22,1 : PRINT FRST®:ABS(H);" )"Z /"A;""Z + ";5CND$;ABS(K);" )"Z2 /";B

XCENTER = 320 + 24*H : YCENTER = 100 - 10*K
PX1 = XCENTER - Z4+A : PY! = YCENTER : PYZ = PYI
' begin graphing the ellipse
FOR X = -15 TO 15 STEP .2
SQ = B*2 - X"Z * B"2/A"7
IF 5Q < @ THEN 1470
Y = SQR ( 5Q ?

PXZ = XCENTER + Z4*X : PY3 = YCENTER - 10#Y : PY4 = YCENTER + 10*Y
IF PY4 > 189 OR PY3 < @ THEN 1460

LINE (PX1,PY1)-(PXZ,PY3) =: LINE (PX1,PYZ)-(PXZ,PY4)

PX1 = PXZ : PY1 = PY3 : PYZ = PY4

NEXT X

see if they want to graph another
LOCATE 23,8 : PRINT " "
LOCATE 23,1 : INPUT "Another ";A%
IF A% = “Y" OR A% = “y" THEN IF CHC = 1 THEN 1120 ELSE 1220
LOCATE 23,1 : INPUT "Other form ";AS
IF A% = "Y" OR A% = "y" THEN IF CHC = Z THEN 111@ ELSE 1210
RETURN

“krxxssxxrsxs  SUBROUTINE TO GRAPH HYPERBOLAS #x»%x¥xxxxaxxxx

CLS

YSIGN = -1

LOCATE 1@,15 : PRINT "Choose which equation you want. "
LOCATE 12,15 = PRINT 1. X*2 f atZ - ¥Y*"2 / Bb*Z2 = }

LOCATE 14,15 : PRINT "“2. -X*"2 / a2 + ¥Y"2 / b"2Z
LOCATE 17,15 : INPUT "CHOICE ";CHC

IF CHC = 2 THEN YSIGN = | : GOTO 1760

GOsSUB 2270 "to draw the X - Y plane

]
=




" get the equation of the HYPERBOLA

LOCATE 22,1 : PRINT " "
LOCATE 22,1 : PRINT "X"2 / a*2 - Y"2 / b*2 = 1"
LOCATE 23,1 : PRINT " "

10 LOCATE 23,1 : INPUT "a,b "; A,B

20 LOCATE 21,1 = PRINT * "

30 IF A <= ® OR B <= @ THEN LOCATE 21,1 : PRINT "Positives only." : GOTO 1700
LOCATE 22,1 : PRINT ™ X*2Z /"A;""2 - Y*2 /";B;"*2 = 1*
60TO 1850
GOSUB 2270
LOCATE 2Z,1 : PRINT " "

80 LOCATE 22,1 : PRINT "- X"2 / a*2 + Y*2 / b*2 = 1"

) LOCATE 23,1 : PRINT “ “

LOCATE 23,1 : INPUT "a.b "; A.B
LOCATE 21,1 : PRINT " "
IF A<= @ OR B <= @ THEN LOCATE Z1,1 : PRINT "Positives only." : GOTO 180@
LOCATE 22,1 = PRINT “- X*2 /"A3;"*2 + Y*2 /"3iB3""2 = 1"
RBOX = 320 + 74+A :LBOX = G4@ - RBOX :TBOX = 100 - 10+B :BBOX = 100 + 10+B

FOR I = LBOX TO RBOX-1@ STEP 20

LINE (I,TBOX+1)~(I+10,TBOX+1) : LINE (I,BBOX-1)-(I+10 ,BBOX-1)
NEXT I
FOR J = TBOX TO BBOX-5 STEP 1@
Z LINE {RBOX-1,J)-(RBOX~1,J45) : LINE (LBOX+1,J)-{LBOX+1,J+5)
NEXT J
M=(2 =B )(2Z=*A) ‘slope of the asymptote
FOR X = -15 T0O 15 “following loops draw asymptotes
Y = M#X
PX1 = 320 + Z24«X : PY1l = 100 - 10=Y
X2 = X+.5 ¢ Y2 = M#XZ
PXZ2 = 3720 + 24#XZ : PYZ = 100 - 10#YZ
" LINE (PX1,PY1)-{PXZ2,PYZ2)
NEXT X
FOR X = -15 T0O 15
Y = -M*X
PX1 = 320 + 24%X : PY1 = 100 - 10*Y
XZ = X+.5 : YZ = -M#X2
PXZ = 320 + Z4#XZ2 : PYZ = 100 - 10+YZ
LINE (PX1,PY1)-(PXZ,PYZ2)
NEXT X
320 - 24+15 : BPY! = 210 TPY1 = -10

PXT =
g benin graphing the hyperbola

FOR' X = -1B T Yo STER 2
IF YSIGN = -1 THEN IF X > -A AND X < A THEN TPYZ = 1060 : BPYZ = |00 :
PX2 = 320 + Z4+A @ GOTO Z2180@
SQ = B"2*X"Z/A"Z + YSIGN # B"Z
IF sQ < @ THEN Z18@
Y = 8GR ¢ 5Q )
PX2 = 320 + Z4»X : BPYZ = 100 + 1@*Y : TPYZ = 100 - 10+Y

IF BPYZ > 188 OR TPYZ < @ THEN Z218B@
LINE (PX1,TPY1)-(PXZ,TPYZ) : LINE (PX1,BPY1)-(PXZ BPYZ)
PX1 = PXZ = TPY! = TPYZ BPY! = BPYZ

NEXT X

see if they want to graph another




| LOCATE 23,1 : PRINT " "
LLOCATE 23,1 : INPUT "Another “;A$

) IF A% = "Y" OR A% = "y" THEN 1590

| RETURN

| CEREEARAAERERS SUBROUTINE TO DRAW GRAPH PAPER ERERRERFFRERER
CLS ‘" draw the axes first

L LINE (0,100)-(640,100)

) LINE (320,0)-(320,200)

) LOCATE 14,77 : PRINT "X"

LINE (@,101)-(B40,101)
LINE (3Z1,0)-(321,200)
LOCATE 2,38 : PRINT "Y"

) loop to draw the vertical grid
FOR I = 8 TO 640 STEP 24

) LINE (I,2)-(I1,200),2

@ NEXT I

0 loop to draw the horizontal orid
0 FOR I = @ TO 200 STEP 10
0 LINE (@,1)-(640,1),2

NEXT I
0 LOCATE 14,77 : PRINT “X" : LOCATE Z,39 : PRINT "Y"

¥ RETURN



| R EEEEREERER FUNCTIONS MIKE MOSIER ##¥#sexssitns

a STORED UNDER : FUNCTION

i MAY 15, 1984

I CLEAR,,,327681 : SCREEN B : COLOR 3.4

) 'SCREEN 2

)A = -20 : B = -20 3 P(1) = -20 ’'flag values for points of discont

® LOCATE 10,1 = PRINT "Move the cursor to the right of the eguals and make cha

20 LOCATE 11,1 = PRINT "Then, press enter tuwice."
30 LOCATE 15,1 : PRINT "GOTO 150"
40 LOCATE 14,1 : EDIT GBS0
LOCATE 17,1 = INPUT "Is f(X) continuous ";A%
IF A% = "Y" OR A% = "y" THEN 270
70 LOCATE 17,1 : INPUT "Any intervals where f(X) is undefined ;A%
80 LOCATE 17,1 : PRINT " H
90 IF A% <>"Y" AND A% <O"y" THEN 210
@0 LOCATE 17,1 : INPUT "a,b ";A,B
1® LOCATE 17,1 = INPUT "Number of points where undefined ";N
20 LOCATE 17,1 : PRINT " i
FOR I =1 TO N
LOCATE 16,1 : PRINT "Point ";I = LOCATE 16,3 : INPUT P(I)
LOCATE 16,9 : PRINT *“ 8
NEXT I
@ CLS
LOCATE 10,20 : PRINT "Choose the scale for the X axis."
LOCATE 12,25 :PRINT "1. -16 to 1B
LOCATE 14,25 :PRINT "2. -10 to 10
LOCATE 16,25 :PRINT "3. -5 to 5
LOCATE 18,25 :PRINT "4. -1 to 1
LOCATE 20,25 :INPUT “CHOICE ";CHOICE

It
1t
]

IF CHOICE
IF CHOICE
IF CHOICE
IF CHOICE

I THEN SCALE
2 THEN SCALE = 32
3 THEN SCALE
4 THEN SCALE

20 :

i
~N

X -16 : INC = "INC is the increment
X =-10 : INC .1 "for the graphing loop
58 : X = -5 : INC = .@5 'SCALE is the pixels
198: X = -1 : INC = .005 per unit X

i
i

]

il

i

]

CLS
GOSUB B30 "to create the coordinate system

130 begin graphing the function
A IF X >= A AND X <= B THEN PX! = 3Z@+SCALE#*B : X = B 'since discont.
@ GOSUB 640
460 PX1 = 320 + SCALE * X ; PY!l = 100 - SCALE/Z #* Y "first set of pixels
470 XX = X ‘store initial X
K =1
FOR X = XX TO -XX STEP INC
IF X >= A AND X <= B THEN PX1 = 320+S5CALE*B : GOTO 580 "check for dis-
IF PCK)Y = X THEN : K = K + | : GOTO 580 ‘continuities
G0SUB B40
PXZ = 320 + SCALE * X : PYZ = 180 - SCALE/Z + Y
IF PYZ > 199 OR PYZ < @ THEN 570
IF PY1 > 198 OR PY1 < @ THEN 570



LINE (PX1,PY1)-(PXZ,PYZ) : LINE (PX1+1,PY1)-(PXZ2+1,PY2)
PX1 = PX2 : PY1 = PYZ
NEXT X

B00 LOCATE 23,1 : INPUT “"Another ";A$
Blo IF A% = "Y" DR A$ = “y" THEN GOTO 10

520 CLS

END

"sxxxxs  SUBROUTINE CONTAINING THE FUNCTION swxxxxxs
Y= (XZ+4) /(X2 -16)

RETURN

Taxxrexexxer  SUBROUTINE TO DRAW THE AXES  #xewesxx

LINE ¢(@,100)-(640,10@) : LINE (0,101)-(B40,101)
LINE (320,0)-(320,200> : LINE (321,0)-(321,200)
LOCATE 2,39 : PRINT "Y" : LOCATE 13,77 : PRINT "X"
FOR I = @ TO 320 STEP SCALE
LINE (320+1,0)-(320+1,200) : LINE (320-1,0)-(320-1,200)
NEXT 1

FOR I = @ TO 100 STEP SCALE/Z
LINE (@,100+1)-(640,100+I) : LINE (@,100-1)-(B640,100-1)
NEXT I

820 RETURN



CREERAARERLE TRIGONOMETRY, LAW OF SINES s#xswznexwsx
MIKE MOSIER

) SCREEN 1 : CLS

B COLOR 4,7

B CLS

) LOCATE 6,1@ : PRINT "PROGRAM SINELAW"

@ LOCATE 1©,15 : PRINT "CHOICES

LOCHTE 12,5 = PRINT "1. TWO ANGLES AND A SIDE

) LOCATE 13,5 = PRINT "Z. TWO SIDES AND AN OPPOSITE ANGLE

| LOCHTE 14, : PRINT "3. TERMINATE PROGRAM

20 LOCATE 18,5 : INPUT "ENTER CHOICE ", CHOICE

WHILE CHOICE <> 3
ON CHOICE GOSUB Z1@,1250
G0TO B@

70 WEND

80 SCREEN @ : WIDTH 8@

END

"exxxxxxs  SUBROUTINE TO DRAW 2 ANGLES & A SIDE es#xekwxx

PI = 3.1415827#

CLS

LOCATE 5,15: PRINT *“ " "input user’'s data

LOCATE 5,5 ¢ INPUT "Ist ANGLE “, ALPHA

IF ALPHA > 9@ THEN LOCATE 6,5 : PRINT "Must be <= 390" : GOTO 250
LOCATE 7.5 = INPUT "Znd ANGLE ™, BETA

LOCATE 8,5 : INPUT "“SIDE ", SIDEA

CLS
LINE(Z@,125)-(300,125) ‘draw side c

ALPHZ = 890 - ALPHA "complement of ALPHA for finding XB below
ALZRAD = ALPHZ * (PI / 18@) : ALRAD = ALPHA # (PI / 18@) "find all angles

