
AN ABSTRACT OF THE THESiS l-~RITTEI-...j BY 

Jahn David Keighley for It-Ie t"-1aster i:Jf Science in 

11athematics presented an July 21, 1989 

Title: The Exact A Distribution Simulation 

Abstract approved: 

An .3.1gor1thm for generating random variates ouickly, called the 

exact approximation method is the subject of this thesis. THo 

other .3.1gorlthms, the a.cceptance reJection method. and the U-i\!er­

sian method for generatmg random vadates are also included. The 

exact approXlmation method uses the acceptance rejection method. 

The inversion method is a special case of the exact approximation 

method. 

To '3enerate ra.ndom '.Jariates '=luickl'::I using the exact approxi­

mation method a function b'Jhich is a. close approximation t.~ the 

inverse cummulati'·.;e I:,robabili ty hmction must be found. The 

,:;hoice of U:is funct.lon lS a comprimise bett,'Jeen it's ease of 

computation, and it's closeness t,,~ the In\·;erse cummulative distri­

bution function. Since. both f3ctors 3.Hect the efficiency of the 

exact approximation algorithm. 



THE EXACT APPROXIMATON METHOD
 

IN DI~;TRIBUTIOt-~ SIMlJLATION
 

A Thesis
 

Presented to
 

The DiI.!ision of M.3.thematical and Ph':Isical Sciences
 

EMPORIA STATE Ut-mJERSITY
 

In Partial Fulfillment
 

of the ReqUlrements for the Degree
 

t·1astet-· ,:,f Science
 

By
 

John Davld Keighley
 

July 1989
 



· I), ,I-~1 r . 

J 

r<, 

~ew4 
,', 

ApProved for the Graduate Council 

~cd
Approved for the Major Depar"tment 

468564 
DP JAN 0 OJ '90 



I 

ACKNOItJLEDGMEI~TS 

would like thank Dr. Larr':I Scott for his time, assistant, and patia.nce 

throughout the ~'Jritting of this paper. Also I want to thank Dr. Zorabi 

Honargohar, Dr. ItJilliam Simpson, and Dr. Charles Greenlief. 

Finally, would like to tl,ank my parents for t.heir faith and 

encouragement. 



TABLE OF CONTENTS 

Chapter 

I	 . INTRODUCTION 

Statement of the problem. 

Example of an Application 

II DEFINITIONS AND THEOREMS . 

III DESCRIPTION OF THE ALGORITHMS . 

The Acceptance Rejection Method 

The Inversion Method 

The Exact Approximation Method . 

I\j APPLICATIONS . 

V. CONCLUSION . 

BIBLIOGRAPHY . 

APPENDIX A 

APPENDIX B 

APPENDIX C 

APPENDIX D 

PAGE 

1
 

i
 

1
 

3
 

10
 

10
 

11
 

13
 

18
 

48
 

50
 

51
 

58
 

65
 

69
 



LIST OF FIGURES
 

Figure 

2.1 (Jraphical Description of a Random Variable 

2.2 Figure showing fy(Y) for each value of y 

2.3 (Jraphical Representation of a continuous odf 

2.4 Figure showing Fy(y) for all values of y .... 

3.1 Figure showing the acceptance rejection method 

LIST OF TABLES 

Table 

4.1 Table of Run Times for the Different Algorithms 

4.2 Table of Run Times for the Different Algorithms 

Page 

3
 

4
 

5
 

6
 

10
 

Page
 

33
 

47
 



Chapter I
 

Ir"-lTRODUCTION
 

As computers become more powerful scientists are using them more 

frequent!'::! to simulate or model stochastic events. To simulate an event a 

probability density function that describes the occurra.nces of that event 

must be found. Then an algorithm that ['Jill generate random variates having 

the obser'..,'ed probabilit'::l density function must be written. 

The purpose of this thesis is to look at some of the many methods that 

can be used to generate random variates from a desired distribution. This 

chapter- states tf,e problem and gives an example. In Chaptel~ 2 some ~::>asic 

definitions3.nd theorems of probability and real analysis will be stated. 

Cha.pter 3 cover~s the theory of ra.ndom variate generation that this paper 

uses with Chapter 4 giving some applications and results. Chapter 5 is a 

summary of the paper. 

Statement of the problem 

This paper explains an efficient method for generating random variates 

r-1an '::l r3.ndom va.riate generators l~equire the use of tables ()r complex 

algorithms. The disadvantage of table-aided procedures is the large amount 

of memory needed to hold the tables. The problem f'~ith complex algohthms is 

that v'Jith increasing complexity in the code it becomes very difficult to 

debug a program. The exact approximation method developed by '3eorge 

Mardsaglia(i96i) avoids major programming problems and promises to use 

small numbers of I•.lniform deviates. 

Application<=; 

As an example of where tI-,e exact a.ppro:amatic,n method could IJe used 

think about a traffic simulation. Assume that the flow of traffic ha.s been 

observed long enough tel determme th3.t the time betl'Jeen arri\/als of cars can 
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be described by an exponential distribution. The easy V·Jay t.o generate 

random ',Iariates in t.his case Volol.Jld be to find the cummulative distribution 

function and then invert it to get the inverse cummulative distribution 

function. Since the cummulath'e distdbution function of any probability 

density function must be uniformly ,jense from 0 t.o 1. To generate random 

variates that will ha.ve t.he desired pr'obability density function [0, 1) uniform 

deviates can be generated and put into the inverse cummulative distribution 

function. This is a description of the inversion method which has a 1-1 

relationship betl.o.leen the number of (0, 1) uniform deviates used and random 

'Jariates gener·at.ed. The difficulity .'Jith this method for the exponential 

,jistr-ibution is t.t-Iat the inverse cummulati\)e distribution function Volill use 

the natural logrithm function t.o generate random variates. Computation of 

the natural logrithm function is relativel'~ slow. With a small increase in 

programming complexity t.he exact approximation method can be used which 

should generate random variates in less time. 



Chapter II 

DEFINITIONS AND THEOREMS 

This paper explains a method of generating r~ndom variates. Some basic 

definitions and theorems in probability and real analysis needed to under­

stand Chapter 3 are explained in this chapter. The first definition is t.he 

concept of a random variable. 

Definition 2.1: A random variable is a function which maps the sample space 

S to the real line. Random val~iables lI-~ill be denoted by uppercase 

letters. 

An illustration of Definition Z.1 is glVen in Figure 2.1 

'£.(s) = y 

s 
y 

Fig 2.1 

The random variable is considered to be a discrete random variable if t.he 

range is finite or it contains a countably infinite number of values. A 

continuous random variable has a range which includes an interval of real 

numbers, bounded or Llnbounded. 

For every discrete random variable there exists a probabilit'd distri ­

bution function (pdf) fy<y). Pdfs are either disct~ete or continuous and they 

are defined in different ways. 

Definition 2.2: For any discrete random variable 'I, f-/y) is t.he sum of 

probabilities that maps all 5 E S to y by the random variable Y.
 

That is:
 

fy(y) = P«(s E S I Y(s) = y)).
 

For any point s e S f/y) = O.
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Also, as is true with any probability function, the summation of fy(Y) over all 

possible outcomes must be eQual to one. 

For example, to find the probability that the sum of two dice is 6. 

Define the random variable Y such that Y(s) = Y«a,b» = a+b where a and b 

are the numbers on the dice. Then 

fy(y) = P«s E S I Y(s) = 6) 

= P«1, 5), (2, 4), (3, 3), (4, 2), (5, 1» 

= PU, 5) + P(2, 4) + P(3, 3) + P(4, 2) + P(5, 1) 

= 1/36 + 1/36 + 1/36 + 1/36 + 1/36 

= 5/36 

Figure 2.2 shows fy(y) for all y: 

0.0 

0.2 

fy(Y) 0.1 

234 5 6 7 8 9 10 11 12
 

Dice Sum y
Fig 2.2 

If Y is a continuous random variable there exists a probability density 

function (pdf) fy(Y). 

Definition 2.3: For any continuous random variable Y, fy(Y) is a continuous 

curve over the sample space S which contains the points a and b such 

that; 

P(a s; Y s; b) = P({s E S I a s; Y(s) s; b) = J: i\,(Y) dy. 



and 

For a discrete random variable 

bfa fy(y) dy 

Fig 2.3 

= Pea $ Y $ b) 

Yba 

probability function P. The cummulative density function (cdf) F/y) is 

More formally. 

Fy(y) = L fy<y) 
S~".I 

and for the continuous random variable. 

fy<Y) ~ 0 

Figure 2.3 gives a graphical representation of the definition. 

F y(y) = P({s E S I Y(s) ~ y). 

J5 fy<y) d'~ = i. 

5 

the probability corresponding to the set of sample points in S that are 

mapped by Y into values on the real line less than or equal to Y. 

Where fy<y) must satisfy the following two conditions. 

is a cummulative density function ~cdf) F\,(y). 

Note that from the definition for a continuous random variable P(Y(s) = y) = 

Definition 2.4: For any random variable Y defined on a sample space 5 with 

o where s E S since 

P(Y(s) = y) = J: fy(y) dy = O. 

Associated with every random variable 'y' whether discrete or continuous 

fy(Y) 
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Fv(y) = I~oo f~(y) dy 

Remembering the previous dice example 

F v(6) = P(Cs E S I Vis) s; 6) = 2:fv(y) 
S~6 

= P(Y(s)=2) + P(Y(s)=3) + P(Y(s)=4) + P(Y(s)=5l + P(Y(s)=oj 

= 1/36 + 2/36 + 3/36 + 4/36 + 5/36 

= 15/36 

= 5/12 

Figure Z.4 shows Fv(y) for all Y. 

36
 
36
 

30
 
36
 

Fv(y) 24 
-
36
 

~I etc.
 
36
 

-12
 0
 

36
 
0
 

6
 
0
36
 

0
 
0
 

2 3 4 5 6 7 8 9 10 11 12 

FigZ.4 Dice Sum y 

As Figure 2.4 shows. when Y is a discrete random variable Fv(Y) will be a 

step function with steps occuring at \/alues of y for which fy(Y) > O. 

When Y is a continuous random variable. the following assertions can be 

made about Fv(Y). First, Fv(Y) is continuous and second, F ylY) is monotonicly 

increasing. 

Definition 2.5 is the the definition of a f'.Jnction that is pointL-'Jise 

continuous. For Fv(y) to be continuous it must at least satisfy definition 2.5. 

Definition 2.5: Suppose 5 C ~ and that g: S~1(.. If Xo E 5, then g is 
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continuous at Xo iff for each €. > 0, there is a 6 > 0 such that if
 

Ix - xol < 5, x E 5,
 

then
 

Ig(x) - g(xo) I < €..
 

If 9 is continuous at x for every x E 5, then 9 is continuous. 

From Definition 2.3 fy(y) is continuous. if fy(y) is defined over a closed 

interval [a,b], then fy(Y) must also bounded. This leads to Theorem 2.1. 

Theor-em 2.1: For all y E [a,b] with fy<y) : [a,b]-t~ with fy<y) bounded and 

fy(y) E R. Define F y(y) = J: fy<y)dY for a ;s; y ;s; b. Then F y(y)
 

is continuous on [a,b].
 

Proof: Choose M> 0 such that I fy<y) I ~ M for all y E [a, b]. Choose €. > o. 

Let 5 = €./M. Thus. if I x- y I < 5, x, y E [a, b], then 

I Fy(x) - F y(y) I = IJ: fy(y) dy - J: fy<y) dy I 

= 1 J: fy<y) dy 

slx-ylM 

< 5M = (€.iM)(M) = €. 