BETAZ = 3@ - BETA "and convert to radians
BETRAD = BETA * (PI /7 18@) : BETZRD = BETAZ + (PI / 180)

GAMMA 180 - ( ALPHA + BETA ) : GAMRAD = GAMMA * (PI / 18@)

[t

SIDEB = SIN( BETRAD ) * ( SIDEA / SIN ( ALRAD ))

410 SIDEC SINC GAMRAD ) * ( SIDEA / SIN ( ALRAD ))

420 YB = SIDEB*SIN(ALRAD) : PYB = 1Z5 - 14xYB ‘XB,YB are coordinates of
430 XB = SIDEB*SIN(ALZRAD) : PXB = 720 + 18+XB “top vertex

440 IF PYB > 5 AND PXB < 31@ AND FXB > 1@ THEN 460 ELSE LOCATE 10,15 : PRINT "Tr
jangle won't fit on the screen.”

LOCATE 12,15 : INPUT "Please press enter.",A% : GOTO 240

4 TXB = (125/14) » TANCALZRAD) : PTXB = 18*TXB +2@ ‘current pixels for top
170 LINE (PTXB,2)-(PXB,PYB) : LINE (PXB,PYB)-(20,125) ‘end of side b

LOCATE 17,7 :PRINT ALPHA

YA = SIDEA*SIN(BETRAD) : XA = SIDEA*SIN(BETZRD)

PXA = 300 - XA*18 : PYA = 125 - 14*YA 'pixels for top of side A

1@ IF PXA > PXB THEN 53@ ELSE LOCATE 1@,15 : PRINT "Triangle won't fit on the s
creen. "

5Z@ LOCATE 12,15 : INPUT "Please press enter.".A% : GOTO 240

30 LINE (300,1Z5)-(PXA,PYA) 'draw side a

o -

550 CTEN = CINTC(1@0+(SIDEA / SIN(ALRAD) * SIN(GAMRAD)))

1}

i}



1@ PC = INT(SIDEC = 18 + 70) " PC is pixel for right end of SIDEC
80 LOCATE 17,36 : PRINT BETA
80 LOCATE 13,36 : PRINT SIDER
W LOCATE 21,5 : INPUT "Press enter to form the triangle. ",A%
10 LOCATE 21,5 : PRINT "
20 LOCATE 17,36 : PRINT " "
§80 LOCATE 13,36 : PRINT " :
40 the following loop shortens bottom side until it eguals SIDEC
FOR I = @ TO 200 STEP 1
IF 30@-1 = PC THEN GOTO 710
LINE (300-1,125)-(PXA,PYA),0
LINE (3@0-1I-1,125) - (PXA-1,PYR)
PXA = PXA - 1 ‘moves top of side a into new position
NEXT 1

LINE (PXB,PYB)-(PTXB.®).0 'erase uneeded portion of side b

LOCATE .1Z+MIDY,.1Z#MIDX+3 : PRINT S5IDEA ‘the triangle

(10 PXC = .1Z2+((PC+2@)/2)

é- IF PXC < 1 THEN PXC = 1 ELSE IF PXC > 3B THEN PXC = 36
890 LOCATE 17,PXC = PRINT "c"

LOCATE 17,.12#*PC+2 : PRINT BETA

LOCATE 22,28

B30 LOCATE .12#PYB-1,.12#PXB+1 : PRINT “C"

140 LCBX = .1Z2#((PXB+20)/2)-2 : LCBY = ,1Z2x((125+PYB)/2Z)
IF LCBX < 1 THEN LCBX = 1 : IF LCBY < | THEN LCBY = 1
LOCATE LCBY,LCBX : PRINT "b"

"follouwing block prints the law of sines for side b
LOCATE 2@.6 : PRINT “b "3 SIDEA

LOCATE 21,1 : PRINT " = .
LOCATE 23,1t = PRINT " sin “;BETA;" sin "j;ALPHA

LOCATE 21,27 : PRINT " "
LOCATE 21,28 ¢ INPUT "b = ";B

if answer for B is correct
IF LCBX-Z < @ THEN LCBX = 3
LOCATE LCBY,LCBX-2 : PRINT B 'place value on the triangle
LOCATE 2@,6 : PRINT * !
LOCATE 21,1 : PRINT “ Y
LOCATE 23,1 : PRINT " "
LOCATE 21,28: PRINT " a

LOCATE 21,24 : PRINT " "

LOCATE 21,1@ : INPUT “Angle C = “; &

IF 6 <> GAMMA THEN GOTO 1040

LOCATE .12%PYB-1,.12*PXB+1 : PRINT 6

LOCATE 21,10 : PRINT " a

LOCATE 20,6 : PRINT "c " SIDEA

1100 LOCATE 21,1 : PRINT " = .

111@ LOCATE 23,1 : PRINT " sin ";GAMMA;" sin ";ALPHA

§0 SIDEC = CTEN / 10 ‘“this avoids internal round off errors that exist

MIDX = (PXA + 30@ - 1) / 2 : MIDY = (125 + PYA) / 2 ’begin labelling

IF 1@+B <> CINT(10+((SIDEA*SIN(BETRAD)) / SIN(ALRAD))) THEN GOTO 930



LOCATE Z1,3@ : PRINT " "
LOCATE 21,28 : INPUT "¢ = ";C
IF C <> SIDEC THEN GOTO 1130

10 LOCATE 17,PXC * PRINT USING " ##.#";SIDEC

80 LOCATE 2G,6 : PRINT " "

LOCATE Z1,1 = PRINT “ "

LOCATE 23,1 = PRINT " a

LOCATE 21,28: PRINT " "

LOCATE 21.5 : PRINT "The triangle is solved !

LOCATE 23,10 : INPUT "Press enter for menu. ", A$

RETURN

TEEERFRERERER SUBROUTINE FOR Z SIDES AND AN ANGLE  s#exxx¥xexsexs

CLS = PI = 3.1415827# : 5UB = @

LOCATE 1@,1@ = INPUT “ALPHA " ,ALPHA

LOCATE 12,1@ : INPUT "SIDE a Y BIDEA

LOCATE 14,10 = INPUT “SIDE b = ", SIDEB

CLS

LINE (20,125) - (300,125)

ALPHZ = 8@ - ALPHA

ALZRAD = ALPHZ + (PI / 18@) : ALRAD = ALPHA += (PI / 180)
SINBTRD = SIN(ALRAD) * SIDEB / SIDEA : GOSUB 2480 "to compute BETA
GAMMA = 180 - ( ALPHA + BETA ) : GAMRAD = GAMMA * PI1/180
SIDEC = SIN(GAMRAD) = SIDEA / SIN(ALRAD)

HEIGHT = SIN(ALRAD) * ( SIDEB )

PYB = 125 - (14#HEIGHT)

PXB = 2@ + (18% SIN(ALZRAD) + SIDEB)
LINE(Z@,125)-(PXB,PYB)

LOCATE 17,1 : PRINT ALPHA

LCBX = .1Z*(PXB+20)/2 - 1 : LCBY = .12*(PYB+125) /7 7 - 1
LOCATE LCBY,LCBX : PRINT SIDEB

LCAX = .1Z2#(PXB)+5 : LCAY = ,1Z*(PYB)

LOCATE LCAY,LCAX = PRINT SIDEA

LCCY = .12Z+«PYB-1 : IF LCCY < 1 THEN LCCY = 1

LCCX = .1Z2+*PXB

LOCATE LCCY,LCCX : PRINT "C"

PYA! = PYB + (14 » SIN(.®8) * SIDER)

PXA1 = PXB + (18 = SIN( PI/Z - .28 ) + SIDERA)

LINE (PXB.PYB)-(PXA1,PYA1)

LOCATE 21,3 : INPUT "Press enter to form the triangle(s)." A%

L-OCATE 21,3 : PRENT ™ =

LOCATE LCAY,LCAX = PRINT " " ¥

FOR 6 = .1 TO 2.6 STEP .02 ‘loop increments the angle of side a off hor.
PYAZ = PYB + (14 * SIN(G) * SIDEA) 'figure new endpoints for side a
PXAZ = PXB + (18 * SIN( PI/Z - G ) * SIDEAR)

LINE (PXB,PYB) - (PXA!,PYAl),0 ‘erase old side and draw new one
LINE (PXB,PYB) - (PXAZ,PYAZ)
LINE (Z20,125) - (300,125) " fill in accidentally erased points

IF ABS(BETRD - 6) >= .@1 AND ABS((FPI-BETRD) - G ) >= .@1 THEN 1700

' if not, form a triangle

SUB = SUB + 1 "sub counts the number of triangles

IF SIDEA = SIDEB AND SUB > 1 THEN SUB = 1 : GOTO 1700 "isosceles tri.
IF SIDEA > SIDEB AND SUB > 1 THEN SUB = 1 : GOTO 1700 ‘side A > side B




BEEP "store the pixels for end of side a in arrays
LINE (PXB,PYB)-(PXA! PYA1).2 : PYA(SUB) = PYAlI : PXA(SUB) = PXA1
PXA1 = PXAZ : PYA! = PYAZ ‘delete old value with new
IF PYA(SUB) <> ©® THEN LINE (PXB,PYB)-(PXA(SUB) ,PYA(SUB)),kZ

NEXT G

LOCATE 2@,1 : INPUT "How many triangles are possible ";NUM

IF NUM <> SUB THEN BEEP : GOTO 1740

IF NUM=@ THEN LOCATE 2Z,1@:PRINT "CORRECT 11":FOR I=1 TO 100@:NEXT :RETURN
LOCATE 20,1 : PRINT * "

LOCATE 2@,1 : INPUT "Press enter to look at first triangle. " ,A%

LOCATE 20,1 : PRINT " "

K =1

" next line erases end af arc and second blue line

LINE (PXB,PYB)-{PXA1 ,PYA1),® : LINE (PXB,PYB)-(PXA(2) ,PYA(2)).0
LINE(Z®,125)-(PXB,PYB) ~ redraw side B

LINE (PXB,PYB)-(PXA( 1) ,PYA(1))

LINE (PXA(1),125)-(300@,17Z5) ,0 "erases extra part of bottom side

FOR I = PYB TO 120 STEP 1@ : LINE (PXB,I)-(PXB,I+5),2 : NEXT I 'draws height

LOCATE 17,1 = PRINT ALPHA “label the triangle

LOCATE 17,.12*PXA(K)+1 : PRINT "B"

LCAX = .12« (PXB4PXA(K))/2Z + 2 : LCAY = .1Z2%(PYB+125)/7 -1
LOCATE LCAY,LCAX : PRINT SIDEA

PXC = .12*(PXA(K)+Z0)/2 : LOCATE 17,PXC : PRINT "g"
LOCATE 20,4 : PRINT "sin B sin ";ALPHA

’ begin solving the triangle

LOCATE 21,1 : PRINT " = "

LOCATE Z3.,) : PRINT " 3 SIDEB; "+ SIDER

LOCATE 21,30 = PRINT " "
LOCATE 21,28 : INPUT "B = ";B

IF B <> BETA THEN BEEP: GOTO 1380
LOCATE 17,.12#PXA(K)+1 : PRINT BETA

LOCATE 20,4 : PRINT " "
LOCATE 21,1 = PRINT ™ "
LOCATE 23,1 : PRINT " "
LOCATE 21,28 = PRINT " "

LOCATE 21,14 : PRINT * "

LOCATE Z1,5 : INPUT "Angle C = ";C

IF CINT(10#C) <> CINT(1@+*GAMMA) THEN BEEP : GOTO Z08@
LOCATE LCCY,LCCX = PRINT C

LOCATE 21,5 : PRINT " "

LOCATE Z@,4 : PRINT " c "3 SIDEA
LOCATE 21,1 = PRINT "__ = "
LOCATE 23,1 : PRINT " sin "3C ;" SIN ";ALPHA

LOCATE 21,30 : PRINT " =

LOCATE 21,28 = INPUT "c = ";5DCEE

SIDEC = CINT( 1@ * SIN(GAMRAD) # SIDEA / SIN(ALRAD)) / 10
IF CINTC(1@*SDCEE) <> CINT(10#SIDEC) THEN BEEP: GOTO 21390
LOCATE 17,PXC : PRINT USING "##.#";5IDEC



140 |LOCATE 20,4 = PRINT " "
o0 LOCATE Z1,1 : PRINT * "
LOCATE 23,1 : PRINT * b
LOCATE 21,28 = PRINT " "

=,

(]

LOCATE 21,5 : PRINT "This triangle is solved 1"

IF SUB = 1| THEN LOCATE 23,5 : INPUT "Press enter for command menu.",6 A$
: RETURN
IF K = Z THEN LOCATE 23.5 : INPUT "Press enter for command menu." A%
: RETURN

LOCATE 23,5 : INPUT "Press enter for the second one.", A%

K =2 " signals that second triangle is solved

LOCATE 17,.1Z2«PXA(1)+1: PRINT " "

LOCATE LCCY,LCCX : PRINT " "

LOCATE 17,PXC : PRINT " "

LOCATE LCAY,LCAX : PRINT " "

LINE (PXB,PYB)-(PXA(1) PYA(1)),@

LINE (PXB,PYB)-(FXA(Z),PYA(2Z))

LOCATE 21,5 : PRINT " "

LOCATE 23,5 = PRINT " "

BETA = 180 - BETA : GAMMA = 180 - (ALPHA + BETA) "compute data for Znd tri.
BTRD = BETA = PI1 / 180 : GAMRAD = GAMMA = PI / 180

GOTO 189G

RETURN

CRERRFERAERREEENN SUBROUTINE TO FIGURE INVERSE SINE FRERFREBERRRFRE R
INC = .01 "the closer the SINE is to 1, the more accurate the increment
LOCATE 19,5 : PRINT "Computing, please stand by ..."

IF SINBTRD >= .7 THEN B = .77 : INC = .007 ‘must be

IF SINBTRD > | THEN BETRD = § : GOTO Z28BO

IF SINBTRD »>= .B THEN B = .82 : INC = .006

IF SINBTRD >= .85 THEN B 1.25 : INC = .03
IF SINBTRD »>= .99 THEN B 1.41 : INC = .0008
IF SINBTRD >= .99983 THEN B = 1.54 : INC = .0001

‘each successive loop narrows in the angle whose sine is egual to SINBTRD
FORI = B T0O 1.58 STEP .01

IF ABS( SIN(I) - SINBTRD ) < S*INC THEN GOTO Z2B6Z@
NEXT I
IF ABS(SIN(I) - SINBTRD) < 1E-08 THEN BETRD = I : GOTO 286@
FOR J = I-.@5 T0 I+.1 STEP .005

IF ABS( SIN(J) - SINBTRD ) < INC THEN GOTO 2669
NEXT T
IF ABS(SIN(J) - SINBTRD) < 1E-@8 THEN BETRD
FOR K = J-.@1 TO J+.05 STEP .001

IF ABS( SIN(K) - SINBTRD ) < INC/S5 THEN 2700
NEXT K
IF ABS(SIN(K) - SINBTRD) < 1E-@8 THEN BETRD
FOR L = K-.005 TO0 K+.01 STEP .@005

IF ABS( SIN(L) - SINBTRD ) < INC/1@ THEN 2740
NEXT L
IF ABS(SIN(L}) - SINBTRD) < 1E-®8 THEN BETRD = L : GOTO 2880
FOR M = L-.001 TO L+B.9993999E-03 STEP .0001

IF ABS( SIN(M) - SINBTRD ) < INC/5@ THEN 2780
NEXT M
IF ABS(SIN(M) - SINBTRD) < 1E-@8 THEN BETRD = M : GOTO 72880
FOR N = M-.0005 7TO M +.007 STEP .00005

J : GOTO ZBB®

L}

K : GOTO 2880

i



IF ABSC SIN(N) - SINBTRD ) < INC/50@ THEN Z8Z0
NEXT N
IF ABS(SIN(N) - SINBTRD) < 1E-@B THEN BETRD = N : GOTO 2880
) FOR P = N-.0001 TO N +.00Z STEFP .00001
IF ABS( SIN(P) - SINBTRD ) < INC/100@ THEN ZB86@
NEXT P

BETRD = P
BETA = BETRD x (180/3.1415927#)
BETA = CINT(BETA*10) / 10

]

LOCATE 10,5 : PRINT " "
RETURN




.
110
120
130
149
150
160
170
180
130
200
210
220
230
7240
250
260
270
280
290
300
310
320
330
340
350
360
370

350
400
410
470
430
twi
449
450
460
470
480
490
500
510

530
540
550

"RERHEAEK RN

LAg

CLS

LOCATE
LOCATE
LOCATE
LOCATE
LOCATE
LOCATE
LOCATE
LOCATE

LOCATE

WEND

70 CLEAR,, ,b32766!
80 "SCREEN 7

80 CLS
100 LOCATE 15,10:INPUT

GRAPHING TRIG FUNCTIONS MIKE MOSIER x#xxs¥sxsss

STORED UNDER: TRIGRAF

JUNE 15, 1885

SCREEN 6 : COLOR 3,4

"Please press CAPS LOCK if not previously done, then ENTE

5,15:PRINT "COMMAND MENU

8,1@0:PRINT "1.
10,10:
12,10:
14,1@:
16, 10:
18,10:
720,10:

22 ,10:

WHILE CMD <>

3go

520 °

Graph of Sine Function

PRINT "Z. Graph of Cosine Function
PRINT "3. Graph of Tangent Function
PRINT "4. Graph of Cotangent Function
PRINT "5. Graph of Secant Function
PRINT "G. Graph of Cosecant Function
PRINT "7. Terminate Prooram

INFUT "ENTER YOUR CHOICE ", CMD

this is an error trap for their choice!

WHILE CMD <> FIX(CMD) OR CMD < 1 OR CMD > 7
LOCATE 2724 ,1@:PRINT "Please enter a 1, Z, 3, 4, 5, B, or 7
GOTO 21@

7

ON CMD GOSUB 370,71@,1040,1460,2050,2630
LOCATE 23,1 :INPUT "Press enter to return to the command menu. " B$
GOTO 110
WEND
SCREEN @
END
TEEEEEAAE AR SUBROUTINE TO GRAPH SINE WAVES we#axsxsexwxrs
CLS
LOCATE 10,1@ : PRINT "In general, we'll be graphing equations of the
LOCATE 11,10 : PRINT "form Y=a$8INb( X -¢)
LOCATE 13,1@ : PRINT "When you see the number B3@, followed by an equation,
LOCATE 14,10 = PRINT “please EDIT that EQUATION as desired, then press enter
ce.
LOCATE 17,10 : INPUT "Press enter to continue. ",A%
CLS : GOSUB 3200
LOCATE 23,1 : PRINT "GOTO 4596 M
LOCATE 22,1 : EDIT G3@
LOCATE 23,1 : PRINT " "
PI = 3.1415927#
begin graphing their equation
X =-PI : GOSUB B90 "to figure the Y value for the initial X of -PI
PX1 = 150 + 40 = X PY! = 100 - 20 *+ Y 'compute first PIXELS
FOR X = -PI TO 3*PI STEP .05



860
970
980
990
1000

1020
1030
1040

1060
1070
1080
\loam

1100
r tw
1110

1010 -’

GOSUB B30

PXZ = 150 + 4@sX = PYZ = 100 - 20 = Y
IF PYZ > 189 OR PYZ < @ THEN GOTOD B@0
LINE (PXI,PY1)-(PXZ,PY2)

PX1 = PX2 = PY! = PYZ
NEXT X
LOCATE 23,1 : PRINT " "
LOCATE 23,1 : INPUT "Another “3;A%

IF A% = “Y" OR A% = "y" THEN 460
GOTO 320 'can’'t exit subroutine with RETURN after the above program break

subroutine containing the equation
Y=1 = SIN(C 1 = { X+ @ ))
RETURN
TEEREEEENK AN SUBROUTINE TO GRAPH COSINE WAVES #x®#xxxaadsx+

CLS

LOCATE 1@,1@ : PRINT "In general, we 11 be graphing eguations of the

LOCATE 11,10 : PRINT "“form Y=alCO0sSb(X~-¢c)

LOCATE 13,10 : PRINT "When you see the number 1010, followed by an eguation,

LOCATE 14,10 : PRINT "please EDIT that EQUATION as desired, then press enter
LOCATE 17,10 : INPUT "Press enter to continue. ",A$

CLS : GOSUB 3200 "to draw the axes

LOCATE 23,1 = PRINT "GOTO 83@ "

LOCATE 22,1 : EDIT 10720

LOCATE 73,1 ¢ PRINT " i
PI = 3.1415327#

) begin graphing their eguation

X =-PI : GOSUB 1020 "to figure the Y value

PX1 = 150 + 40 » X : PY1 = 100 - 20 » Y
FOR X = -PI TO 4=PI STEP .1

GOSUB 1020

PXZ = 150 + 4@*X : PYZ = 100 - 2@ + Y

IF PYZ > 189 OR PYZ < @ THEN GOTOD 930
LINE (PX1,PY1)-(PXZ,PYZ)

1050 °

PXt = PX2 : PY! = PYZ

NEXT X

LOCATE 23,1 : PRINT " "

LOCATE 23,1 : INPUT "Another “;A$

IF A% = "Y" OR A% = "y" THEN BOG

GOTO 300
subroutine to contain the function

Y= 1 * COSC 1 » ( X -0 ))

RETURN
TREATRAEX A KN SUBROUTINE TO GRAPH TANGENT FUNCTION ax#x®xxesxsex

GLS

LOCATE 1@,1@ : PRINT "In general, we 11 be graphing eguations of the

LOCATE 11,1@ : PRINT "form Y=aTAN b ( X - ¢ )

LOCATE 13,10 : PRINT "When you see the number 1340@, followed by an equation

LOCATE 14,10 : PRINT "pleass EDIT that EQUATION as desired, then press ente
ice.
LOCATE 17,1@ : INPUT "Press enter to continue. “ A%

1120



CLS : GOSUB 3200

LOCATE 23,1 : PRINT "GOTO 1160 !

LOCATE 22,1 : EDIT 13G0

LOCATE 23.1 = PRINT “ g
PI = 3.1415927#

’ begin graphing their equation

X = ~PI : GOSUB 136@ "to figure the Y value

PX1 = 150 + 40 + X o PY1 = 100 - 20 » Y
FOR X = -PI TO 4*PI STEP .05
GOSUB 1360
IF ABS(Y) > 15 THEN GOSUB 1388 ' to construct an asymptote
PXZ = 150 + 40%*X : PYZ = 100 - 20 * Y
IF PYZ > 1839 OR PYZ < @ THEN GOTO 1270
LINE (PX1,PY1)-(PXZ.PYZ)
PX1 = PX2 : PY!l = PYZ
COUNT = @

NEXT X

LOCATE 23,1 = PRINT " "
LOCATE 23,1 : INPUT "Another ";A®

IF A% = "Y" OR A% = "y" THEN 113@
GOTO 300

Y= 1 % TANC 3 » ( X - PI/Z ))
RETURN
' Asymptote Subroutine
COUNT = COUNT + 1 = IF COUNT > 1 THEN RETURN
FOR I = @ TO 200 STEP 10
PX = 150 + 40%X
LINE (PX,I)-(PX,I+5)
NEXT I
RETURN

TEEEERAEREAR SUBROUTINE TO GRAPH COTANGENT FUNCTION #ssexxxenassw

CLS

LOCATE 1@,1@ = PRINT “In general, we'll be graphing eguations of the

LOCATE 11,10 : PRINT "form Y=aCOTb(X-~-cgc)

LOCATE 13,1@ : PRINT "When you see a,b 7 enter those two numbers, with the
comma.

1520 LOCATE 14,10 : PRINT "When you see c 7 enter the value of ¢, then press ent
er.

153@ LOCATE 15,10 : PRINT "When entering c, use PI anyplace that value is desire
d."