Therefore Fy(y) is continuous on [a,b]. In fact. F y(y) is uniformly 

continuous on [a,b]. 

To prove that F y(y) is monotonicly increasing we look at any two events Yi 

and Y2 with y 1 < Y2· 5ince y 1 < Y2' if the event y < y 1 has occured, then the 

event y < Y2 has also occured, since y < y 1 < Y2' 

By definition 
'::I 1
 

FY<Yl) = P(Y S '::1 1 ) = '::I f'::l(!:.l)dy
J
'::I2 '::I2 '::I 1
 

Fy(Y2) = P(Y ;s; '::12 ) = '::I f.,,(y)dy = '::11 fy(y) dy + '::I f/y)dy
J J J
'::I 2
 

F'/Y2) - F'/Yl) = f.'/y)dy ~ 0
 
'::11J
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A useful property of cdf's that we will use often is the relation between 

a continuous pdf and it's derivative. Note that the following theorem is only 

proved for the case when fy(Y) is defined over a closed interval [a,b). The 

case where fy{Y) is defined over an open interval or fy(Y) is piecewise 

continuous or piecewise monotonic is beyond the scope of this thesis. 

Theorem 22: Let fy(Y) be an integrable function on [a,b). For Y E [a,b), let 

Fy(Y) = I: fy(Y) dy. 

Then Fy(Y) is continuous on [a,b). If fy(Y) is continuous at Yo in [a,b) then 

Fy(Y) is differentiable at Yo and 

Fy(Yo) = fy(Yo>' 

Proof: Suppose that fy(Y) is continuous at YoE [a,b). Note that 

Fy(~) - Fy(l::!o) = 1 J'=' f (l::!) dl::! 
I·Y - l::!o) l::! l::!o '='0 y 

for Y :;l: l::!o . 

Fy(l::!) - Fy(l::!o) 
- fy(Yo) == 1 f' fy{Y) dy - fy(Yo) (2.1)

(y - Yo) Y - Yo "'0 
and since 

1fy(Yo) = Y Yo J'=' fy(Yo) dl::!
 

"'0
 

Fy(l::!) - Fy(Yo) _ fy\Yo) = 1 & (,::/, dy .c (, '. l II 

~Y - Yo) Y - Yo 
[r':lJ':I,) .v' , 

_ r . \"\:/0' dd 1 

'='0 .J 

= ':::I 1 Y J':I [ fy<Y) - fy<yo) ] dy 
o ':10 

Chose £. > O. Since fy(Y) is continuous at Yo' there exists 5 > 0 such that 

Y E (a,b) and I Y - Yol < 5 imply I fy(Y) - fy(Yo) I < i. 

therefore lt follows from (2.1) that 

F·./Y) - Fy(Yo) _ fy(Yo)I :s; £..
 
(Y - Yo)
 

Showing that 
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Lim F y(Y) - F y(Yo) = fy(Yo)
Y-+Yo y I~O 

or 

F~(yo) = fy(Yo) 

Again note that LAJhat is shOl.-'Jn is only proven for the case where fy<y) is 

continuous over a closed interval. In other words Theorem 2.2 is a proof 

that F~(yo) = fy(Yo) when definite integrals are being used. The proof for 

indefinite integrals is beyond the scope of this paper although indefinite 

integrals are used. The definitions and theorems in this chapter will be 

l.Jsed in Chapter 3. 



Chapter III 

DESCRIPTION OF THE ALGORITHMS
 

The Acceptance Rejection Method 

The first algorlthm for random variate generation is the acceptance 

re.jection algorithm. This method was first suggested b~ John Von 

Neumann(1951L To implement this algorithm, the probabilit~ denslt~ function 

must be known. In it's simplest form the acceptance rejection method requires 

that the probabilit~ densit~ function be bounded from above b~ some constant 

v-Jhich ~>,Jill be called c on a closed interval [a,bJ. The definition of c is 

c = max ( f,/y) I a ~ y ~ b }. 

Figure 3.i is a.n example of a pdf bounded by c. 

ba 

c 

Fig 3.1 'd 

When Uiese conditions are met the follovling algorltr,m w111 generate a random 

'/ariable "Jith the same pdf as f./y). 

1.) Generate x where X is uniform on (a/b]. 

2'> Generate ~ v-.Jhere Y is uniform on (o,c]. 

3 J If 'd ~ fv(x), then output x, else goto step i. 

The probability that y :s: f.,/x) \.'lill be equal to f/x)/c. To minimize the number 

of !Joints rejected, c must be the least upper bound of fV<~). TI'\lO things 

should be noted about this algorithm. First, it requires a. minimum of tl.-JO (0, i) 

uniform deviates to generate one random variate. Second, if f/x) is small in 

compahson to c such as in the tail of fv(~) in Figure .3.1 the probability of 

3.ccepting x will be small thereb~ ["lasting two (0, i) umform deviates. -he 



11 

advantage of this method is, as long as fv(y) is known this algorithm is \Jer'~
 

easy to implement.
 

The Inversion Method
 

To implement t.he inversion method the probabilti'~ density function, 

cummulative density function, and the inverse cummulative density function 

must all be known. If all three functions are known the implementation of the 

inversion method will be trivial. Starting with a known pdf, fy<y) the cdf, Fy(y) 

is found. Then the inverse of Fy(y) is found. The domain of the inverse cdf 

~'\Iill be the range of F y(l~) ~'Jhich implies that the domain of F~!(~) ~'Jill be the 

interval [0,1). By generating a random variat.e y from the range of- F-·ly) and 

placing ':::I into F~!(Y) the random variate l-'Jill fiave t.he same pdf as fy(Y)_ 

DeGroot(1975) gives a theorem showing the random variables Y must ha.ve a 

uniform distribution. 

Theorem 3.1: If a random variable X has a continuous cumulative distri ­

bution Fx(x), and Y = Fx(x) the distribution of 'y' ml.Jst be a uniform
 

distribution on the int.erval (0, 1).
 

Proof: First, since Fx(x) is t.he cdf of a random variable.. then 0 :!> Fx(x) :!> 1 

for -00 < x < 00. Therefore, P('y' < Q) = P('y' > 1) = O. Next. for any 

given value of y in the interval 0 < '~ < 1, let Xo be a number such Uiat 

Fx(xo) = y. If Fx(x) is strictly increasing, U"',ere will be a unique number 

Xo such that Fx(xo) = y. HOll-Jever, if Fx(xo) = y over an entire interval 

of values of x, the Xo can be chosen .3.rtibrarily from this interval. If 

Gy(':::I) denotes the cdf of Y I then 

Gy(y) = P('y' ~ y) = P(X ~ xo) = Fx(xo) = y. 

Hence, Gy(Y) = Y for 0 <: y < 1. Since this function is the cdf of a 

uniform distribution of the interval (0, 1), t.his uniform distribution is 

the distribution of Y. 
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The following illustrates how to generate random variates from t.he 

exponential distribution using the inversion method. The general form of the 

exponential pdf is 

'~ 

fv('::I) = 
1 
'" 

- \ 
e' , '::I > O. 

1', 

The cdf is found b'::l integrating fy('::I) giving 

'::I _::! 
F·./'::I) = J ~ e )., d'::l 

o " 

= - e -~ I: 
[Y I) -, 

-~ -\ 
= - e " - (- e ") J 

Y 
'1 -\)= \ - e . 

The inverse cdf Fy-J.('::I) can be found by setting 

_::! 
x = Fy('::I) = 1 - e \. 

and solving for y in t.erms of x 

_::! 
x = 1 - e ~'" 

':::!
-):: 

1. - x = Ii!' .. 

In(1 - :d = -~ 

':::! = - >-. In(1 - xl. (3.1) 

The random variable X has a range of m, 1). In fact from Theorem 3.1, Z must. 
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be uniformly distributed over the interval <0, 1). This implies that the 

difference (1 - X) is also distributed uniformly over (0, 1), therefore 

replaceing (1 - X) by X removes one more calculation. So the final form of 

(3.1) is 

y = -).. In(x) 

lAlhere X is uniformly distributed over ([0, 1). A random variate y from an 

exponential distribution could be generated using a simple Turbo C statement 

like 

y = -J.. log (random(seed» 

lAlhere random(seed) returns a m,l) uniform variate. The problem lAlith the 

inversion met.hod is that the pdf, cdf, and the inverse cdf must be known to 

implement it. Sometimes the cdf or the inverse cdf are impassible t.o 

determine thereby excluding inversion as a possible means t.o generate random 

variates from that distribution. Another problem with inversion is t.hat 

sometimes functions like In, sin.. cas, etc.. must be used. The computation of 

t.hese functions are relatively slow lnJhen compared t.o addition, subtraction, 

multiplication and division. 

The Exact. Approximation Method 

The exact. approximation method lnJill use an easy t.o calculate3.pprox­

imation of t.he inverse cdf !.'Jhich doesn't. need to be known. Even t.hough t.he 

procedure lnJill use an approximation t.o the lnverse cdf t.he random variates 

generated !.'Jill have the reouired distributicln. Since the function being used 

to generate the random variates is an approximation t.o the inverse cdf the 

uniform distribution can't. be used to generate t.he random variates since the 

random variates would not folloll'l the pdf exactly. A function gy(y) will be 

used t.o adjust. the aprroximate inverse cdf t.o generate random variat.es t.hat 

have t.he reouired pdf. 
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The basic idea of exact approximation is as f()lloItJs: let wu(u) be a 

monotonicly increasing differentiable function [."here the derivative is 

continuous on the interval [0, 1), The transformed ra.ndom variable X+-wu(u) 

will have the desired probability density fx(x) if the density of the U­

derviates is gu(u) = fx(wu(u»·~",u(u). Hogg and Craig(1965) gives the follm'Jing 

theorem. 

Theorem 3.1: Let X be a random variable of t.he continuous type having 

pdf fx(x). Let A be the one dimensional space l'Jhere fx(x) > O. Consider 

the random variable Y = u(X), where y = u(x) defines a one to one 

tranformation which maps the set A onto the set B. Let the inverse of y 

= u(x) be denot.ed by x = w(y), and let the deri'Jati\/e dx/dy = w'(y) be 

continuous and not vanish for 13.11 points y in B. Then the pdf 9v(y) of 

the r'andom variable Y = u(X) is given by 

gy(y) = fx[w(y)]'!w'(y)l, y E B 

= 0 elsewhere 

Proof: 

Gy(y) = P(Y s; y) = P(u(X) s; yi 

= P(u- 1[u(X)] ~ u- 1(y» 

= P(X ~ u- 1(y» 

= P(X ~ w(y» since u- 1(':I) = 10'1(':1) 

= F x(~'J(y» 

Fx(x) = J: fx(x) dx defn of cdf 
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",(y) 
F x(x) = F x(w(y» = fx(w(y» ~'\I'(y) dy change of variable theorem 

",(a)J
",(y) 

gy(y) = dx f ...<w(l.l» ~'J'(I-l) dl.l defii of pdf
dy ",(a,) ~ - - ­J

= fx(w(y» w'(y) fundamental t.heorem 

of Calculus. 

As long as w(y) is a monotonicly increasing function 

gy(y) = fx[w(y)] w'(y) 

Since w'(y) > 0 for all y 

An interesting side note is what happens Hhen wu(u) = F:/(y) First from 

Gaughan(1975) the inverse-function theorem. 

Theorem 32: Suppose F:[a,bJ-t~ is continuous and differentiable with 

F'(x) # 0 for all x E [a,b]. Then F is 1-1, F-1 is continuous and
 

differentiable on F([a,bJ), and
 

1 1
(F- )'(F(x» = F'(x) 

for all x E [a,b]. 