1540 LOCATE 16,1@ : PRINT "For example; ¢ ? -PI/7 would be accepted. "

1550 LOCATE 18,10 : INPUT "Press enter to continue. " A%

1560 °

1570 CLS : GDSUB 37200

1680 SIGN = 1 = PI = 3.14159727#

159@ LOCATE 22,1 = PRINT "Y = a COT b( X - ¢ )

1600 LLOCATE 23,1 : INPUT "a,b ";A,B

161@ LOCATE 23,1 = PRINT " "

162@ LOCATE 23,1 : INPUT "¢ ";C$

1630 LOCATE 23,1 : PRINT " "

1840 °

165@ IF C$ = "@" THEN C = @ : GOTO 1700 “the following block determines
1660 IF LEFT$(C%,1) = "-" THEN SIGN = -1 ' the shift from the string C$

167@ IF C$ = "PI" OR C$% = "-PI" THEN GOTO 1G9



i3

C SIGN * PI / (VAL(RIGHT$(C®,1))) = GOTO 1700

{5 PI * SIGN

IF SIGN = -1 THEN SIGN® = “( X + " ELSE SIGN& = “( X - “
LNGTH = LEN(C%$) = IF SIGN = -1 THEN LNG6TH = LNGTH - 1

LOCATE 22,1 : PRINT "Y ="3A;"COT";B; SIGNS; RIGHTS(CH ,LNGTH) ;™ )"

it

begin graphing their equation
X=-pPI ‘initialize X, then get first pixel point
COT = TAN ¢ B x ( X - C )) = IF COT = @ THEN X = X + .1 : GOTO 1760
Y = A 1 / COT
PX1 = 150 + 40 + X : PYl = 100 - 2@ * Y
FOR X = -PI1 TO 4+PI STEP .08
IF TAN ( Bx(X-C)) = @ THEN 189@
Y=+« (1 /TAN(B=*= ( X-C))
IF ABS(Y) » 15 THEN COUNT = COUNT + | :G0SUB 1980 ' to draw asymptote
PXZ = 150 + 490xX = PYZ = 100 - 20 = Y
IF PYZ > 189 OR PYZ < ©® THEN GOTO 1880
IF PY1 > 189 OR PY! £ @ THEN 1880
LINE (PX1_PY1)-(PXZ,PYZ)

COUNT = @
PX1 = PX2Z = PYl = PYZ2
NEXT X
LOCATE 23,1 : PRINT ™ i

LOCATE 23,1 : INPUT "Another "iA%
IF A% = “Y" OR A% = "y" THEN 1570
GOTO 300

Y= 1/ TANC 1 *« ( X - O )
RETURN
i Asymptote Subroutine
IF COUNT > 1 THEN RETURN
FORI = @ TO Z2@®@ STEP 10
PX = 150 + 40+=X
LINE (PX,I)-(PX,I+5)
NEXT I
RETURN
THREAEAARRKRE SUBROUTINE TO GRAPH SECANT FUNCTION #sx%x&%xxxuus

CLS

LOCATE 1@,19 : PRINT "In general, we’'ll be graphing equations of the

; LOCATE 11,10 = PRINT "form Y=aS8EChb(X-c)

i100 LOCATE 13,10 : PRINT "When you see a,b 7 enter those two numbers, wiih the

fil@ LOCATE 14,1@ : PRINT "When you see ¢ 7 enter the value of ¢, then press ent
LOCATE 15,10 : PRINT "When entering ¢, use PI anyplace that value is desire

LOCATE 16,10 : PRINT "For example; < ? -PI/Z would be accepted. "
LOCATE 18,10 = INPUT "Press enter to continue. ", A%

CLS : GOSUB 3200

SIGN = 1 : PI = 3.1415327#

LOCATE ZZ,1 = PRINT "Y = a SEC b( X - ¢ )
LOCATE 23,1 = INPUT "a,b ";A,B

LOCATE 23,1 : PRINT " -
LOCATE 23,1 = INPUT "c ";C%

LOCNATE 23,1 = PRINT *“ "




IF C% = "@" THEN C
IF LEFTH(C%,1) = "-" THEN SIGN = -1

IF C% = "PI" OR C% = "-PI" THEN GOTO 2ZB@
C = SIGN # PI / (VAL(RIGHT®(C%,1))) = GOTO 2730

C =PI « SIGN

IF SIGN = -1 THEN SIGN$ = “( X + " ELSE SIGN$ = "( X - "
LNGTH = LEN(CS) IF SIGN = -1 THEN LNGTH = LNGTH - |

LOCATE 22,1 ¢ PRINT "Y =";A3;"SEC"sB3; SIGNE; RIGHTS(CS ,LNGTH) ;" )"

@ : GOTO 225¢@ “the following block determines

the shift from the string C%

begin graphing their eguation

X = - PI "initialize X, then get first pixel point
CSE =COS ( B+ ( X - C )) = IF CSE = @ THEN X = X + .1 : GOTO 2350
Y = A 1 / CSE
PX1 = 150 + 40 » X PYl = 106 - 20 + Y
FOR X = -PI TO 4+PI STEP .05
IF €C0S { Bs(X-C)) = @ THEN 2480
Y=A+ (1 /7C05CB=+«(X~-C))
IF ABS(Y) > 18 THEN COUNT = COUNT + 1 :6G0SUB 2560 " to draw asympitote

PXZ = 150 + 40+*X PYZ = 100 - 20 + Y
IF PYZ > 183 OR PYZ < @ THEN GOTO 2470
IF PY! > 189 OR PYT < @ THEN 2470
LINE (PX1,PY1)-(PX2,PY2)
COUNT = @
PX1 = PXZ PY1 = PY2
NEXT X
LOCATE 23,1 : PRINT " "
LOCATE 23,1 INPUT "Another ";A%
IF A% = "Y" OR A% = "y" THEN 2169
GOTO 320

RETURN
' Asymptoie Subroutine
IF COUNT > 1 THEN RETURN
FOR I = @ TO 200 STEF 10
PX = 150 + 40X
LINE (PX,I)-(PX,I+5)

2610 NEXT I

RETURN

TEFRARERAEAF

SUBROUTINE TO GRAPH COSECANT FUNCTION

HEXERKERTANRNR

2779 LOCATE 23,1

ELS

BE@ LOCATE 10,1@ : PRINT "In general, we'll be graphing equations of the
2670 LOCATE 11,1@ : PRINT “form Y=aCsChi{ X~@¢ )
2680 LOCATE 13,10 : PRINT "When you see a,b 7 enter those two numbers, with the
comma .
ZB90 LOCATE 14,10 : PRINT "When you see c 7 enter the value of c, then press ent
L er.

270% LOCATE 15,1@ : PRINT "When enlering <, use PI anyplace thal value is desire
d."
Z71@ LOCATE 1G,1@ : PRINT "For example; ¢ ? -PI/Z would be accepted. "
2720 LOCATE 18,10 = INPUT "Press enter to continue. ", A%

2730

2740 CLS : GOSUB 3200
2750 SIGN = 1 : PI = 3.14159274

2760 LOCATE 22,1 : PRINT "Y = a CSC b( X - ¢ )

INPUT "a,b ";A,B



LOCATE 23,1 @ PRINT "
LOCATE 23,1 : INPUT "c ";C%
LOCATE Z3,1 : PRINT "

IF C4% = "@" TIHEN € = @ : GOTO 2870 "the following block determines
IF LEFTS(C%,1) = "-" THEN SIGN = -1 ) the shift from the string C®
IF C% = "PI" OR C% = "-PI" THEN GOTO 2860

C = SIGN » PI 7/ (YAL(RIGHT®(CS%,1))) : GOTO 2870

C =PI » SIGN

IF SIGN = -1 THEN SIGN$ = “( X + " ELSE SIGN$ = "( X - "
INGTH = LEN(C%) = IF SIGN = -1 THEN LNGTH = LNGTH ~ 1

LOCATE 22,1 : PRINT "Y ="3A;"CSC";B;SIGNS; RIGHTS(CS® ,LNGTH) ;" )"
- begin graphing their eguation
X =-PI “initialize X, then get first pixel point

SNE = GIN ( B * ( X - €C )) = IF SNE = @ THEN X = X + .1 : GOTO 2920
Y = A*r 1 / SNE
PX1 = 150 + 40 + X : PYl = 100 - 20 + Y
FOR X = -PI T0O 4+PI STEP .05
IF SIN ( Bx(X-C)) = @ THEN 3050
Y=A+* (1 /S8IN{B=*(X-C)))
IF ABS{Y) > 18 THEN COUNT = COUNT + 1 ::GOSUB 3130 ' to draw asymptote
PXZ2 = 150 + 40=X =: PYZ = 100 - 20 » Y
IF PYZ > 199 OR PYZ < @ THEN GOTO 3040
IF PY1 > 189 OR PY! < @ THEN 3040
LINE (PX1,PY1)-(PX2,PYZ)

COUNT = @
PX1 = PX2 : PYl = PYZ

NEXT X

LOCATE 23,1 : PRINT " "
LOCATE 23,1 : INPUT "Another ";A%

IF A% = "Y" OR A% = "y" THEN 2740
G0TO 300

RETURN
’ fisymptote Subroutine
IF COUNT > 1 THEN RETURN
FOR I = @ TO 2060 STEP 10
PX = 150 + 40+*X
LENE (PX.I)=({PX.T+5)

NEXT I

RETURN

CHEAARATEAARA R R EL SUBROUTINE TO DRAW GRAPH ##xraraxxaxsasaatay
"SCREEN 2

’ First draw the axes

LINE (@,100)-(04%,10@) : LINE (@,101)-(B64@,101)

LINE (150,0)-(150,200) H LINE (151,@)-(151,200)

LOCATE 14,77 : PRINT "X“ : LOCATE 2,18 : PRINT "Y"

mark of{ units of PI / Z on the X axis
PI = 3.14159274
FOR X = =(PI) TO {(4=PI) STEP (PI/2)
I = 150 + 49X
LINE (I,97)-(I,103) - LINE (I41.,97)-(1+41,103)



B350 FOR Y = - 5 TO S

I =100 - 2@+Y

‘ LINE (145,1)-(155,1)
3390 NEXT Y

3400

3410 RETURN

3420

mark units of 1 on the Y axis

LINE ¢145.I41)=(185,1+%1)



*li*il&ri} POLAR COORDINATES PROGRAM #*y*##x 2 ¥ 522 4%¥
BY MIKE MOSIER

STORED UNDER: POLAR
JUNE 1885

0 CLEAR, ,,32768! : SCREEN 6 : COLOR 3,4
0 ' SCREEN 7

00 CLS

’ create the menu

LOCATE 19,30 : PRINT "COMMAND MENUY

LOCATE 12,20 : PRINT "1. PLOT INDIVIDUARL POINTS IN POLAR COORDINATES"
LOCATE 14,29 = PRINT "2. GRAPH A FUNCTION IN POLAR COORDINATES"
LOCATE 16,2@ : PRINT "3. EX11 PROGRAM

LOCATE 2@.,2@ : INPUT “Enter your choice. “ ,CHOICE
WHILE CHOICE <> 3

ON CHOICE GOSUB 250, 45@

G0TO B9
WEND

SCREEN @ : CLS
END
“xxxxxrrv  SUBROUTINE TO PLOT POINTS sssxssazxex

ELs

GOSUB 890

LOCATE Z1,1 : PRINT "ENTER POINT"

LOCATE 22,3 : PRINT "( | ) A

LOCATE 22,4 : INPUT "" ,P,THETA

LOCATE 21,1 = PRINT " "

LOCATE 22,3 : PRINT " "

LOCATE ZZ,4 : PRINT * .