Proof: Since f(x) * 0 for all x E [a,bJ, F is 1-1. Let us suppose that F([a,bJ) 

= [c,dJ. Choose Yo E [c,d] and (Yn}gg1 any seQuence in [c,dJ\{yo) 

converging to Yo. Let 

Xo = F
-1

(Yn) 

for n = 0, 1, 2, ... . Since F:[a.b]-t~ is continuous and 1-1 and [a,b] 

compact F-1 must be continuous and (Xnl~1 converges to Xo = F-1(yo), 

and, since F-1 is 1-1, Xn # Xo for all n. By the differentiability of F .. 

F(~~) _ F(xo) }<Xl
{ ...·n Xo 
, n=1
 

converges to f(xo). By hypothesis, f(xo) # a and
 

F(xn) - F(xo) 
#0

Xn Xo 
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for n = 0, i, 2, .... Hence 

' -1() F-L,F '::/n - ',',jo} laO J Xn - Xo }'00 

{ ':::in 'do r = 1 F(xn) - F(xo)
,n=1 , n=1 

converges to ii( F'(xo». Thus.. F- 1 is differentiable and 

1 1( F- ),( F(xo» = F'(xo) (3.2) 

Then EQuation 3.2 can be rewritten as 

1 1 
F- )'(Yoi = F'( F-1(',jo)) 

Thea 'em 3.3: If wu(u) = F:;/(yo) where Fx(x) is a function that satisfies the 

conditions of Theorem 3.2 the gIJ(u) in Theorem 3.1 will be the uniform 

distribution and exact approximation reduces to the inversion method. 

gu(u) = f x(~;ju(u»' L'"JU(U) 

~'Jhere Fx(x) = F(x) = ',jo, fx(x) = F'(x) = f(x)dx .. and wu(u) = Fi1(yo) = F- 1(':Io) 

l F- 1),(yo) = 1
 
F'( F- 1('::Io))
 

1 
= fx(F:l (Yo» 

1fx(F:l(yo» = 
(Fx1)'(yo) 

gu(u) = f x(Fx1(yo) (Fx1n::lo) 

= fx(F;l(yo» [ fx(F) ('::10» ] 
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= 1 

This implies that gu(u) must be the uniform distribution. 

Theorem's 3.2 a.nd 3.3 together implies that exact .3.pproxim.3.tion is 3­

generalization of inversion If the function FX1(~O) can't be found then wu(u) a 

function that approxiamtes FX1(~O) lrJill be used. From Theorem 3.1 any function 

that is monotonicl~ increasing, and has a continuous derivative that exists 

(,ver the interval [0, 1) will suffice. Although any function in t.his ,:::;lass I-'Jill 

work a function that will generate tf-Ie random variates as Quickl~ as possible 

is desired. If wu(u) is close t.o the inverse cdf than gy(y) ~·Jill be close to 

uniform This allows gy(y) to tie expressed as a mixt.ure of a dominant uniform 

and a residual densit~. Define t.he constant p such that p = 

min(9V\'::I) o ~ y ~ D. Define another constant r such that r = 

max(gy(y) I 0 ~ 'd ~ 1). Also let h = r - p \l'Jhich from the definition of p and r 

means p :::: 9v(y) ~ r for 0 ~ y ~ 1. To implement the algorithm a uniform 

deviate U is generated and checked for U <: p. If U < p then U is also less 

than gv(y) therefore accept U .3.nd use U/p in l'll,JU) to generate a random 

I/ariate. If U > p a random variate needs to be t.aken from the region p ~ 9y(y) 

::; rUse t.he the acceptance rejection metliod to generate another \Iariats. 

Specificly generate U and determine gy(U) t.hen generate another uniform 

deviate lj' and find U'h + p. If U'h + P :> gv(U) accept U and use IJ in l'lu(U) to 

generate another r'andom \Iariate. If lJ'h + p > gy(lJ) then generate two uniform 

deviates to be used in U'h + p ~ gy(U) and continue until it's accepted. 



Chapter IV 

APPLICATIONS
 

This chapter will demonstrate the application of the exact approximation 

method as it is explained in Chapter 3. Two different probability density 

functions will be used. For each of the pdf's at least two different approx­

imations for each inverse cdf l-'-lill be demonstrated. Also ~'Jhere possible the 

inversion and acceptance rejection methods will be used. The time it takes 

the different methods ~;jill be tabled for comparison. 

In Chapter 3 the exponential distribution l-'-.las lnverted and it was shown 

that t~andom var'iates that have a exponential cHstrlbution can be generat.ed 

using the equation 

x = - "t, In(random(seed)). 

If }, = 1 then generating x simplifies to 

x = - In(random(seed)). 

l,oJhere random(seed) ~'\Iould generate a (0.1) uniform deviate. This function L-'\Iill 

generate one exponential distributed r.andom variate for each (0,1) uniform 

deviate used. The problem with t.his is the time required to determine the 

value of In(random(seed)). 

In this chapter, two functions alOproximating trle truncated inverse cdf 

of the exponential distribution I-Jill be l..Jsed. The first aplOroximation to t.he 

truncated inverse cdf was suggested by Ahrens and Dieter(1988). The 

exponential distribution e -y can be rewritten as 

~-(II + i) ~ -z 
~e,fy<'::/) = L (4.1) 

vJhere 

z = y - k In(2), k = 0,1, ... and 0 S; z ~ In(Z). 

Then 2-(11+1) is a geometric distribution where P(K = k) = (~}II+l) The leading 
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bit zeros of a <0, 1) uniform deviate has this distribution. The second half 

of eQuation (4.1) is a truncated exponential distribution lI-lith pdf hz(z) = 2e-z 

in the interval [0, In(2)] . Inverting hz(z) = Ze-z we obtain 

zHz(z) = J: 2e-z dz = -2 [ e- I~ ] = -2 [e-z _ 1J = 2 [ 1 - e-zJ 

this implies that H;/(u) = - In(1 - u/Z) where u is a [0,1) unifor'm deviate. 

Ahrens and Dieter(1988) used the following function as an approximation for 

H- i ( ,z ,Z,: 

,) ,:l +_
wlj~u = -b-- L; u ~U<O, 1) (4.2) 

-u 

l-'lhere 

WIj(Q) = a and ~'~u(1) = In(Z) 

<:;"''"'~ ~-l(n) _ n "'''' .... ~-1(1\ _ , ,,,,\
_.II_~ "2 ''\oJ - -- g, .'~ ''2 ,_) - - ..L.,). 

The conditions wu(Q) = a and wu(1) = In(Z) results in 

wu(O) = b ~ 0 + c = 0 

ba + c = 0 

a = - bc 

wu(1) = b :. i + C = In(2) 

b a _ 1 = In(Z) - 0 

a = (b - 1)(ln(Z) -0) 

Setting a = - bc and a = (b - 1)(ln(Z) - c) eQual to each other .3.nd 

solving for c yields 
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- be = (b - l)(1n(Z) - c)
 

- be = b In(Z;1 - In(Z) - bc + c
 

o = (b - 1) In(Z) + c
 

c = - (b - 1) In(Z).
 

Solving a = - bc in terms of b gives 

a = - b( -(b - 1) In(Z)) 

a = b(b - 1) In(Z) 

The	 last free parameter b must be fixed such tha.t the minimum of 

g (u)' - h [I., \'Ui lJ,.,' (u)~ 
U' - Z ·'U • J L··u' J 

-w, ,(u)
 
= 2e ~ . w~(u)
 

is close to one for 0 ~ u < 1. Where gU(IJ) has a distribution that is close tD
 

the uniform distribution.
 

Solving wu(u) in terms of b gives:
 

. ) - b(b	 - 1) In(Z) + [(_ (b - 1) In(Z) ]
wu~u - b - u 

= b(b - 1) In(Z) + [< -(b - 1) In (2) (b - IJ)J 
b-u b-u 

= In(Z) [ b(b 1) - (b - 1)(b - '..J)]
 

b - u
 

[":2.2 J _ In(Z) Lb - b - ib - bu - b + u) 

- b - t...J 

_ In(Z) [b2
- b2

- b + b + bu - u] 
- b - u 

_ In(Z) [ u (b - l)J
 
- b - u
 

Solving	 wu(u) in terms of b gi'ves 

w~,(u) = In(Z) (b - 1) ~j [ u(b - U)-1] 
au 



Z1 

= In(Z) (b - 1) [ (b - u)-i + (-1)(-1) 1...1 (b - U)-2J 

1 'Z' 'b 1) r(b ,-i, 'b )-zl= n~ } \ - L - UJ T 1...1 \ - 1...1 J 

1) r._1_ + 1...1 2 ]= In<Z) (b - Lb - U (b _ 1...1) 

= In(2) (b - 1) b-U+UJ 
[ (b - 1...1)2 

= In(Z) (b - 1) I, b 2 l 
L ~b - 1...1) J 

_ b(b - 1) In(Z) 
- (b - u)2 

Thus U-,e form of gu(u) in terms of b is 

In(2J[ u Ii> - il] ] 

, 
[

- b - u ~b(b - 1) In(Z)]gu (1...1) = Ze ~ 
(b - 1...1). 

The values p, r, and h~re found from gu(u). The \Jalue of b must IJe found 

such th3.t. p v~ill be maximumized and r '-Jill be minimumized. To determine t.he 

condit.ions that will m.~xlmumize p U-,e funct.ion gu(u) L'JaS graphed using 

several a.rt.bitary values of b The resulting curve was -3. parabclla opening 

dowl'wJar·d. This implies that the maximum IJ will occur L'>Ihen gum) = gu(1). 

zJ
 In!Zl [0) (i> - i) ]
 

- b - 0 rbIb - 1) In(Z) ]

31J (0) = L (b - 0)2 

= Zeo [ (b - ~) In(Z) ] 

_ Z(b - 1) In(Z) (4.3)- b 
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!n(2) [1] (b - 1) ] ~ 
[

~ - b - 1 [b(b _ 1) In(Z) ,gu (1) = .:.e (b _ 1)2 J 

- [- 1rt(2) ] [ b In(Z) ]
 
= Ze (b _ 1)
 

[ ! ] rb In(2)]=2 Z L(b - 1) 

_ b In(2) (4.4)
- (b - 1) 

Setting Equations 4.3 and 4.4 equal to each otrler and solving for b results 

in 

2 (b - 1) 1n(2) _ b In(2) 
b - ';b - 1) 

2 (b - 1)(b - 1) = b 2 

2 (b2 
- 2b + 1) - b 2= 0 

b
2

2b
2

- - 4b + 2 = 0
 

b
2

- 4b + 2 = 0
 

Using the quadratic formula to salve far b gives 

4 ±~.: _4)2 - 4(1)(2)
b = 2 

= 4 ± Al 16 - 8 
2 

= 4 ±.f8 
2 

== 4 ±~,f2 =2 ±If 
If.. 