THET = THETA # PI/18@

X =P % 06 (THET) = Y =P # SIN (THET)

PX1 = 30@ + 20 = X : PY1 = 100 - B.33939999 + Y
CIRCLE(PX1,PY1),2 : CIRCLE(PX1,PY1),3 : CIRCLE(PX1,PY1),5

LOCATE 22,1 : INPUT "Another point ";A%
LOCATE 22,1 : PRINT *“ b
IF A% = "Y" OR A% = “y" THEN 290

RETURN
‘¥uxzxsrxrav  SUBROUTINE TO GRAPH POLAR FUNCTIONS ##xx##xxx§

CLS

LOCATE 13,1 : INPUT "Will your equation include a sguare root "; ROOTS
IF ROOTS = "Y" OR ROOT® = "y" THEN 540

LOCATE 1@,1 : PRINT "Make any desired change in the following eguation"
LOCATE 11,1 : PRINT “then hit ENTER TWICE. { or default through )
LOCATE 16,1 : PRINT "GOTO 590"

LOCATE 15,1 ¢« EDIT 830

CLS : LOCATE 1@,1 : PRINT "Let PSQR be equal to P squared, and type in"

LOCATE 12.1 = PRINT "your eguation. "



B® LOCATE 15,1 : PRINT "GOTO 586 "
70 LOCATE 14,1 = EDIT BS0
80 ROOTS = "Yy©
80 CLS:LOCATE 15,1 : INPUT "Theta will begin at @. Enter stopping point as PI,
ZPI, 3PI, ... "; DONES
IF DONE$ = "PI" OR DONE$ = "pi" THEN DONE = 3,1415927# : GOTO bz2@
DONE = VAL(LEFTS(DONE®, 1))« 3.1415927#
G0OSUB B8YHG
GOsSUB BOQ@
PX1 = 300 + Z20+P i PY!1 = 100
FOR THETA = @ TO DONE STEF .05
GOSUB 80
X =P # COS (THETA) = Y =P = SIN (THETA)
PXZ = 300 + 20 » X : PYZ = 100 - 8.399999 = Y
LINE ¢ PX1,PY1) - ( PXZ,PYZ )
LINE ¢ PX1,PY1+1) - ( PXZ,PYZ+1 )
LINE ¢( PX141,PY1+1) - ( PX2+41,PY2+1 )
PX1 = PXZ : PY! = PY2
NEXT THETA

LOCATE 23,1 = INPUT "Another eguation ";N%

LOCATE 23,1 : PRINT " "

IF A% = "Y" OR A% = "y" THEN GOSUB 450
ELSE G6OTO 650

770

780

730

BOD "xwxsaxveuy SUBROUTINME TO GIVE FUNCTLONAL VALUES
81a -’

820 IF ROOT$ = "Y" OR ROOT$ = "y" THEN 850

B30 P = 10#*SIN (3*THETA)

842 RETURN

850 PYQR = -4@+ COS ( 3J*THETA)

860 IF PSQR < @ THEN P = @ : RETURN

870 P = SQR( PSOR )

880 RETURN

BA® " xxrexxxxwaxxx+ POLAR COORDINATES GRAPH PAPER ### ¥ ¥y ¥ ¥ 3 X XXX ¥ %4
300 -

910 PI = 3.14158Z274#

92D CLS

33@ °

949 FOR I = @ TO 220 STEP 20

350 CIRCLE(300,100).1,2

960 NEXT I

970 °

980 LINE (55, 100)-(545,100),2

990 LINE (300,02 )-(300,200),2

1000

101@ FOR ANGLE = @ TO 36@ STEP 3@

1020 ANG = ANGLE + PI/180

1030 X = 12 » COS(ANG) = Y = 1Z % SINCANG)

1240 PX1 = 309 + 20*X : PY1 = 190 - 8.399899 = Y
1050 LINE ¢ PX1,PY1 ) - ( 300,100),2

1QED NEXT ANGLE

1070 °

1080 FOR ANGLE = 45 TO 315 STEP 45

1030 ANG = ANGLE + PI/180

1100 X = 12 % COS(ANGY : Y = 12 = SIN(ANG)

1110 PX1 = 302 + 20*X : FYl = {00 - B8.399389 = Y
1120 LINE ¢ PXI1,PY1 ) - ( 300,100),2

1130 NEXT ANGLE

1140

1150 RETURN



“#raxsxxaex | IMITS INSTRUCTION MIKE MOSIER wsxwesxxauxxs

STORED UNDER: LIMITS
JULY 3@, 1984

CLEAR,,,32768! : SCREEN 6 : COLOR 3.4

80 LOCATE 3,15:PRINT "PROGRAM LIMITS

100 LOCATE 5,15:PRINT “COMMAND MENU (Note that choice 2. must be made before 3
or 4)

110 LOCATE 8,1@:PRINT "1. Explanation of Limits

120 LOCATE 1Q,1@:PRINT “Z. Input a Function

13@ LOCATE 1Z,1@:PRINT "3. Draw and Figure an Epsilon {or a given Delta

149 LOCATE 14 _10:PRINT "4. List a table of values as X approaches given number
150 LOCATE 16,1@:PRINT "5. Terminate Program

160 -

170 LOCATE 22 ,1@:INPUT "ENTER YOUR CHOICE ", CMD

1B@ WHILE CMD > 2 AND CMD < 5§

196 IF TRAP = 2 THEN 230

00 LOCATE 24, 1@:FRINT "You must choose Z. before 3 or 4"

210 GOTO 172

2Z2% WEND

230 WHILE CMD <> FIX{CMD) OR CMD ¢ 1t OR CMD > 5

240 LOCATE 24,10:PRINT "Please enter a 1, 2, 3, 4, or &"

250 GOTO 170

260 WEND

770

280 WHILE CMD <> &

290 ON CMD GOSUB 37¢, 118@, 1420, 2330

300 LOCATE 23,19:INPUT "Press enter to return to the command menu. " ,B%
310 GOTO 8@

320 WEND

330 -

34@ SCREEN @

350 END

360

370 "exxuwsvnxxxxszr  SUBROUTINE TO GIVE EXPLANATION *#®yesxxas¥svx

age -’

390 CLS = COUNT = @ = VYRTSHFT = 2

400 LOCATE 5,1@: PRINT "When talking about the limit of a funcltion,"

410 LOCATE B,1@: PRINT "we mean thal as we get claoser to some value of X.,"
A2@ LOCATE 7,1@: PRINT "the function gets closer to some specific value.

A3@ LOCATE 9,1@: PRINT "This “specific value ', if it exists, is called the"
440 LOCATE 10,10: PRINT "LIMIT of the Function, or F(x), as x approaches’
450 LOCATE 11.,10@: PRINT “a given value. In the following example, we 1l lel"
460 LOCATE 12,1@: PRINT "X get closer and closer to 5§, knowing that f(5) = 3."
470 LOCATE 14 ,1@: PRINT "1{ the graph closes in on 3, as x closes in on 5, then
488 LOCATE 15,10: PRINT "3 must be the limit of f(x) as x approaches 5."

49¢ LOCATE 2©,1@: INPUT "Press enter for an example. ", A%

500

51@ CLS

520 COUNT = COUNT + 1 ‘count times through this block

530 LINE (1,150) - (B39, 150) ‘draw the axes and label them

54@ LINE (75,1) - (75, 1B65)

S50 LIME (76,1) - (7B,1B5)



PX3 = .12 « 75  :LOCATE 2,PX3:PRINT "Y”
LOCATE 2@,77:PRINT "X"

n =1 : GOSUB 116@ "to figure Y

PX1 =75 + 48 » X : PYl = 150 - Z4* Y

X =19 : GOSUB 116@

PX4 =75 + 48 = X = PY4 = |50 - Z4* Y

HASH = 75 + 4B8+5 ‘pixel for the dotted line to X
PX3 = .125 = HASH :LOCATE 21,PX3:PRINT 5

LIM = 150 - 24%3 ‘pixel for the dotted line to vy
PX3 .13 + LIM :LOCATE PX3,5 : PRINT 3

FOR I = 15@ TO LIM  STEP -1@ : LINE(HASH,I)-(HASH,I+3),1 ¢ NEXT I
FOR I = 75 TO HASH O&STEP 20 : LINE(I-5,LIM)-(I,LIM),1 : NEXT I
PSET(HASH,LIM) :PSET(HASHH 1 ,LIM) :PSET(HASH+1 ,LIM+1) :PSET(HASH,LIM+1)

LOCATE 23,15 : INPUT "Press enter to continue.” A%

LOCATE 23,15 : PRINT " et

FOR I = @ TO 3.9 STEP .0G
X=1+1 : GOSUB 116@ "} approach XL from the left
PXZ = 75 + 48 = X : PYZ? = 15Q - 24 + Y
IF I <72 THEN 81@
LINE(EG,PY!)-(B%,PY2) } these draw the y-arrous
LINE(ES,PY1-18)-{B5,PY1-5),0 b2
PRESEV(E3,PY1-1) @ PRESET(BE7,PY1-1) : 1
PSET(&3,PY2-1) : PSET(&E7,PYZ-1) "}
PRESET(PX1-3,154) : PRESET(PX1-3,156) )
PSET(PX2-3,154) : PSET(PXZ-3,158) ¥
LINE (PX1-15,1585)-(PX1-10,155).0 ¥
LINECPX1,155)-(PXZ2,155) ¥

these draw the x-arrowd

LINE(PX1,PY1)-(PXZ,PYZ) "} now drawing the graph
LINE(PX1 .PYT+1)-(PXZ ,PYZ+1)

PX1 = PXZ :PYl = PYZ ‘Y prepare for ihe next I

X =989-1: 605U8 11606 ")} approach XL from the right
PX3 =75 + 48 * X : PY3 = 150 - 24 = Y

IF T < 2 THEN 870

LINE(BS,PY4)-(ES5,PY3) documentiation appliss as
LINE(BS ,PY4+10)-(65,PY4+5) ,@ "} above
PRESET(G3,PY4+1) : PRESET(B7,PY4+1)

PSET(B3,PY3+1) : PSBET(&7,PY3+1)

PRESET(PX4+43,154) : PRESET(PX4+3,1506)
PSET(PX3+3,154) : PSET(PX3+3,15B)
LINE(PX44 15, 155)-(PX4+1@,155),0@

1000 LINECPX4 ,PY4)-(PX3,PY3)

1019 LINE(FPX4 ,PY4+1)-(PX3,PY3+1)

10720 LINECPX4,155)-(PX3,155)

1830 PX4d = PX3 : PY4 = PY3

-~

1065¢ NEXT I

1060 LINE (75,PY1)-(PX1,PY1) 1

1070 LINE (75,PY3)~(PX3,PY3), 1

1082 LINE {(PX1,150)-(PX1,PY1) 1

1090 LINE (PX3,150)-(PX3,PY3),1

116@ E = ABS( Y - 3 )

111@ LOCATE 22,1@ : PRINT "Bringing X within .1 of B, brought () within "




2@ LLOCATE 22,57 : PRINT USINE "H#.$#i";E; :PRINT " dislance of 3."

30 VRTSHFT = 2.5 @ 1F COUNT = 2 THEN GOTO 1150

140 LOCATE 23,1@ : INPUT "Press enter for a different function.",A$ : GOTOD 510
15¢ RETURN

160 Y = 1/20 % (X-1) * (X-B) » {X-10) + VRTSHFT

“exexxsrxexex SUBROUTINE TO INPUT FUNCTION AND DECIDE AXES xx#xx«

Z22@ LOCATE B,10:PRINT "2790®, followed by Y = ( some function of X)

23@ LOCATE 8,10:PRINT "The cursor is al the start of that line, so if
1240 |LOCATE 9, 19:PRINT "that’'s not the function you want, move the cursor
125@ LOCATE 1@,1@2:PRINT "to the right of the equals sign, and type your
1260 LOCATE 11,10:FPRINT "function, then hit ENTER twice."

270 LOCATE 16,1@:PRINT "GOUTO 130@ "

1299 LOCATE 15,1@:EDIT 283@

1300 CLS:LOCATE 10,1@ = PRINT "Do you wanl to enter an interval for the graph.
131@ LOCATE 11,10 : INPUT "Enter Y for yes, or press ENTER to default to [ 6,10
gL " .A%

1320 1IF A% = "" THEN A = @ : B = 1@ : GOTO 136@

1330 CLS

1340 LOCATE 11,1@:PRINT "Enter the Le{t and Right endpoeints or your interval
1350 LOCATE 12,1@:INFUT "as A,B " .A,B

1360 A = @ : B = 10 : GCALE = B /7 ( B - A )

1370 YAXE b49 - B*SCALE " pixel the Y-Axis is at
1380 '
1390 TRAP
1400
1412 GOT0 300

142@ "xssxxxvrxaxaxe SUBROUTINE TO ORAW EPSILON ~ DELTA STUFF s#x#nssxxuryus
1430 CLS

144@ LOCATE 8,10:INPUT "At whal value of X do you wanl to testi for & limit"; XL

]

1]

Z ‘this is an error trap making sure the user picks Z before 3-4

1450 CLS

1460 GOSUB 757¢ "to draw the graph

1470 LOCATE 2 ,15:PRINT " " " to clear the line first
148@ LOCATE Z,10:INPUT "EFSILON = "5 EPSLN

1480 LOCATE Z,10:PRINT * &

1500 °

151@ WHILE EPSLN < @ OR EPSLN > 1 ‘error trap

1520 LOCATE 2,20:PRINT “"PLEASE KEEP IT BETWEEN © AND | 1!I”

1530 GOTO 1470

1542 WEND

1550 ¢

1560 ° XL and YL are X 8 Y al the limii
157@ X = XL @ GOSUB 28920 : YL = Y " find YL for the fellowing statements
1580 PEPUP = 15@ - SCALE/Z » (YL + EPSLN) ‘pixel for upper epsilon line
15890 PEPDO = 159 - SCALE/Z + (YL - EPSLN) "pixel For lower epsilon line
160@ PLIM = 15@ - SCALE/Z » YL ‘'pixel for limit epsilon line
1610 °

162@ X = X + .5 @ GOSUB 292@

1630 IF Y > YL THEN INC = -1

1640 PY] = PLIM : X = XL

1650 WHILE ABS(PY!1 - PEPUP) > 1

16G@ IF INC THEN X = X + .@4 ELSE X = X - .24
1670 GOSUB 2920 “to figure Y for this X



PY!l = 150 - SCALE/2 » Y

IF PY1T <€ @ OR PY! > 150 THEN X = @ ¢ PY1 = PEPUP
WEND
DELT! = (X - XL) “this will be the delta to the righl of X
X = XL "set X back to the wmiddle

PY! = PLIM
WHILE ABSC PY!1 - PEPDO ) > |

IF INC THEM X = X - .@4 ELSE X = X + .04

IF PY1 < PEPD@ THEN PY1 = PEPDD : GUTO 1820

GOSUB 7920 "to figure Y for this X

IF INC THEN IF Y < PREDY THEN DELTZ2 = @ : GOTO 183@

PY!1 = 150 - SCALE/Z » Y

IF PY1 > 150 OR PY!1 < @ THEN X = @ : PY! = PEPLO
WEND
DELTZ = (XL - ) "this will be the deltas 1o the left of X
IF ABS(DELT1) <= ABS(DELTZ) THEN DELTA = ABS(DELTI!)

ELSE DELTA = AOS(DELTZ) "take the small

Now find the functiaonal values far ( X -~ d ) B ( X + d )
X = XL - DELTZ
GOSUB 2920

PX1 = YAXE + SCALE = X : PY! = 150 - SCALE/Z * Y
X = XL + DELTt

GOSUB 28920

PXZ = YAXE + SCALE » X : PYZ = 15@ - SCALE/Z » Y
PXL = YAXE + SCALE » XL: PYL = 15@ - SCALE/Z + YL

LINE (PXL,15@) - (PXL,PYL? ‘drawing the LIMIT lines
LINE (PXL-B,PYL) - (YAXE,PYL)

LX3 = .125 »= PXL

LOCATE 2@.LX3: PRINT XL

LIRE (PXi1-8.PY1) - CYAXE .PY1) ‘drawing the EPSILON lines
LINE (PX2-8,PYZ) - (YAXE,.PYZ)

LX3 = .125 = PYL : LX4 = 125 * YAXE - |

LOCATE LX3.LXd4-2 = PRINT "f(x)

X = XL + DELTA = GOSUB 7920

PX3 = YAXE + SCALE * X : PY3 = 150 - S5CALE/Z + Y

X = XL - DELTA : GDSUB 2970@

FPX4 = YAXE + SCALE *= X : PY4 = 150 - SCALE/Z » Y

FOR I = PY3 TO 145 STEP 10 : LINE (PX3,I) - (PX3,I+45) = NEXT I
FOR J = PY4 TO 145 STEP 19 : LINE (PX4,J) - (PX4,3+5) = NEXT J
LINE (PX1,15€&) - (PX1_ PE[IFDO) "drawing the DELTR lines
LINE (F'X2,150) ~ (PXZ,PEPUP)

FOR I YAXE T0 PX3 STEP 10 = LINE(I PY3)-(I45,PY3) = NEXT I
FOR J YAXE TO PX4 STEP 10 : LINE(J,PY4)-(J+5.PY4) : MEXT J

[}

-

LOCATE 2Z,1@:PRINT “"Far e = ";EPSLN;: PRINT USING " d = "+"#.44"; DELTA
LOCATE 23,49 : PRINT “ "
LOCATE 23,1@:INPUT “NEW EFSILON ( return to stop )"; EPSLN

IF EPSLN = @ THEN Z300
LINE (PX1,150) - (PX1,PY1),0
LINE (PX4,15%) ~ (PX4,PY4),0
LINE (PX3,150) - (PX3,PY3).,0 ‘egrasing delta lines
LINE (PXZ,15@) - (PXZ,PYZ2).@ ‘erasing delta lines




|

LINE (PX3-8,PY3) (YAXE,PY3),@

LINE (PX1-8,PY1) - (YAXE.PY1),0
LINE (PX4-8,PY4d) - (YAXE,PY4) .G ‘erasing epsilon lines
LINE (PX2-8,PYZ) - (YAXE PYZ).,0 ‘erasing epsilon lines

GOT0 1520

LOCATE 23,10:IKNPUT "Do you want to pick snother value for X ";A%
IF MIDS(A®.1,1) = "Y" OR MID®(A%,1,1) = "y" THEN 1420

RETURN

Tewakawxvxyxexx SUBROUTINE TO LIST VALUES AS X IS APPROACHED 2xxx

CLS

LOCATE 1@0,10:PRINT “At what value of X do you want lo test for a limit ?
LOCATE 12,20:INPUT "X = " XL

CLS

PRINT ™ FROM THE LEFT";TRBX 35) “ FROM THE RIGHT"

PRINT

PRINT " X FOO"3TAB(ZEI" I3 TAB(3S)" 1" FOX) X"
PRINT " __ . 1Y TAB(3S) My

I =1
WHILE (XL + I) >= (XL + 9.89539038E-@G)
LEFT = XL - 1
RIGHT = XL + I
X = LEFT : 60SUB 282Q@ "to find Y for this X
PRINT LEFT,Y;TAB(Z2L)"1"sTRB(35)"}1";
X = RIGHT :60OSUB 2920
PRINT Y; TAB(L@) RIGHT
1 = T/E
WEND

RE TURN
LOCATE Z2Z,1@:INPUT "Do vyou want to try another EFSILON ";A%
TEEABERBERRE SUBROUTINE TO DRAW THE GRAPH  ¥srexxrrsxx

CLS

LINE (1,15@) - (B30,15@) "FIRST DRAW THE AXES AND LABEL THEM
LINE (YAXE,1) - (YAXE,165)

LINE (YAXE41,1) - (YAXE+1,1B65)

PX3 = .12 » YAXE :LOCATE Z,PX3:PRINT "Y"

LOCATE Z@,77:PRINT "X"

Find 1he first set of pixels and draw 1hal boundary
X = A : GOSUB 2920
PXt = YAXE + SCALE = X = PY!1 = 15@ - SCALE/Z « Y
LINE (PX1,PY1) -~ (PX1,150)
LINE (PX141,PY1) - (PX141,158)
PX3 = .12#PX1 + 2
LOCATE 20,PX3: PRINT A

Graph the funclion
FORI = A 70 B STEP .15
X =1 2: IF X = @ THEN 2840
GOSUB 72420
PXZ = YNXE 4 SCALE * X : PYZ = 150 - SCALE/Z + ¥
IF PY2 < ©®» OR PYZ > 199 THEN ZB30




IF PY1 < @ OR PYt > 189 THEN 2830
LINE (PX1,PY1) - (PXZ,PYZ)
LINE (PX141,PY1) - (PXZ2+1,PYZ)

PX1 = PX2 : PY!1 = PYZ
NEXT 1
LINE (PX1.,PY1) - (PX1,15@) ‘draw ithe lasi boundary arnd label

LINE (PX1+1,PY1)-{PX1+1,152)
PX3 = .1Z+*PX1 4 ) : LOCATE 20,PX3:PRINT E

RC TURN
EAFAXENREN FUNCTLON SUBROUTINE FUAXARAFEAE

Y = SQRC X ) + 1
RETURN




) ‘e¥xsxraary DERIVATIVES MIKE MOSILER #r#srarsexsx

STORED UNDER: DERIV
JUME 15, 18985

CLEAR,,,327G8B1 : SCREEN G : COLOR 3.4
"SCREEN 2
ELS

CLS

LOCATE 3,13:FPRINT "PROGRAM DERIVATV

LOCATE 5, 15:PRINT "COMMAND MENU

LOCATE 8,10:PRINT "1. Derivative Demonsiration

LOCATE 10, 19:PRINT "2. Graph of Function with its Derivative
LOCATE 1Z,1@:PRINT "3. Tahle of Function and Derivative Values
LOCATE 14, 1@:PRINT "4, Terminate Program

LOCATE Z2@,1@:INPUT “ENTER YOUR CHOICE ", CMD
" this is an error trap for their choice!
WHILE CMD <> FIX(CMD) OR CMD < 1 OR CMD > 4
LOCATE 24,10:PRINT "Please anter a 1, 2, 3, or 4"
GOTO 180
WEND

WHILE CMD <> 4
oN CMD GOSUB 33@, 880, 1470
GOTD 100

WEND

SCREEN @
END

"#xwrxxeyrxrevs SUBROUTINE TO GIVE EXPLANATION ERESESERREE

CLS = YAXE = 109 : XAXE = 150

LOCATE 10,10 = PRINT "The gragh of f(X) = -1/B ( X - 4 )*2 + 4 will be drau
and we"

LOCATE 12.,1@ * PRINT "will consiruct {the tangent line to the curve at X = 3"

LOCATE 14,1 : PRINT "by first drawing a secant line to another point on the
LOCATE 16,1@ : PRINT "ecurve, then bring that point over to mget X = 3."
LOCATE 1B,1@ : PRINT "The slvpe of any of these secant lines is given bhy"
LOCATE Z2@,1@ : PRINT “the value of ( f{ 34h ) - £(3) ) / ( 34h - 3 ), uhere

LOCATE Z2Z,1@ : PRINT "h is how far the other end of the secant is from 3."
429 LOCATE 24,29 : INPUT "Press snter to continue.", A%

CLS : GOSUB 1770
BEGINX = @ : STPX = 8 = GOSUB 79@ ° to graph the curve

460
X = .3 : FX = -1/6 « (X - 4)°244

489 PNT = 7 = FPNT = -1/6 * ( PNT - 4 )"Z + 4
SLOPE = (FPNT - FX} / (PNT - 3)

@@ LLOCATE 5,60 : HRINT "SLOPE = ";:PRINT USING "Mi.IHH"; SLOPE
REND = SLOPE«#(7) 4 FX : RPX = 5@@ : RPY = 15¢ - Z@+REND
520 LEND = SLOPE#(-4) + FX = LPX = G& : LPY 150 - Z2@+LEND
LINE (RPX,RPY)-(LPX,LFY)

540 LOCATE 22,1 : INPUT "Press enter lo move secant.” A%
LOCATE 22,1 : PRINT * !

L}



@ LINE (220,155)-(220,151) : LOCATE 71,28 = PRINT "“3"
0 -
following loop moves the secanl line touwsrd a tangent
FOR PNT = B.7505 TO 3.@2@5 STEP -.25
PENT = 100 4+ 40«PNT : LINE (PPNT,155)-(PPHRT,151)
LINE (RPX, RPY)-(LPX,LPY).,Q@
FIPNT = -1/B * ( PNT - 4 )2 + 4
SLOPE = (FPNT - FX) / {PNT - 3)
LOCATE S5,86@ = PRINT "SLOPE = ";:PRINT USING ", IHiHi"; SLOPE
R=10: L = -]
REND = SLOPC#*(R-3) 4+ FX : RPX = 10@t48+R : RPY = 150 - 20«RCEND
LEND = SLOPE={(L-3) + FX = LPX = 19@0+t40xL : LPY = 150 - 20+LEND
IF RPY < @ THEN R = R - 1 : GOTO BG@
LINE (REX,RPY)-{LPX,LPY)
BEGINX = PNT-.5 : STPX = PNT + .5
GOSUB 790 "to redraw anything erased from the curve
IF PNT > 3.0@5 THEN LINE (PPNT,155)-(PPNT,151),0
NEXT PNT

LOCATE 21,1 = PRINT "The limit of ( f(3+h) - {(3)) / ((3+h) - 3), as h
LOCATE 22,1 : PRINT "approaches @, is exacltly the slope of the tangent line.