The <jalue b = 2 - ...J2 must be discarded since gu(u) will generate negative 

'.lalues far that value. Thus the va.lues af the thr'ee parameters are 

a = bIb - 1) In(Z) 
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= (2 + ..['2")(2 + ff - 1) In(Z)
 

= (2 + ..['2";H + ..['2") In(Z)
 

- (~ + "::l f"'?"" + '";", I (7)
-	 ,L _"II L _, n,_ 

=	 \'4 + 3 ~r,:;-) I.	 L n\,-,.~.) 

b	 = 2 + .f2 

c	 = -(b - 1) In(2)
 

= -(2 + .[2 - 1) In(Z)
 

= -(1 + E) In(2)
 

The p \Jalue for gu(u) can be found by solving gutO) or gu(l) since the curve is 

a parabola opening dovmward and gu(O) = gu(l) From Equation (4.3) 

gu(O) = 2(b - 1) In(Z) 

2(2 + .[2 - 1) In(Z) 
= r ­

(2	 +~2 ) 

_ 2(1 +.[2) IntZ)
 
- (2 + .(2)
 

= 0.9802581434 

The \/alue of r can be found by setting g~(u) = 0 and solving for u. 

g~(u) = 0 = ..Q..l/ - [b ~ l.,j + cJ rdu	 

f 

_e . ~~]...(b 

l 
- Lbra- IJ +cJ {' - [ _.:t_.- + cl..J i" 

= Z [ e ,(b ~}2 + 2a J} I
b	 U 

u)· e ,(b -	 u). ..J 

[	 -[I, ~ + C JJr{ IJ ~}'2 + {. 2a .} l= e I (b u)" ,l.b	 - u)J !
L...	 ' .J 
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- r W'J(U) ] 
since e L > 0 for all 1.1 lt C.3.n be canceled out leaving 

o = rJ }~ + { } la 2a
 
L 1rb - U)2, ,(D - u/s, ...J
 

= a 
2 + 2a 

{b	 - U)4 (b _ 1.1)3 

03 
2 2a(b - u)= - + 

(b	 - 1.1)4 (b _ IJ)4 

r--1ultipling both sides by (b _ 1.1)4 

2o = a + 2a(b - 1.1)
 

= a" + 2ab - 2au
 

2au	 = 03
2 + 2ab
 

u = ~ + b
 
L 

So the maximum value r of gu(u) occur's when u = b + ~ and that \Jalue is 

t~ = gutb +~) = 1.010089582 

The last constant h = r - p is 

h = 0.0298314386 

The exact approximation method is used to generate observations from 

hz(z) = 2e-z for 0 ::: z :s: In(2);3s follows. iJenerate.;3 [0, 1) uniform deviate U, 

if U < p then use Ufp as a new [0, 1) uniform deviate and calculate WU(IJ): 

••,	 (UJ' - a + c _ A +-.""'u - L- I /_ - I I L..iI T"'", 

where 

A = ap .:and B = bp. 

The acceptance rejectance method \AJill only be needed if p > U. This has a 

probability of 1 in 50.65 = 1,/(1 - p). To use the acceptance re.jectance 

method generate a new [Q, 1) uniform deviate U and calculate Lt-Ju(u) from 

EQuation (4.2). Then ':!enerate another [0, 1) uniform deviate U' and accept 

~'!u(u) if Ij' :s: (gu(u) - p)/h or U'h + p :s: 9 (u). The time needed to make eachu
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comparison of '·Jalues can be shortened by simplifing U'h + p ~ gu(u) in the 

follov.Jing manner. 

- wu(u) 
gu(u) = 2e .. w~(u) 

-Wu(u) , 
2e • wu(u) ~ U h + p 

-Wlj(u) 
e 

wher·e 

x 

lj'l'1. * 0 
:<: - , .. )

L wu~u 

U'h + p 
~ [ a2.., 

(b - U)'"J 
r 

:<: (U'h + P)
. l(b ·<:1- Lj,~ I

2a J 

:<: ru'lJ.. + .E..J (b _ U)2L 2a 2a 

:<: (U'H + P)(b - U)2 

H = Zh and P= ,P . 
a La 

fx(x) x·fx(x) 
-

1 p l'p 

3(1 - p/1 - P"J3 (1 - p) _ -hr Fl 

5 [h - : + Pl [<1 ~ p/]5 I (1 - p) [1 - [1 hPJ] [1 h pJ 
II J rI 

~. r r Jil2 r '7 Ih - 1 + pr fd - o/l(I (1 - p) 11 - I1- P J 1 - 01 
L. _h _h J L h _ L h _ 

Fig 4.1 
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The number of [0, 1) uniform deviates used per r'andom variate generated is 

of great importance. For the algorithm to generate random variates quickly 

the number of random variates generated compared to the [0, i) uniform 

deviates used must be close to 1-1. This value can be found by finding some 

probabiliV=, distribution function \I'Jhich describes the number of [0, 1) uniform 

random deviates used. Figure 4.1 shows this distribution. Since this is a 

pdf. the summation over all x must be equal to i. 

00 r 21 r llk - 1)
-l- -.::;;-. I(1 - p) (h - 1 + p) I~ fx(x) = 

L.J P'~L h JL h J 
all x k=l 

Letting L = K - 1 ~ L + 1 = K 

2: fx(x) = p + ~ [<1 ~ p)2J [<h - ~ + p)l 
a.1I x L=O 

= P + [<1 -;:; p)2] :>: [(h - ~ + P)J 
L=O 

+ [(1 - P)'] [ 1 l 
= P h 1 - [(h - ~ + pj J 

~ P + [1 ~ P)'] [ [h _h1~ 1- P] ]
 

= P+ [Ii ~ Pi'] [ [ /=-L] ] 

r 1 
pJ

.2] r h 
P 

lJ'= P + l( ~ II _
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=p+ 1-p 

= 1 

Since the summation of fx(x) = L fx(x) is a pdf .3.nd the expected value of fx(x) 

can be found. TI,e expected number of unifor'm deviates used per random 

variate gener~.ted i'Jhich is shown in Figure 4.1 under x-fx(x) can be 

determined in the following manner. The x corresponds to the number of 

uniform deviates used and fix) is the probability of acceptance for using x 

number of uniform random deviates. The expected number of [0, 1) uniform 

deVl'ate'- E{V, - ". -·--t-· .(v) -.-,- b- ---pr'::>--ed "'<=,::) ....'\... - ~..... X Jo., I.-d I ~ I:::A _:::.~ ..... _
 

all x
 

00 (k - 1)L x-fx(x) = l'p ...j... ""7k + 1) r( 1 - p)21 r<h - 1 + O)l 
, L_)- L h JL h J

all x k =1 

Letting L = K - 1 :::) L + 1 = K 

= p + [<1 ~ p)2J ~ (2L + 3) [(h - ~ + P)] L. (4.5)
 
all x L=O
 

LX.fX(X) 

To determine li'Jhether the summation converges trle ratio test is used giving a 

result of 

Lim la + 11-' 1(2L + 5) [(h - 1 + IJ)l (L + 1)
 
L ~oo ka~ - Llm 1 h'JI
 

.. , L~OO 
(2L + 3) en - ~ + Pi] L 

(2L + 5) f(h - 1 + oil 
I . L h J= L..lm 
L~oo (2L + 3) 

(2L + 5> Ilh 1 ...j... n l= Lim I I"":"': ~I ' ,- J 
L~OO (2L + 3) IL 
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. . I (2 + 5/U I [h - 1 + 0 1 = Llmi..-+oo I (2 + 3/U I h J 

= ~~ :- ,~~ I [h - ~ + 0 J 
\.::. ...,.. 'J) r I 

= [h-~+OJ<1. 

Therefore the sequence is com/ergent and the sequence can be solit into the 

sum of two sequences, making it easier to find the sum of the sequence. 

E;olitling Equation (45) 

Lx·fx(x) = p + f( i ~ \:)2l !: I(ZL) lr-(h - ~ + o>l L + (3) [<h - 1 + O)J L l 
.3.11 X - - L=O '- J h J 

= P+ [<1 h p,2] [?-o; (2L) ['h - ~ + p'] L+ (3) ?-o; ['h - ~ + PI] LJ 

h 
= p + [<1 ~ O)Z] [!: (ZU[(h - 1

+ pr + (3) [ i _ { (h ~ ~ + p'}] ]L=O 

1'"'1 '''ll ':::<' r - 1 + oil L r 
=0 + ,(1 -: p)~ I>' lZL)1 (h 

h J + (3) I. i 
L j lt";'o' L I jfl-h+ ~t] ]II 

L 1. h 

... 1 zl~oo 
=0 + I( - 0) l"""'" (2L)[~h - 1 + 0)] L 

-\- (3) I , ~ll
L h JL.,. 1-, 

L=O 

l ~.. 1 ~ p.~J J 

<1 - P)Z] I~ 1'":'1 J(h - i + p)Ji L+ ("'J) r 
= p + [ h I

'-

L- '· ...... )1 h ,.... I y]
. . I L=O '- L 

= -\- r<1 - P)ZJ ~ {~L,[(h - 1 + OjJ L+ {,~fl r<1 - p;,zl [ h l 
P . L h 6' j .. 'h ,~, L h J 1 - P J 
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= P + [<1 ~ p)2J ~ i2Lfh - ~ + P)] L + 3 (1 _ 0) 

= p ...j.. 
. 

:~ 
-

_ :~n...j.. 
-~, 

L=O 

fa
I 
-

- I.J/l '\. '?L'L(h
h J ~- . 

L=O 

- 1 + p)l L 
h i 

~ 

Letting 1:::1 = h - ~ + 0 gives 

= 

= 

3 

3 

- 2p + [2 (1 h­

- 2p + [2 (1 h-

p)2J ~ l(1:::I) L 

L=O 

0)2J ( 1:::1 + 21:::1 2 + 3y3 + ... ;: 

~ = ~ - 20 + r2 (1 -
~ h p)2l ( I(J 1:::1, 1 ...j.. ...,

,.<:.'~ 
.+ ~ :2, I

._'~ T···. 

= 3 - 20 + [2 (1 h- p)2J (I~)d~( 1:::1 + 1:::1 2 + I:::I 
J + 

= 3 

= :3 

= 3 

- 20 

- 20 

- 2p 

-l­. 

+ 

+ 

r2 (1 - p)2l . ,d r 1 1
II~I_ I.L h J ' ,d'::I L 1 - 1:::1 J 

L 
r 

2 (1 - p)2J (1:::1) [. 1 ,2] 
h (1 - I:::IJ 

[ 
2 (1 - p)2l r 1:::1 ] 

h J L(1 _ 1:::1)2 

- 3 - 20 + [ 
2 (1 -

h [ 

Jh - 1+ p'} lJ2 , n 
p) l. .~ 

J {1 _ [h - ~ + oJ r 
~ 3 - 20 + [ 

2 (1 -
h J.}. [ n)2 h - 1 + p ,{h {h _h 1~ 1 _ J2o} 

= :3 

= 3 

_ 2p + r2 (1 - p)2J {h 
_ h 

[2'\- 0)2J {h- 2p + 

- 1 
h 

- ~ 

+ pt { h }2
,1,1-0 

+ o} If 1 
L' 

~t'J 

= :3 - 2p + 
[ 

...,L (1 2J [h 
2 

- p) 
'1 

tl 
2 

.. 2] ih 
- pJ 

- 1 + OJ 

= 3 - 2p + 2(h - 1 + 0) 
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= 3 - 2 - 2p + 2p + Zh 

= 1 + 2h 

Since the probabilit'~ of using x uniform deviates is dependent ucon p and h 

it is independent of tl1e function being used for w'J(u). The expected number 

of uniform deviates used to generate a random variate is 1 + 2h for any 

IAldu) , For (4.2) the expected number of CO, i) umform deviates used to 

generate one random variate is 

i + Zh = i.0596628772999. 

To t.est the first approxlmation of the lnverse cdf against another 

approximation, a second approximation for 2e-z 
~\Ias deri'v'ed. Let 

• ) Z 3
~'\IutU = C1U + C2U + C8U u-U(O, i) (4.5) 

where 

wu(O) = 0 and WLI(1) = In(2) 

1since HZ1(Q) = 0 and Hz(1) = In(Z>. 