LOCATL 23,12 = INPUT “"Precs ENTER 1o return to ithe command menu. ", A%
" RETURN
PX1 = 100 + 4@+*BCGINX : BEGINY = -1/G¢*(BLGINX-4)"2 44 'sub to redrauw
PY1 = 150 - ZG»BEGINY "anything erased from
FOR X = BEGINX TO STFX STEP .2 “the curve

Y =~-1/6B % {( X -4 )"2 + 4

PX2 = 4@ + X 41 106 : PYZ = 150 - 20 « Y

LINE (FPX1 ,PY1)-(PXZ,PY2)

PX1 = PXZ : PY1 = PYZ
NEXT X
RETURN
“wxrrxavwss SUBROUTINE TO GRAPH THE DERIVATIVE FUNCTION sxexwrs

CLS @ LOCATE 1@,2@ : PRINT "Type in any funcltion
LOCATE 12,29 : PRINT "after the YK = seen below.
LOCATE 14,20 = PRINT "Then, presc enter iluwice."
LOCATE 18,1 = PRINT "gpoto 940"
LOCATE 17,1 : EDIT 1430
CLS : LOCATE 12,2@ : PRINT "Enter the left and righti endpoints of the "
LOCATE 13,70 : INPUT "the interval you want to graph over, as A,B ";A.B
X = A : GOSUB 1420 "to compute Y
FXit = Y# "SCALE is number of pixels per unit
SCALE = 6@ 7/ ( B - A ) = YAXE = GZ@ - SCALE » B = XAXE = 100
10260 CLS : 605UB 1770 "to draw axes
101@ PX1 YRAXE + X*SCALE : PY1 = 100 - YH+*SCALE/Z
1922 LCY L12#PY1 @ IF LCY < 1 THEN LCY = 1 'LCY is for locate command below
163@ IF LCY > Z3 THCN LCY = 23
1249 LOCATE LCY,Z = PRINT "FOX)"
@ H= .00025 ' I is given & value very near @
1960 X = X + H = GOSUB 1470 ° to compute f(X+h)
167@ FXHE = Yi
10BO DY# = (FXHit - FX#) 7 H

i

108¢
11@d POY1 = 1@& -~ DY#H«SCALE/Z
111@ LCDY = .12=PDY] = IF LCDY < 1 THEN LCDY = 1



120 IF LCDY > 23 THEN LCDY = 23

130 LOCATE LCDY,2 : PRINT "f (X)"

140 FOR X = N TO B STEF .1

1159 GOSUB 1420

16@ FX§ = Yl

1179 PX2 = YAXE + XxSCALE: PYZ = 100 - YitxSCALE/Z

1180 X=X+ H : GOSUB 1420

1190 FXHA = YHl

1200 DY# = (FXHit - FX#) / H

1210 PDYZ = 10@ ~ SCALE/Z x DY#i

1220 IF ABS(PDYZ-PDY1) > 150 THEN PDYI = PDYZ : GOTO 124@
1230 1F POYZ > @ AND PDYZ < 199 THEN LINE (PX1,PDY1)-(P¥Z ,PDYZ)
1240 PX1 = PXZ : PDY! = PDYZ

1250 NEXT X

12G@ LOCATE 23,1 : INPUT “Press enter for f(X)",A$

1270 LOCATE 23,1 : PRINT " -

1282 X = A : GOSUB 1470

1299 PX1 = YAXE + A*SCALE : PY! = 100 - YHk*SCALE/2

1306 FOR X = A 10 B STEP .1

1319 GOSUB 1420

1320 FX = Yil

1330 PXZ = YAXE 4 X#GCALE: PYZ = 160 - Y#xSCALE/?

1340 IF PYZ > @ AND PYZ < 199 THEN LINE (PX1,PY1)-(PXZ,PYZ)
1350 PX1 = PXZ : PY! = PYZ

1360 NEXT X

138¢ LOCATE 23,1 : INPUT "Another ";A%
1380 IF f$ = "Y" OR A% = "y" THEN 880
1400 GOTO 270

1420 ° SUBROUTINE TQ CONTAIN THE FUNCTION
1430 Y = .1 » (X + 3)3(X - 1)e(X - 4)
1440 RETURN

147@ "#xxexxexx SUBROUTINE TO GIVE TABLE OF VALUES sxaxsosenxuynxy

148@ CLS = LOCATE 1@,2@ : INPUT "Do you wanl to change ilhe function ";A%

1500 IF A% = "N" OR A% = "n" THEN 1550

151@ CLS = LOCATE 10,20 : PRINT “Make desired changes, then press enter luice.
152@ LUCATE 13,1 : PRINT "GOTO 1540"

153@ LOCATE 12,1 : EDIT 1430

1640 CLS

5@ LOCATE 10,5@ = PRINT © "

566G LOCATE 10,190 : INPUT "Over what interval do you the table: a,b ";A.B

157@ IF (B-A) < .@199 THEW LOCATE 12,15 : PRINT "Interval must be at least .07 i
n length." : GOTD 1550

158@ CLS = INC = (B - R) / 1@

1590 ° loop to increment X over the interval, and print results

16@Y LOCNATE 2,2 = PRINT "X F0X0 1st DER at X
16810 PRINT

162 Hii = .00205
1639 FOR I = A TO B STERF INC

1640 X =1 : GOSUB 142@ : FX§ = YH
1650 X =1 + H#/Z : 50SUB 1420 = FXHil = Y1t
16G@ X =1 - Hii/Z : GOSUB 1420 : FXHZir = Yii

167@ DY# = (FXHIW® - FXHZIE) / Hi



1680 PRINT USING "Ml " +SPACESC i @ )4 "k, L HENE" 1 SPACESC 10+ 41H1 . H1ER NN
e X, FEXE, DY

1690 NEXT I

1700

171@ LOCATE 23.1@ : INPUT "Nnather interval ";AS%

1729 IF A% = "Y" OR AB = "y" THEN 1540

173¢ LOCATE 23,28 : PRINT ™ ™

1740 L OCATE 23,19 : INPUT "Another function ";A$

175@ IF A% = "Y" DR A% = "y THEN 1510 ELSE 270

1760

177¢) " ##E#xXERANRAX LT SUBROUTINE TO DRAW GRAPH s#sxg¥rrrxexeanzey
1789

1780 ° first draw the axes

1800 LINE (@,XAXE)-(R40,XAXE) g LINE (@, XAXE+1)-{540,6 XAXE+1)
1810 LINE (YAXE,®)-(YAXE,Z00) H LINE (YRXE41,@)-(YRAXE+1,Z200)
1820 'LOCATE 29,77 : PRINT "X" i LOCATE 2,12 : PRINT "Y"

183¢ °

1B4® RETURN




10 "##exxezaxxeax INTEGRATION MIKE MOSTER ####x#xxxs

20

30 STORED UNDER: INTEGRAL
40 JULY 3@, 1984

50 °

B@ CLS

70 CLEAR,,,32768! : SCREEN 6 : COLOR 3.4

80 "SCREEN 2

90 CL.S

1@@ LOCATE Z,13:PRINT "PROGRAM INTEGRAL

11@ LOCATE 4,15:PRINT "COMMAND MENU (Note that choice 7. must he made before 3
- B)

120 LOCATE 7,1@:PRINT "1. Explanation of Riemann Sums and Inlegrals

13@ LOCATE 9,1@:PRINT "2. Input a Function and Define an Interval

146G LOCATE 11,1@:PRINT "3. Draw and Figure an Upper Riemann Sum

150 LOCATE 13,10:PRINT "4. Draw and Figure a Lower Riemann Sum

16@ LOCATE 15,1@:PRINT "5. Draw and Use the Trapezoidal rule

170 LOCATE 17,10:PRINT "6. List a Table of Values Using Each

18@ LOCATE 19,10@:PRINT "7. Terminate Program

1890 °

206 LOCATE 21,1@:INPUT “ENTER YOUR CHOICE ", CMD

210 WHILE CMD > 2 AND CMD < 7

220 IF TRAP = Z THEN 2B6@

7230 LOCATE 23,10:PRINT "You must choose 2. before 3 - B"

7240 GOTO 200

25@ WEND

Z6@ WHILE CMD <> FIX(CMD) OR CMD < 1 OR CMD > 7

270 LOCATE 23,10:PRINT “Please enter a 1, 2, 3, 4, 5, B, or 7"

280 GOTO 7200

29@ WEND

300

310 WHILE CMD <> 7

aze ON CMD GOSUB 400, 14890@, 1740, 2140, 7510, 2730

330 LOCATE 23,1 :INPUT "Press enter to return to -the command menu. " ,B$
340 GOTO 9@

350 WEND

360 SCREEN @

370 END

380 °

3906 -

400 'sxwrxxxxxxwazxx  SUBROUTINE TO GIVE EXPLANATION sxsxssxxxusxsx
410 -

472@ CLS

430 PRINT TAB(Z@)"Riemann Sums are a method of approximating the area
44@ PRINT TAB(15)"between a function and the X-axis. Suppose we have the func-
45@ PRINT TAB(15)"tion defined f(x) = -.25% (X - 4)*2 + 4 | which is &
460 PRINT TAB(15)"parahola opening down, with its vertex at (4,4), and X-int-
470 PRINT TAB(15)"ercepts at (@,0) and (0,8). If we want to find the area
480 PRINT TAB(15)"under the parabola for the interval [@,8]1, then we re look-
49@ PRINT TAB(15)"ing for the area of the region enclosed by the curve and
50@ PRINT TAB(15)"the X-axis.

51@ PRINT

520 PRINT TAB(Z@)"To get some idea of what the area would be, let’'s

530 PRINT TAB(15)"1look at the rectangle with a base on the X-axis, and sides
54@ PRINT TAB(15)"at X=0 and X=8 . The top of the rectangle will be through
550 PRINT TAB(15)"the vertex, so ils height is the same as the maximum height

"




560
570
580
530
6500

PRINT TAB(15)"of the function. Since our parabola is completly inside
PRINT TAB(15)"this rectangle, we know the actual area is less than the
PRINT TAB( i5)"area of the rectangle, which is 8x4 = 32.
PRINT

LOCATE 2®,15:INPUT "Press enter and 1°11 draw this for you. " ,A%

610

620
B3@

N =12: ILNTH = 8 : YAXE = 3@ : UNIT = 3@ : UNITZ = B@ : FROMiI = 1|
RE =8 : LE =@ : GOSUB 1830

640

B5@
BE@
670
680

€Ls

PRINT TAB(2@)"Well, now we know the area under our parabola 1s less

PRINT TABC(15)"than 3Z.

PRINT TAB(Z@)"Let's take our interval [@,8], and partition it into 3 equal

B9® PRINT TAB(15)"subintervals, [©,2.61 , [2.6,5.2] and [5.2,81.

700 PRINT TAB{Z®)"Now, just like before, we'll draw rectangles, only ilhree
71@ PRINT TAB(15)"this time. Each will have a base equal to the length of
720 PRINT TAB(15)"the subintervals, which is 8/3 = 2.66 . For the height of
730 PRINT TAB(15)"each rectangle, we'll again use the maximum height of the
740 PRINT TAB(15)"function, only this time the height in each subinterval.
750 LOCATE 18,15:INPUT "Press enter to continue. " ,A% & CLS

76@ PRINT TAB(2@)"Rememher, we ve divided the interval [@,8] into three parts,
77@ PRINT TAB(15)"and we 11 draw a rectangle for esach of the subintervals.
78® PRINT

790 PRINT TAB(2@)"To find the area of the first one, find the maximum height
80@ PRINT TAB(15)"of the first subinterval ( which is f(Z.66), or 3.55% ), then
81@ PRINT TAB(15)"multiply by the interval length, or Z.B6. All this gives
82¢ PRINT TAB(15)"an area of about 9.45.

830 PRINT TNB(20)"The middle rectangle has a maximum height of 4, times the
84® PRINT TAB(15)"length of the subintervals (2.66), gives about 10.64 .

B85@ PRINT TAB(15)"Notice that the area of the third reclangle will be the

$6@ PRINT TAB(15)"same as the area of the first. Add the three up and

870 PRINT TAB(15)"we have 79.54 , which is closer to the real thing.

880 LOCATE Z24,15:INPUT "Press enter and 111 draw this for you. ", A%

89 N = 3 : GOSUB 1830

900

310 CLS

970 PRINT TAB(Z@)"AS you can see, by dividing the interval into three rectan-
930 PRINT TAB(15)"gles, we ve cut off some of the excess area. At this point
94@ PRINT TAB(15)"you might guess that if we divided it into more subiniervals
950 PRINT TAB(15)"yet, we'd cut off more off the excess.