The conditions wu(Q) = 0 and wu(i) = In(2) results in 

l'llU(O) = C1(0) + Cz(Q)2 + C3(0)3= 0 

'i) (i' + 'i'z 'i,,3 1 """ 1·\Id = C 1" C2t. + c;)t . = m...J 

C1 + Cz + C3 = In(2) 

C2 = In(2) - Cl + C:3 (4.7) 

Finding l'\lU(U) and IAJu(u) 

,., OJ z
~'\Iu(u) = cl + LCZU + "",C3U 

wu(u) = 2C2 + 3c;Ju 

SolVlng gu(O) and g,_,(1) gives 

- ~'\III(Q). ., 
gum) = 2e - t c 1 + 2cztO) + 3C:3<on 

o = 2e Cl
 

= 2Cl
 



34 

1 l 
e [	 In7z) In(Z) J= i 

C [ ln7z) ]= i 

c = In(Z) 

The pdf t.hat. will be used for all three approximations t.o t.he inver:e edf is 

hz(zl = In(Z) ZZ ! o :!O Z :!O 1. 

For the first approximation let 

2 
VJu(U)	 = C1U + C2u , 

then 

~~u(u) = e 1 + ZC'2U, 

wu(u) = 202 1 

and 

wu(u)	 , 
9u(U) = In(Z) Z wu(u). 

The values that \,AJIJ(U) takes on at u = 0 and u = 1 are 

wu(Q) = 0 and wu(i) = 1 

since Hz(Q) = 0 and Hz(l) = 1 

':3olving wu(l) = 1 results in 

~o,ju(l)	 = 1 = c1(1) + c:z(1)2 

1 =	C1 + C2 

C2 = 1 - Ct­

t.herefore 

. wu(o> . 
gu<o>	 = In~Z) Z ( C1 + ZC2~0» 

= In(Z) ZO (C 1) 

= In(Z) C1 'A 8) 

and 

w'J(l)
gu(l) = In(Z) Z ( C1 + ZC2(1» 
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- wu(1) 2 
gU(1) = 2e ( c 1 + 2C2(1) + 3C3(1) ) 

- In(2) . 
= 2e (C1 + Z (In(Z) - C1 - 03) + 3C3) 

= 2[ ~ ] (C 1 - 2c 1 + 3C3 - 2C2 - 2 In(2)) 

= ( - C 1 + C3 - 2 In(Z)) 

Imposing an eQual wave effeot results in 

gu(m + gu<1) = 2
 

201+ - 01 + 03 - 2 In(2)) = 2
 

OJ + C~ + 2 In(2) = 2
 

C 1 = 2 - 2 In(2) - C'). 

To find tile value of 03 that. would give the ma.ximium value af p set the 

derivative 9u(U) = 0 and solve 

I .., d [ - wu(u)
9u(u) = 0 = ~ du e ~·Ju(U)J 

r - wu(u) I - wu(u)" ]I 
= 2 Le ( (wu(u»'( -wu(u» } + e Wu (u) 

- wu(u) [' . "JI= 2 e ( (wu(u»,( -Wu(u» } + Wu (u) 

~ . - - Lo-J, ,(u) - - 11 .d . t .d - - w, ,(u) ..
=lnoe L e - > Ij tor.~ u d1V1 e 00 h Sl es by L e - '31v1ng 

o = ( (wu(u»)o( -wu(u) } + wu(u)
 

( 2 3)( 2 3) ('"> 3'
= . 01U + C2 u + C3u . -C1U - C2u - 03u . + . '::'C2 + C3U I 

= _90~U4 - 12c30:2U3 - (6C3C1 + 4C~)U2 + (-402C1 + 60:3)u + 01 + 2C2 

Rather then tr':::Iing to solve this eQuation, a direot search Lo-Jas used to find 

the values 

C 1 = 05000000000, 

02 = 0.0794415416.. 

0') = 0.1137056389. 

Using these values in (5) results in 
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p = 0.9829974429,
 

r = 1.016422347,
 

h = 0.0334249041.
 

To use the exact approximation method generate a [0, 1) uniform deviate V, 

if U < p then use Ulp as a new [0, 1) uniform deviate and calculate ~"lu(u) as 

follows: 

2 3wu(u) = c lU + C2U + C3U 

wu(u) = C1u + C2 U
2 + C3U 

3 

where 

_ C3 
C1 = PCl and C2=~ and L'3 = --3-'p2 P 

When sampling from the region above p as before tlr.lO [0, 1) uniform deviates 

~'>Iill be reol..lired for each test for re.iection. Simplifing U'h + P 'l g.,:,<u) to 

reduce computations gives 

, - WU(I.J) )U h _+ P :>: e wu(u 

- wu(u)
U'H + P:>: e wu(u) 

where 

H = -tl... and P = ...E..2 2 

Note, that although the p value for this function is larger than the p value 

for the first approximate cdf resulting in the acceptance rejection method 

being needed with a probabilit'::l of 1 in 58.81 = 1/(1 - pl. The expected 

number of [0, 1) uniform deviates used per random variate is 

1 + 2h = 1.066849808. 

Another disadvantage for this function is the time of computation. The 

function is more computation intensive than the first approximate cdf which 

will slow it down. 
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A table of the different methods for generating random variates is given 

in Table 4.1. The numbers in the columns refer to time taken to generate 

10,000 random variates. For example under the IBM PC column 16.62 is 16 

seconds and 62 hundredths of a second. 

Table 4.1 

Method of generation IBM PC l Zenith2 AT&T 63003 

Inversion 16.62 114.24 37.79 

Acceptance Re~tion > 1 hour > 4 hours > 2 hours 

Exact Approximation 14 22.33 144.63 54.45 

Exact Approximation 25 24.65 191.57 
1 

71.73 

The second probability density function was solved using the exact 

approximation method for 3 different approximations of HZ1(z). The pdf hz(z) 

= c 0 ~ z s; 1 had to be solved for c first.2z 

I: cHz(z) = ZZdz = 1 

2zc[ ] l~ =In(2) 1 

1 IBM PC running at 4.7 Mhz ~"Jith a 8088 processor and a 

8087 coprocessor. 

2 Zenith running at 6 Mhz with a 8088 processor 

3 AT&T 6300 running at 10 Mhz ~'Jith a 80286 processor. 

4 The exact approximation method using .3... + c as the 

approximation to the inverse cdf.
 

s
 1The exact approximation method using c 1u + c2U2 + c3 u'3 as 

the approximation to the inverse cdf. 
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= In(2) 2 1 (c 1 + ZC2) 

= In(Z) Z (Cl + Z<1 - Cl» 

= 2 In(2) (Cl + 2 - ZCI) 

= 2 In(2) (2 - Cl) (4.9) 

Since the function gu(u) is a parabola to find the values for c 1 and C2 that 

will give the maximium p value set (4.8) and (4.9) equal and solve for CI' 

In(2) Cl = 2 In(2) (2 - Cl) 

Cl = 4 - 2Cl 

Cl + 2Cl = 4 

CI = 4/3 

Since C2 = 1 - C1 

C2 = 1 - 4/3 

c2 = - 1/3 

Using the c 1 and C2 t.o find 

p = gu(Q) = In(2) c 1 

= 0.9241962407 

To find r take the derivative of gu(u), set it equal t.o 0 and solve for u. 

d [ WI ,(1.1) _ :2 wu(u) l 
du [gu(u)] = 0 = In(2) 2 - lln(Z»( w~(u») + Z w~(u)J 

wu(u) [ 2 l= In(2) Z (In(Z))( w~(u» + W~(u)_ 

wu(u) wu(u)
Since In(Z) 2 > 0 for all 1.1 divide by In(Z) 2 to get 

o = In(Z) ( ~'JU(U)}2 + ~'J~(u) 

= In(Z) (Cl + ZC2U)2 + 2C2 

= In(2) (C 1 + 2C2U)(C 1 + 2C2U) + 2C2 

= In(2) (c~ + 4CiC2U + 4C~U2) + 2C2 
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2 2C2 2 2 
= C1 + In(Z) + 4C1C;2U + 4C2u 

Using t.he Quadratic formula to solve for u gives 

- 4C1C2 ± ~ (4C1C2)2 - 4(4c~)( 2c2/1n(Z) + c~) 
u = 

Z(4c~) 

- 4C1C2 ± (4C1C2l - (16c~)( 2c2l1n(2) + c~) 
u = 2 

8C2 

4 ± ~ 16 2 2 ...,~ J '1 (~' 1 ~ 2 2- C1C 2 C1C2 - ~Lc2/ n LJ - CC2 C1 
U = 2 

8C2 

- 40 1C2 ± ~ (16)(- 2c~/ln(2» 
;.J = 

8c~ 

- 4C1C2 ± 4 ~ -Zc~lln(2) 
u = 2 

8C2 

- C1C 2 ± C2 ~ -2c~lln(2) 
u = ..., 2 

,,-C2 

u = - 01 ± ~ - 2c-z/ln(2) 

2C2 

Using the value 

- C 1 - ~ - 2c2/1n(2)
I.J = ----'---""';:;------­

2C2 

in wu(u) gives negat.i\/e values so it. is discarded, and t.he following value of u 

is kept 

- 01 + .~ -2c2/1n(2)u = __-=--_---l.=-_-=--=--=.:.._ 
2C2 

u = 0.52893149. 

The v.3lue of' r is 

r = g u<O.52893149) = 1.038946508. 

Therefore the value of h is 

h = 0.1147502673. 
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To generate random variates from hz(z) can be done as follows. Generate 

a [0, 1) uniform deviate U, if U < p then use U/p as a new [0, 1) uniform 

deviate and calculate I.'JU(U) as follows: 

L'IIIJ(U) = C1U + C2U 
2
 

~ C 2
= \"1U + 2 U 

where 

C1 C2
C1 = ---p- and C2 = -2­

P 

The acceptance rejection method will be used approximately 1 in 8.71 = 

1/(1 - p) trials. When sampling from the region above p as before two [0, 1) 

uniform deviates L'IIill be reouired for each test for rejection. Simplify the 

test U'h + p ! gu(U) by 

U'h + p wu(u) , ( ) 
In(Z) ! Z wu u 

wu(u)
U'H + p! 2 wu(u) 

where 

H = • ~_. and P =.....,.....E._ 

The expected number of [0, 1) uniform deviates used per random variate 

generated is 

1 + 2h = 1.229500535. 

Since 1 + 2h is relatively large this function might be expected to run 

relatively slow. Figure 4.3 shows this is the case when the computer has a 

math coprocesser. l.Jhen the computer doesn't have a math coprocesser the 

function may run faster than a function that has a lar'ger minimum, if it's 

harder to compute. 

The second approximation to the inverse cdf is 

L'IIU(U) = C1U + C2U
2 + C3U

3 
. 

The first and second derivative of wu(u) are 



38 

1·",OU) = C 1 + 2C2U + 3C3U 
2 

, 

Wu(U) = 2C2 + 6C:3U, 

with 

~'IIu(U) 
gU(U) = In(2) 2 wu(u). 

The values that wu(u) t.akes on at u = 0 and u = 1 are 

wljO> = 0 and WU(!) = 1 

since Hz(O> = 0 and Hz(1) = 1 

Solving wu(1) = 1 results in 

~'IIu(1) = 1 = c1(1) + c2(1)2 + C;/1)3 

i = C1 + C2 + c~ 

C2 = 1 - C 1 - C3 . 

Solving gu(u) at 0 and 1 gives 

9u(0) = In(2) ZWu(Q)( C 1 + 2C2(O) + C3(0)3) 

= In(2) ZO (C 1) 

= In(Z) C1 

3.nd 

.i· 1 (2) ....wu( i) . 2 ·1) - ·1»gu( ) = n L ( C 1 + C2( + 3C3( 

= In(Z) 2 1 
(c 1 + ZC2 + 303) 

= In(2) Z (C1 + 2(1 - C1 - (3) + 3C3) 

= 2 In(2) (C1 + 2 - 2C1 - 2c'3 + 3C3) 

= Z In(2) (2 - C 1 + c3) 

Imposing an eQual wave effect results in 

gu,Q) + gu(1;' = Z 

Z = In(Z) C 1 + 2 In(Z) ( 2 - C 1 + c3) 

Z = In(Z) [c 1 + 4 - 2c 1 + 2C3 ] 
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Z = 4 - C1 + ZC3In(2) 

ZC1 = 4 - + ZC3In<Z) 

4 In(Z) + Zc~ In(Z) - Z 
C1 = In(Z) 

C2 = 1 - C1 - C3 

Setting the derivative gu(u) = 0 and solving gives 

, d [,.., IAl, I(U) , l 
gu(u) = 0 = In(Z) du '- - ~4,ju(u)J 

wu(u) wu(u) ]= In(Z) [ Z (In(Z))(( wu(u) )( Lf-lu(u;' )) + Z ~4,ju(u) 

w,.(u) [ ]= In(Z) Z - (In(Z))(( wu(u )( wu(u) » + wu(u) 

. . w~) . .. ~M ..
5mce InQ) Z > 0 for all u divide both sides by In(Z) Z ':Jivmg 

o = (In(Z))(( wu(u»( wu(u) )) + ~4,ju(u)
 

·1 (Z') , 2 3)( 2 3) (? ...., ..
= (r. , \ c1u + c2u + C:3U -c1u - c2U - c3u . + _c2 + -:lC3U) 

Then b':/ using a direct search the 'Jalues 

p = 0.983009554 

r = 1.01699045 

h = 0.03398089Z 

C1 = 1.44Z680
 

'::2 = - 0.606715
 

C:3 = 0.164035 

[·4,jere found. The exact approximation met.hod for sampling from hz(z) = In(Z) 

Z-z can now procceed as follm...s. Generate a [0, 1) uniform deviate U if U < p 

then use U/p as a new [0, 1} uniform deviate and calculate wu(tJ) as follows: 
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~",u(u) = C 1U + C;;:U
2 + C3U3 

~ +~2+{~3
~"JU()U = \..., 1U '~2U ~:3U 

where 

C1	 C3C2 and~ - --2 = --3 .C1	 = P and '-'2 - a C3 
a 

The acceptance rejection method will be used approximately 1 in 58.86 = 

1/(1 - p) trials. To use the acceptance rejection method simplify U'h + p ::: 

guCu) to 

lj'h + p _ w,,(u)
In(Z) S L. - wu(u) 

V~U(U) 
U'H + P S 2 wu(u) 

l·"lhere 

H = . ~. and P = ~_. 

The expected number of [0, 1) uniform deviates used to generate one random 

variate is 

1	 + 2h = i .067961784.
 

The third and last function approximating the in"Jerse cdf is
 

,	 ) a u·-U<o, .:1.) (4.10)wd·u. = b _ u + c 

where 

wu(Q) = I] and wu(l) = i 

1since HZ1(Q) = 0 and Hz(i) = 1. 

The conditions wu(Q) = 0 and ~"ljl) = 1 results in 

wu(O) = b :. 0 + c = 0 

ba	 + c = 0 

a = - bc 
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wu(1) = b	 :. 1 + c = 1 

a
b_l=i-c 

a = (b - 1)(1 - c) 

Setting a = -bc and a = (b - 1)(1 - c) eoual to each other and solving 

for c yields 

bc = (b	 - 1)(1 - c) 

bc = b 1 bc + c
 

O=b-i+c
 

c = - (b - 1) .
 

Solving a = - bc in terms of b gives 

a = - b( -(b - 1) ) 

a = b(b - 1) 

The last	 free para.meter b must be fixed such that the minimum of 

'3U(U) = hz[ wlj(u) ] {~'II~(u)J 

Wu(U)= In(Z) Z . w~(u) 

is close to one for 0 ::; U < 1. Where glj(u) is the modified uniform
 

distribution .
 

Solving lo"Ju(u) in terms of b gives:
 

b(b - 1)Lo'Ju(u) = + [(- (b - 1) ] 
b - u 

b(b - 1)	 + [( -(b - l)(b - u)] 
= b - u b - u 

[b(b -	 i) - (b - 1)(b - u)] 
= 

b - u 
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r:2.2 J _ Lb - b - '.b - bu - b + 1.1)
 

- b - u
 

2 
_ [b2

- b - b + b + bu - 1.1] 

- b - u 

_ [1.1 (b - i)J
 
- b - 1.1
 

Solving wu(u) in terms of b gives 

w~(u) = (b - i) dd [ u(b - 1.1)-1 ]
.1.1 

U)-1 , : l'j { .• '. I' 'b u·-2l= ib - 1) I {b ;- \- ,,-j.1 ...J \ - I J 

= (b - 1) rL!b - u)-1 + u (b - u)-2J 

i)r._ + 2J1.1= (b - i Lb - u (b _ u) 

= Ib - 1) [b - u + u ] 
(b - 1.1)2 

= (b - i) r. b ,l
L (b - 1.1)" J 

_ b(b - 1)
 
- (b - U)2
 

Thus the form of glj(u) in terms of b is 

r [u (b - 11J l 
L b - U 

9u1u) = In(Z) Z ..J rbIb - i~ l
 
(b - u)- J
 

The c;alue ()f b must be found such that 1:' will be maximumized and r "'1ill be 

miniml.Jmized. To determine the conditions that ~·Jill give a maximumized p the 

function gu(u) vJas graphed ,'lith several artbital~'::I values of b. The resulting 
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curve was a. parabola opening downward. This implies that the maximum p v\lill 

occur when gu(Q) = g,}1) .r 
(()l(b - 1) l .\ , l 

L b - 0 J r b(b _ ->-:..gu(Q) = In(Z) Z 
I O\~ IL (b - , J 

= In(Z) Zo [ (b b 1) ] 

In(2)(b - 1)
= (4.11)

b 

[ (1Ub - 1) 1
 
b - 1 I
 

gu( 1) = In(Z) Z ~ r b(b - 1)
 lL (b - 1)2 .J 

= In(2) 2 1 I, b . 1 
L ',b - 1) J 

= Z In(Z)~, b ]
L\b - 1) 

_ Z In(Z) b (4.12)- (b - 1) 

Setting Equations 4.11 and 412 equal to each other and salving for b gives 

(b - 1) In(Z) _ 2 In(2) b
 
b - O=' - 1)
 

(b - 1)(b - 1) = 2b2 

b 2 
- 2b + 1 - Zb2= tJ 

b2
- 2b2

- 2b + 1 = !] 

b 
2 + 20 - 1 = D 

Using the quadratic formula to solve for b gives 
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-2 ± ~ (2)2 - 4( -1)(1)
b	 = 2 

-2 ± ~ 4 + 4 = 2 

-2 ± .[8= 2 

-2 ± 2 -IT = -1 ± .[2= 
L 

The value b = -1 + .[2 must be discarded since gu(u) ~'Jil1 generate negative 

values. Thus the values of the t.hree parameters are 

a	 = bIb - 1)
 

= (-1 - .[2)(-1 - .[2 - 1)
 

= (-1 - .[2)(-2 -.J"2)
 

= (2 + 3..[2" + 2)
 

= (4 + 3..[2;.
 

b	 = -.1.• -ff 

c	 = -(b - 1)
 

= -(-1 - ..[2 - 1)
 

= -(-2 - ..[2)
 

=2+42
 

The p value for gu(u) can be found by solving gu(Q) since the cur\/e 1S a 

parabola opening downward and gu(Q) = gu(l). From Eouation (4.11) 

'3U(Q) = \b - 1) In(2) 
b 

_ (-1 - ..J2- 1) In(Z)
 
- (-1 - ..[2)
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(-2 - ff) In(Z)
= 

(-1 - .[2) 

= 0.9802581432 

The value of r can be found by setting g~(u) = 0 and solving for u. 

Lb: U ar" +l ~ 
g~(u) =	 0 = d~ rIn(2) 2 

C

... rIb _ 1...I)2J 
~	 ~ 

u-tl. +cJ { 
'} 

[_ab - + c1J { _-=~=--:::'""a '} 
l
JI<.J= In(2)	 2 b - I.J {In(2)} ..(b[	 ~ Z + 2 ./b _ 1...1)3. 

= [In(2) 2[~ : '.J + c ] ] [ {In(2)}{ a z}z + { 2a 1l 
3(b - I..J) (b - I..J) r I 

[ ~"Jrl(u) ]	 "' .. ..J 

since In(2) 2 - >0 for all u it can be canceled (lut leaving 

o= [un'z)}{ a,.}' + tb ~a U),} ](b - u, 

= In(2) a Z + 2a
 
(b - U)4 (b _ u)3
 

, C' 2 2a(b - u)= ~n <:OJ	 a + 
ib - u)4 ib - u) 4 

Multipling both sides by (b - U)4 

2o = lr,(Z) a + Za(b - u) 

=	 In(Z) a 2 + Zab - Zau
 

2
2au = In(Z) a + Zab
 

In(Z) a + b
 
l..J = 2 

In(Z) aSo the maximum value r of gu(u) occurs l-Jhen u = b + and that \./alue
2 

is 

r = g (b + In(2) a
Ij' --2- ) = 1.010089582 
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The last constant h = r - p is 

h = 0.0298314385 

The exact approximation method can now proceed using
 

Wu (u) =... .3,. j I + c 
A
 

_ l / P 

where 

A = ap and B = bp. 

The acceptance re.jectance method will only be needed if p > U or a 

probability of 1 in 50.65 = 1/(1 - p). To use the acceptance rejectance 

method generate twa CO, 1) uniform deviates U a.nd U' and accept wu(u) if U' :!: 

(gu(u) - p)/h or U/h + p ~ 9ijiU). The time needed to make each comparison of 

values can be sf-Iortened b'~ simpli fing U'h + p :!: 9 u(U) in the following manrler. 

lrJu(U) ,J (u)gu(u) = In(Z) ,.., . "'ut:.. 

wu(u) ,
In(Z) 2 • w(,(u) = U h + p 

2~'Ju(u)	 , U/ll + p
 

<:. In(2) ''-l~(u)
 

U/h + p 

£ In(Z)	 r do J 
L<b - U)"J 

,	 ['b .21~ (U h + 0) ". :::. u)
lni:i) a J 

r,., h I:) !., .. 2 
<: I U ,~,;.;\ ~ + , .-.{''-:'. _. ~ l.1J - 1.J.J 

L ':'11,,,-/ a ~I 1,4/ Q .J 

~ (U'H + P)(b - U)2 

"jhere 
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H = .~. and P= _ .~. 

The expected number of uniform deviates used to generate one random 

\/ariate is 

1 + 2h = 1.059662877. 

Table 4.2 gives t.he various run times for the different methods and different 

approximations to t.he inverse cdf. The different methods ran as expected 

,~ith the exact approximation method running the fastest. r-lote t.hat t.his 

distribution is over a closed interval ~'~here the exponential distribution is 

over a open interval. 