96@ PRINT

97@ PRINT TAB(Z®)"Press enter, and 1°'11 divide the interval into 10

980 LOCATE 7,15:INPUT "subintervals (giving 10 rectangles to add up).", A%
990 N = 1@: GOSUB 1830

1000

i01@ CLS

102@ PRINT TAB(Z@)"The total area is going douwn, as the size of the partition
193® PRINT TAB(15)"goes up. This is because with more and more rectangles, there

104@ PRINT TAB(15)"is less and less excess area above the function being added.
1050 LOCATE 19@,15: INPUT "Now you tell me how many subintervals to use this time
LN

106@ WHILE N <= 10

107G FRINT TAB(15)"Please enter a number bigger than 10."

1080 GOTO 1050

109G WEND

1100 G05UB 1830

11ie -



1120
113@
1140
1159
1160
1170
1180
1190
1200
1210

1220

123@
124¢
1250
1260
127@
1280
1230
1300
131@
1320
1330
1340

1350
1360
1370
1380

1350
1400
1410

ngle.

1420
1430
1440
1450
1460
1470
1480
1490

L5

PRINT TAB(Z®)"By nou, you can guess that the more times we partition the
PRINT TAB(15)"interval, the closer our area is to the real thing, so the
PRINT TAB(15)"better our approximation.

PRINT

PRINT TAB(Z@)"The process of partilioning the interval into subintervals,
PRINT TAB(15)"then finding rectangles that go up to some point on the
PRINT TAB(15)"function inside each subinterval, is called a RIEMANN

PRINT TAB(15)"5UM. Any point inside would do, but so far we ve aluays
PRINT TAB(15)"used the maximum height in each subinierval for the height of

PRINT TAB(15)"the correspoding rectangle. This is called the UFPPER RIEMANN

PRINT TAB(15)"SUHN.

PRINT TAB(Z2@)"1f, instead, we used the minimum height in each subinterval,
PRINT TAB(15)"they would be LOWER RIEMANN SUMS.

PRINT

PRINT TAB(Z@)"If we took the LIMIT as the number of suhintervals goes to
PRINT TAB(15)"infinity, of either the UPPER or the LOWER sums, we should
PRINT TAB(15)"have the exact area under the curve.

PRINT

PRINT TAB(Z2®)"That value is called the RIEMANN INTEGRAL of the function
PRINT TAB(15)"over that interval.

LOCATE 20,15:PRINT "Press enter and T'11 draw it with a very large number
LOCATE 21,15:INPUT "of subintervals, and thus get a good approximation." A%

N = 200 : GOSURB 1830

CLS

PRINT TAB(Z®)"So, to rehash this a little, the UPPER RIEMANN SUM for

PRINT TAB(15)"N subintervals, over any interval [ a,b 1 , is the sum of the

PRINT TAB(15)"area of N rectanules, esch with a base length of ( b - a )
PRINT TAB(15)"divided by N. The maximum height of -‘the function in each
PRINT TAB( 15)"subinterval is used for the height of the corresponding recta

PRINT

PRINT TAB(2@)"The LOWER RIEMANN SUM is the same, except you use the minim-
PRINT TAB(15)"um in each subinterval.

PRINT

PRINT TAB(2@)"The LIMIT of these as N approaches infinity, is the RIEMANN
PRINT TAB(1@)"INTEGRAL over the interval.

1500 °

1510
1520
1530
1540
1550
1566
1570
1580
1539
1600
161@
1620
1630
1640
1650
166
1670

RETURN

"rxxxaxrxxxxx  SUBROUTINE TO INPUT FUNCTION AND DECIDE AXES s#*xx«
CLS

LOCATE 5,1@:PRINT "Written on the screen below, is the numher

LOCATE B, 1@:PRINT "919@, followed by Y = ( some Function of X)
LOCATE 8,10:PRINT "The cursor is at the start of that line, so if

LOCATE 89,1@0:PRINT "that s not the function you want, move the cursor
LOCATE 1@,10:PRINT "to the right of the eguals sign, and type your
LOCATE 11, 10:PRINT "function, then hit ENTER two times.

LOCATE 14,1 : PRINT "GOTO 16@@" : PRINT

LOCATE 13,1 : EDIT 3620

GLS

LOCATE 1@,10:PRINT "You will now want to choose an interval to figure
LOCATE 11,10@:PRINT "the sums on.

LOCATE 15,1@:INPUT "Enter ihe Left and Right endpoints as A,B. ", LE, RE
ILNTH = RE - LF "ILNTH is the lencih of the interval

UNITZ = B@@ / ILNTH = UNIT = UNITZ/Z ‘pixels in a unit



1680
1690

1

YAXE = BZ@ - UNJTZ * RE

pixel the Y-fAxis is at

1700 °

1710
1720
1730
174@

TRAR Z ‘this is an error trap making sure the user picks ? before 3-5

CLS : GOTO 330
“wxxsxssxsxxxaex  SUBROUTINE TO DRAW THE UPPER SUMS  sxssaxzaxzsas

1750 -

1760
1770
1780
1790
1800
1810
1820
1830
1840
1850
1860
1870
1080
1880
1320
191@
182@
193¢
154@
1950

CLS
LOCATE 10,3@:PRINT * v " to clear the line first
LOCATE 1@, 1@:INPUT "How many subintervals do you want "3 N
WHILE N < 1 OR N <> FIX(N}) “error trap
LOCATE 1Z,1@:PRINT "POSITIVE WHOLE MUMBERS ONLY, PLERSE (1"

GOTO 1770
WEND
GOSUL 326@ "to draw the graph
DELTN = ILNTH / N ‘figures the width of each subinterval
STP = RE - DELTA + .02001 "stopping point for loop
SUK = @ ‘SUM is the Riemann Sum
FOR I = LE TO STP STEP DELTA

X =1 : GOSUB 361@ "to figure the functional value for that X

MAX = Y

FOR J =
X =J
GOSUE 3G10
IF Y >= MAX THEN MAX = Y

I TO I4DELTA STEP .05 'goes thru the Ith subinterval

1960 °

1970
1980
1986
2000
2010
20720

NEXT J
SUM = SUM + MAX = DELTA "figure the Riemann Sum
PX1 = YAXE + UNITZ*I : PY! = 150 -~ UNIT » MAX "now draw the rectanoles

LTNE (PX1,PY1) - (PX1,15@)
PXZ = PX1 + UNITZ * DELTA
LINE (PXZ,PY1) - (PX2,15@)
LINE {PX1,PYLE) = (PXZ.PY1)

72030 °

2049
2059
2060
2070
2080
209@
2100
211@
2129
2130
2140

NEXT 1
IF FROMI <> 1 THEN 209G “this tells it if we came {from sub |1
LOCATE Z3,1@:PRINT "The total area is ";5UM
LOCATE Z4,1G:INPUT "Press enter to continue ", A%
RETURN
LOCATE 1,1@:PRINT "The UPFER SUM fTor "N ;"Subintervals is "; SUM
LOCATE 2,1@:INPUT "Do you want another Upper Sum "; A$
IF MID$(AS,1,1) = "Y" OR MID®(A%,1,1) = "y"* THEN GOTO 176G

215e -’

216@
217G
2180
2190
2290
2210
2229
223@

RETURN

‘wxwexwxzxxxxxa  SUBROUTINE TO DRAW THE LOWER SUMS HERTRLARAAREN
CLs

LOCATE 1@,30@0:PRINT " " ‘to clear the line first

LOCATE 10,19:TNPUT "How many subintervals do you want "3 N
WHILE N < 1 OR N <> FIX(N)
LOCATE 1Z,1@:PRINT "POSITIVE WHOLE NUMBERS ONLY, PLEASE tiI"
GOTO Z217@
WEND
GOSUR 3760 “to draw the graph



280@ CLS

2810 PRINT TAB(10)"SUBINTERVALS" ; TAB(Z27)"UPPER SUM"; TAR(45)"LOWER SUM"; TRB(BZ)"T
RAP. RULE

728z@ N = 1 ‘N is number of subintervals, start with 1
7283@ FOR K = 1 T0O 3 “the following loops all increase N

7840 N = NxZ

72840 GUSUB 3010

786@ NEXT K

870 °

2880 FOR IL = ZO TO 4@ STEP 2@

28490 No= L

2900 GOSUB 3010

731@ NEXT L

29720

2930 FOR M = 8@ T0 2@  STEP 6@

2940 N="M

2950 GOSUB 3010

72960 IF DONE = 1 THEN 304@ " upper = lower, so stop
297% NEXT M

2980 °

2990 °

3023 NMETURN

3010 ‘Nested subroutine to figure sums for N
3oze

303% DEILTA = ILNTH / N “figures the widlh of each suhintervasl
304@ STP = RE ~ DELTA + .0001 ‘stopping point for loop
3050 usSuM = @ : LSUM = @ : TRAM = @

3J@G@ FOR I = LE TO S1P  STEP UELTA

307@ X =1 : GOSUB 3616 = Y1 =Y

3060 MAX = Y : MIN = Y

3290 X = I+DFLTA @ GOSUR 3E1@ : YZ = Y

3100 FOR J = I TO LHOELTA STEP .1 "goes thru the Ith subinterval
311e X=4d

3120 GOSUB 3610

3136 IF ¥ >= MAX THEN MAX = Y "Maximum and minimum height in Tth
340 IF Y <= MIN THEN MIN = Y

3150 NEXT J
316@ TRAP

i

TRAF 4 .5 # DELTA « ¢ Y1 4 YZ )

37e UsSUM = USUM + MAX = DELTA "Upper sum

3180 LS5UM = LSUM 4 MIN * DFILTA ‘Lower sum

3190 iF USUM = LSUM THEN DONE = | ‘no need to continue
32G@ NEXT I

3216

37270 PRLINT

323 PRINT USING SPACES$(1@)4 "HiHEHE" 4 SPPACESC 1)+ " {HHHEE . 3" +SPACES( 1@) 4 "R L it
FOPACES(10) + iU 1" 5 N, USUM, LSUM, TRAP

3240 °

32450 RTTURN

JZED "xwzaxxEanuy SUBROUTINE 7O DRAW THE GRAMH s#xxxexxrauzs

3279

37280 CLS

3z9¢ LINE (1,150) - (B630,15@) ‘FIRST DRAW THE AXES AND LABCL THEM
3300 IF LE > @ THEN 33490

331@ LINE (YAXE,1) - (YAXE,1B5)

4320 ILTME (YAXE+1,1) - (YAXEt+],165)

3330 PX3 = .12 # YAXE :LOCATE Z.PX3:PRINT "Y"

3340 LOCATE Z@,77:PRINT "X"

33850



3360 Find the first set of pixels and draw that boundary
3370 X = LE : 6GUSUB 3610

338@ PX1 = YAXE + UNITZ » X = PY!l = 150 - UNIT= Y

3330 LINE (PX1,PY1) - (PX1,150)

3400 LINE (PX141_PY1) - (PX141,15%0)

3410 PX3 = .12+PX1 + 2

34720 LOCATE 20,PX3: PRINT LFE

3430 °

3440 Graph the function

34%® FOR I = LE TU RE BTER - 15

3460 X =1

3470 GOSUB 361@

3480 PX2 = YAXE + UN1TZ * X : PYZ = 150 - UNIT =2 Y
3430 IF PY2 < @ OR PYZ > 139 THEN 3520

3500 LINE (PX1,PY1) - (PXZ,PY2)

3510 LINE (PX1+1,PY1) - (PX2+1,PYZ)

3520 PX1 = PXZ : PY1 = PYZ

3030 NEXT 1

3sae

355@ LINE (PX1,PY1) - (PX1,15@) ‘draw the last boundary and label
3560 LINE (PX1FH1,PY1)-(PX1+1,150)

3570 PX3 = .1Z2«FX1 + 2 : LOCATE Z@,PX3:PRINT RE
3580 °

3580 RETURN

3cee -

3610 ‘axxxrazxx FUNCTION SURROUTINE AAKEREAAERR
3620 Y = -.Z5%(X-4)"Z + 4

363¢% RETURN