Table 4.z 

! t'1ethod of generation IBM PC Zenith AT&T 6300 

Inversion 17.57 131.40 43.74 

I Acceptance Rejection 47.76 296.96 95.34 

Exact Approximation 1 1 20.18 109.54 40.11 

i Exact ApproXlmation 2 2 18.95 122.80 44.34 

i Exact Approximation 3
3 I 17.33 81.71 I 31.43 

1 The exact approximation method using c 1u
1 + c zu

2 as the 

approximation to t.he inverse cdf. 

:2 The exact approXlmation method usirl'3 '=lu1 + C2IJ~ + c8 u:3 as 

the appro:dm.3.tion to the inverse cdf. 

:3 .:1.The exact approximation method using + c as theb - IJ 

approximation to t.he im/erse cdf. 

I 



Chapter l) 

CONCLUSIOt-6 

The results of Ahrens and Dieter(1988) showed that the exact approx­

imation method generates random variates at a considerablly faster rate than 

the inversion method. Using FORTRAN on a Seimens 7760 t.he exact 

approximation method is approximately 34% fasted than the inversion met.hod. 

Using (360/370) Assembler on a Seimens 7760, the results were nearl';:l the 

same as algorit.hm SA[1972J found by Ahrens and Diet.er. Algorithm SA is also 

fast.er than the inversion met.hod. This p·aper shows that t.he exact approxi­

mation met.hod is not always more efficient then t.he inversion met.hod. 

Several possibilities that could explain the discrepencies are, a different 

language was used, different. uniform generator, and a different. t.ype of 

machine. 

The algorithms were implement.ed using Borland Turbo C \Jersion 2.0. The 

uniform generat.or used in this paper is a linear congruential generator, 

while Ahrens and Dieter(1988) used a multiplicative congruential generat.or. 

The linear congr'uential generat.or will generate uniform devlat.es slower t.han 

t.he multiplicative congruentia.l generat.or. This will cause t.he exact. 

approximation method t.o run slower compared t.o the inversion method. The 

machines used were a IBM PC 8088 ~\jith an 8087 coprocessor, a Zenith ~'"Jith an 

8088 processor, and a AT&T PC6310 without a 80287 copr':Jcessor. 

The ratio of uniform deviates used per random variate genera.t.ed is one 

indicator of how efficiently a program VJill generate random variates. 

HOlAJever, it isn't U,e only important. measure of efficienc'::I. For example, the 

function C1U + C2u2 + C:3U3 has a much smaller' r~tio of '..Jnifor·m deviates used 

to random variates generated than C1u + ':;~!..J2 This is due to hm·J closely 

C1U + C2U2 + c:3u3 appr'osimates the inverse cdf. TI,e function C1U + C2U2 
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doesn't approximate the inverse cdf as closely as CtU + C2U2 + C;3U
3

, but it is 

more efficient on the Zenith due to the ease of computation. This clearly 

indicates a need to limit the complexicity of the function used to approximate 

the inverse cdf. 

In conclusion the exact approximation method is a method that can be more 

efficient than the inversion method but factors such as the language, 

hardware, and the complexicity of the function used to approximate the 

inverse cdf must all be considered. 



BIBLIOGRAPHY 

AHRENS, J. H., and DIETER, U., (Oct. 1972), "Computer Methods for Sampling from 

the Exponential and Normal Distributions," Communications of the ACM 

15, 10, 872-882. 

AHRENS, J. H" and DIETER, U., (Nov. 1988), "Efficient Table-Free Sampling 

~"'ethods for the Exponential, Cauchy, and Normal Distributions," 

Communications of the ACM 31, 11, 1330-1337. 

DEGROOT, M. H., (1975), Probability and Statistics, Addison-Wesley Publishing 

Company, Reading, Massachusetts. 

GAUGHAN, E. D., (1975), Introduction to Analysis, Brooks/Cole Publishing 

Company, Monterey, California. 

HOGG, R. V., and CRAIG A. T., (1965), Introduction to Mathematical Statistics, 

The Macmilllan Company, New York, New York. 

MARSAGLIA, G., (1961), "Expressing a Random Variable in Terms of Uniform 

Random Variables," Annals of Ma.thematical Statistics 32, 894-898. 

VON NEUMANN, J., (1951), "ljarious TechniQues Used in Connection With Random 

Digits," U. S. National Bureau of Standards Applied Mathematics Series 

No. 12, 36-38. 



APPENDIX A 

Program listing of the exact approximation method for the exponential 

distribution function using b a + c as the approximation to the inverse 
-u 

cdf. 
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I****************************ff**f****************.******f****.1 
1* *1
1* This is a program to test the speed of generation of random fl 
1* variates. The pdf is exponential with lambda = 1. The exact *1 
/* approximation method is being used with the approximate inverse fl 
. ... /4- I"':rlof:_. hl'>ina- -_.. - -a-+.,.' _. 4-/- b u .... 

/* *1 
I******••*.*.*••*********.f******f***.****f**f.**••*****.******1 
#include (stdio .h}; 
#include (math.h}j 
#include (dos.h}j 
#include (conio.h}; 

typedef struct 
{ 

unsigned char hours; 
unsigned char minutes; 
unsigned char seconds; 
l.Jnsigned char hundred; 
} time_diff; 

void gettime(struct time .timep)j 
void elapsed_time(struct time ftimerec1,struct time ftimerec2,time_diff 

*time_elapsed); 
double acceptance_rejection( long .seed); 
float linear_congruentiaLgeneratorUong *seed)j 
double approximate_cdf_inverse(double u); 

I******ff*****f***f****f*f*f********.****f.f.*.f*.***••****f*f*1 
1* *1 
If Description of main function. *1 
1* fl 
/f The function main will control tt-,e number of random variates II 
1* generated and determine ~·Jhether the uniform deviate U is in the fl 
1* region [D,P), If so, then accept the uniform deviate and use II 
/* Ulp to generate a random variate from the approximate inverse fl 
If cdf w(u). If U)p than the acceptance rejection method must be fl 
i* used to generate a random variate ~~hich will be exponentially fl 
1* distributed. fl 
1* fl 
1* Description of constants and variables. fl 
1* II
1* repts : the number of random variates to be generated. fl 
1* seed : the initial seed value used in the linear fl 
/* congruential generator. *1 
/* P : upper bound on the value of the uniform deviate. fl 
1* u [0, 1) uniform deviate. fi 
1* z : random variate from a truncated exponential fl 
If distribution. fl 
/f naturallog: the value of the natural log of 2. fl 
/f timerec1 : the time It-Jhen started to generate random variates. fl 
If timerec2 : the time when finished generating random variates. *1 
1* time_elapsed: the time used to generate the random variates. fl 
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1* c : constant for the approximate inverse cdf. *1 
1* 9 : 9 = k*In(2) + c where k is the number of leading * I 
/* bit zeros of a [0, 1) uniform deviate. *1 
1* *1
 
!**************************************************************1 
mainO 

( 

struct time timereci; 
struct time timerec2; 
time_diff time_elapsed; 
int repts; 
double naturallog = 10g(2); 
double P = 0.9802581434;
 
double c =-1.6734053240;
 
double g,u,z;
 
long *seed;
 
seed = <long *) malloc(sizeof<long»;
 
clrscrO;
 
printf("lnput the va.lue of seed ==> ");
 
scanf("%d",seed);
 
gettime(&timerec 1>;
 
for(rept,s = i; repts{=10000; repts++) /* random variate generation f:1
 

( 1* loop *1 
g = 0; 
u = linear_congruential_generator(seed); 
if(!(u = O.D» 

( 

u = u + U; 
while(1.0 >= u;' 1* loop to find k*ln(Z) *1 

( 

u = u + Ui
 

9 = 9 + naturallog;
 
) 

u --; 
if (U(P) 1* generate z using *1 

z = approximate_cdf_inverse(u); 1* uniform distribution *1 
else 

z = acceptance_rejection(seed); 1* or acceptance rejection method *1 
z = z + g; 1* wfunct = z + k*ln(Z) *1 
) 

else 
( 

repts--;
 
count--i
 
) 

} 

gettime(&timerecZ);
 
elapsed_time(&timereci,&timerec2,&time_elapsed);
 
printf("\n\n elapsed time for ~I,d trials.".repts-1);
 
printf("\n hours minutes seconds hundredths");
 
printf("\n %3d "., time_elapsed.hours);
 
printf("%7d ", time_elapsed.minutes);
 
printf("%7d ", time_elapsed.seconds);
 



54 

printf('·''X8d ", time_elapsed .hundred);
 
}
 

i~~••~*•••••••I ••••II••••~I.III••••I.I.II••I.~.II••I.1•••1.11111 
I.	 II
 
if	 Purpose of the function. .1
 
I.	 .1
i.II	 approximate_cdf_inverse is a function that will approximate the .1 

inverse	 function of the desired cdf. .1
I.	 .1
 
I.	 Description of constants and variables. II
 
I.	 II
 
II A ; A = a.p :constant used to determine the values of w(u!) *1 
I~ and w'(ul) f-l 
I. B ; B = b.p :constant used to determine the values of w(u!) J:I
 
I~ and (w'(ul) ifl
 
if wfunct ; The value of the approximate inverse cdf fl.Jnction. .1
 
I.	 .1
 
1.*~•••f •••~••J:••I.f•••••f •••~ff*••f.~•••~••~~.f.~••~••••J:.f*f.1 

double approximate_cdf_inverse(double u) 
C
 
double A = 5.6005707570;
 
double B = 3.3468106481;
 
double zfunct;
 
zfunct = A/(B - U)i
 

return(zfunct) ;
 
~ 

-' 

IfJ:••f ••••••••I •••~••••••••••f •••f •••~••••••I ••••I •••••f •••••••1 
I.	 .1
 
I.	 Purpose of the function. fl 
;.	 .1
 
I. accceptance_reiection is a function that It>lill use the acceptance Jd
 
/. re.jection method to determine ~'IIhether a uniform deviate is .1
 
;. below the curve of a function. In this case the funotion is ./
 
./. defined to be; .1
 
I.	 II
 
I. g(u!) =f[w(u!)].w'(u!).	 ~I 

I.	 .1I. Description of constants and variable3.	 II
 
I.	 II
 
I.	 done : loop conk'ol variable used to determine when II
 
I.	 

a,b,c constants to determine the values of w(u!) fl 
(uZ.H + P)(b - ul)"Z (= exp(-w(u!». J:II.I. ~d~uD.	 ~ 

I.
 
H ; H = h/(Z.a) height of the rectangle that the acceptance Ii
 

/. P ; P = p/(Z.a) upper bound of the m,1)-uniform deviates fl
 
;. divided by Z.a to r·educe computations. II
i.i.
 rejection method will be performed in divided .i
 
...t. by Z.a to reduce the number of computations . • 1
 

l.Jl,uZ m,l)-uniform deviates.	 Ii 
;~ wfunct : value of the approximate inverse cdf.	 J:I 
i. wprimefunct : value of the derivative of the approximate II
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/* inverse odf. J:I
iJ: ffunot : the pdf of the random variates that are J:I
1* generated. *1 
/* gfunot : funotion that will adjusts the approximate J:I
1* inverse odf so it will give random variates *1
i* that have the desired distribution. J:I 
i* *1 
I****************************J:*********************************1
 
double aooeptanoe_re.jeotionUong int *seed> 

( 

int done = 0;
 
double a = 5.7133631526454228;
 
double b = 3.4142135623730950;
 
double ° =-1.6734053240284925;
 
double H = 0.0026106723602095;
 
double P = 0.0857864376299050;
 
double u1,u2i
 
double wfunot,wprimefunot,ffunct,Y;
 
while (I(done»
 

C
 
u1 = linear_oongruential_generator(seed)i
 
u2 = linear_oongruential_generator(seed)i
 
wfunot = a/(b - LID;
 
wprimefunot = (b - u1)*(b - ul);
 
Y = (u2*H + P)J:wprimefunoti
 
Hunot = exp(-(wfunot + 0»;
 
if (Y (= Hunot)
 

done = 1i /* random variate is below g(u) *1
 
}
 

return(wfunot); 
) 

.,if*f******************-J*-JJ:***J:***-J**-J*-J****-J*-J***-J••******:f.****1 
/* *1i* Purpose of funotion. *1 
1* *1 
/* linear_oongruential_generator is a funotion that L'\Iill generate *1
1* a m,1)-uniform deviate. *1 
/* *1 
/* Desoription of oonstants and variables. fl 
/f A multiplier *1
i* C inorement -JI 
1* t--l modulus *1 
/* *1 
I*-J*-J*****************************************f*ff****.f:f.***:f.*J:I 

float linear_congruential_generatorUong int fseed) 

long int A = 25173;
 
long int C = 13849;
 
long int t'1 = 65536;
 
'seed = (A*(*seed) + c) ~~ M;
 
return((float)-Jseedl(float)M);
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) 

1*••••*•••*•••*•••••••••*••*•••••**.*•••*•••••••••••••••••••••*1I.	 .1
i. Purpose	 of function. fl 
I.	 fli. elapsed_time is a function that will deter'mine the time it. takes fl 
i* for the program to generate a known number of random variables. III.	 .1
 

Description of constants and variables.	 .1i.i. 
i.	 

.1 
I.	 timerecl Record that contains the time l.~hen random variate .1 

I.I. 
I. generation begin. .1 

timerec2 Record that contains the time when random variate il 
I.	 generation ended. .1 

time_elapsed : Record that contains the time taken to generate fl 
the random variates. fl 

if: f:1 
If: fields of the records. JI 
/. hour : Time in hours of random variate generation. .1 
II min : Time in minutes of random variate generation. fd 
i. sec : Time in seconds of random \/ariate generation. *1 
/* hund : Time in hundredths of a second of .1 
if: random variate generation. II 
I.	 .1 
i •••••••*.*.*•••••••••••••••••••••••••••••••••••••••••*•••••••*1 

\/oid elapsed_time(struct time .timerecl,struct time .timerec2,time_dif 
.time_elapsed) 

( 

if (timerec2-)tLhund )= timerecl->ti_hund) 
time_elapsed->hundred = timerec2-)ti_l1r.Jnd - timerecl->ti_hundi 

else 
( 

timerec2->ti_sec 
time_elapsed->hundred = 100 + timerec2-)ti_hund - timerecl->ti_l1und; 
) 

if (timerec2->ti_sec )= timereci->ti_sec) 
time_elapsed->seconds = timerec2->ti_sec - timerecl->ti_sec; 

else 
C 
timerec2->ti_min --; 
time_elapsed->seconds =60 + timerec2-~}ti_sec - timerecl->ti_sec; 
} 

if (timerec2->ti_min )= timer'ecl-)tLmin) 
time_elapsed->minutes = timerec2->ti_mm - t.imerecl-)ti_mini 

else 
C 
timerec2->tLhour 
time_elapsed->minutes = 60 + timerec2->ti_min - timerecl-)ti_mini 
} 

if (timerec2->tLl1our )= timerecl->ti_hour)
 
time_elapsed->hours = timerec2-)ti_hour - timerecl-}ti_houri
 

else
 





APPENDIX E 

Program listing of the exact approximation method for the exponential 

distribution function using C1U + C2u2 + C3U3 as the approximation to the 

inverse cdf. 
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1****.****•••***.***.*********••*********************.*******.*1

1* *1
1* This is a program to test the speed of generation of random *1 
/* variates. The pdf is exponential with lambda = 1. The exact *1 
/* approximation method is being used wit.h the approximate inverse *i 
i* cdf being C1U + C2u :2 + C:3u3, Ii 
1* II 

/*******************-****-****-*-*******************************-*-*ifl 
#include <stdio .h}; 
#include (math ,h}; 
#include <dos.h}; 
#include <conio.h}; 

typedef struct 
( 

unsigned char hours; 
unsigned char minutes; 
unsigned char seconds; 
unsigned char hundred; 
) time_diffi 

-,/old gettime(struct time *timep);
 
-,/old elapsed_time(struct time ltimerecl,struct time *timerecL"time_diff
 

*time_elapsed); 
double acceptance_rejection( long *seed); 
float linear_congruential_generator<long *seed); 
double approximate_cdf_inverse(double u); 

;*********************************.**********.*.******••••*****1 
If *1
1* Description of main function, *1 
1* II 
,if The function main will control the number of random variates II 
if generated and determine whether the uniform deviate U is in the */ 
if region [O,p) If so, then accept the uniform deviate and use *i 
if U/p to generate a random variate from the approximate inverse J:I 
,/f cdf w(u), If U>p than the acceptance rejection method must be *1 
/'1 used t'::J generate a r,~ndom variate ~'lhich will be exponentiall'd *1 
/ * distributed, *; 

1* *1
 
i'f Description of constants and vari,3.bles, *1 
If fi 
i* repts the number of random variates to be generated. *1 
if: seed the initial seed value used in the linear ifl 
./ * congruential generator. II 
/'J: P : upper bound on the value of the uniform deviate. J:I 
i* u [0, i) uniform deviate. *1 
il Z : random variate from a truncated exponential *1 
Ff. distribution, II 
/* naturallog: the value of the natural log of 2. II 
il timerecl : the time \'-Jhen started to generate r'andom \/ariates, II 
il timerec2 : the time when finished generating random \!ariates. *1 
i* time_elapsed: the time used to generate the random variates, *i 
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c : constant for the approximate inverse cdf. .1 
Ff 9 g = k.ln(2) + c where k is the number of leading .1 
I. bit zeros of a [0, 1) uniform deviate. .l 
I. *1 
I •••••••••••••••••••••••~.*••**•••••••••••••*•••*••••••••••••••i 
mainO 

( 

struct time timerecl;
 
struct time timerec2;
 
time_diff time_elapsed;
 
int repts;
 
double naturallog = 10g(2);
 
double P = 0.9829974429;
 
double g,u,z;
 
long *seed;
 
seed = (long *) malloc(sizeof<long»;
 
clrscrO;
 
printf("Input the value of seed ==) "');
 
scanf("~l"d" ,seed);
 
gettime(&timerec i);
 

for(repts = 1; repts(=lOOOO; reots++.i i'f random v.3.riate generation *1
 
C i. loop II 
9 = 0.0; 
I.J = linear_congruential_generator(seedJ;
 
if(u )= 0.0>
 

( 

u = u + u;
 
~'o/hile(l.O )= u) l. loop to find k.ln(2) .1
 

C 
u = u + u;
 
g = g + naturallog;
 
}
 

I.J --; 

if (U{P) I. generate z using 1/ 
z =approximate_cdf_in'v'erse(u); If uniform distribution II 

else 
z = acceptance_rejection(seedJi I. or acceptance rejection method II 

z = z + g; i:l \.-'Jfunct = z + klln(Z) :li 
) 

else
 
(
 

repts--;
 
count--;
 
)
 

) 

gettime(&timerecZ); 
elapsed_time(&timerec1,&timel~ecZ,&time_elapsed); 

printf("\n\n elapsed time f or ~/;d trials." ,repts-1);
 
printf("\n hours minutes seconds rll.Jndredths·");
 
printfC'\n %3d ", time_elapsed.hours);
 
printf("%7d ", time_elapsed .minutes);
 
orintf("";'7d .', J time_elapsed .seconds);
 
printf("%8d ", time_elapsed.hundred);
 
) 
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1•••••••*.*•••••*••******••••••••••*•••••••••***•••********•••*1
 
1* *1
1* Purpose of the function. ..1
 
.1* fl 
.II approximate_cdf_inverse is a function that will approximate the :fI

1* inverse function of the desired cdf. .1
 
1* II
I. .1
 Description of constants and variables. 

1*I' Cl 
*1
 

: Cl = clip :constant used to determine the values of w(ul) • .1
 
I' and w'(ul) .1
 
/. C2 : C2 = c2/(p"2) :constant used to determine the values of IAl(ul) .1
I'
 and (w'(u1) II

1* C3 : C3 = c3/(p"3) :constant used to determinet the values of w(u1) .1
 
i* and (w'(u1» *1
 
1* wfunct : The \/alue of the approximate inverse cdf function. II
 
1* .1

/*••••••*•••••••••••*•••••**•••1*•••••••**••**.*••••******.**••1
 
double approximate_cdf_inverse(double u) 

( 

double C1 = 0.5086483221; 
double C2 = 0.0822134526; 
double C3 = 0.1197084585; 
double zfunct; 
zfunct = C1.u + C2'u*u + C3'u-lulu; 
return(zfunct); 
> 

/-1••••1*••*••••••*••••*••-1••••*••••••••••••••••••••-1••••*-1•••••1
 I. 
"\ 

*1
1-1 Purpose of the function. *1 
1* .1

1­1 accceptance_rejection is a function that will use the acceptance -II
 
I. rejection method to determine ~\jhether a uniform deviate is .1

1* below the curve of a function. In this case the function is ­ 1/
 
1* defined to be: *1

1-1 II

1-1 g(u1) = f[w(u1)]*w'(u1>' .1
 
1* .1
 
1* Description of constants and variables. II
 
1* .1

1* done : loop control variable used to determine when *1
 
1* (uZ-IH + P)(b - u1)"Z (= exp(-w(u1». II

1* c1,c2,c3 : constants to determine the values of w(ul) *1
 
II and w'(u1). .1
 
II P : P =p/(ln(2» : upper bound of the [Q,1)-uniform deviates *1
 
1* divided by 2*a to reduce computations. .;

1* H : H = h/<ln(Z» : height of the rectangle that the acceptance II
 
II rejection method will be performed in divided *1
 
II by 2*a to reduce the number of computations.•;

1* u1,uZ : [D,1)-uniform deviates. f.l

1* wfunct : value of the approximate inverse cdf. II
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/J: wprirnefunct : value of the derivative of the approximate J:I 
/f: inverse cdf. fl 
/01 y : y = u2f:H + P:value used to test for acceptance reuection II 
if: generated. II 
If: gfunct : function that ~'IIill adjusts the approximate il/ 
/f: inverse cdf so it. will give random variates II 
if: that have tt-,e desired distribution. II 
If ill 
Iffl-fffffffff-f-fffJ:fffffffffff-f*ff-ff-f*ffff:ffffffffffffffffffff:ffl 

double acceptance_rejectionUong int Iseed) 
( 

int done = 0; 
double c1= 0.5; 
double c2= 0.0794415416; 
double c3 = 0.1137056389: 
double H = 0.0167124520; 
double P = 0.4914987215; 
double ui.u2; 
double wfunct ,wprimefunct,f funct ,y; 
while (!(done)i 

( 

u1 = linear_congruential_generator(seed); 
u2 = linear_congruential_generatori.seed); 
wfunct = c1fu1 + c2fu1fu1 + c3fu1fu1f:u1; 
wprimefunct = c1 + 2fc2fu1 + 3fc3fu1fu1; 
y = (u2fH + P); 
gfunct = expHwfunct )fwprimefunct; 
if ('d <= gfunct) 

done = 1; if random variate is below g(u) fl 
) 

return(wfunct); 
., 
.J' 

/f:ffffffffffffffffffff:lffffJ:lfff*J:IJ:fffffffffffffffJ:fffffffffffl 
/f: II 
iJ: Purpose of funct.ion. f/ 
If f/ 
/f linear_congruentiaLgenerator is a function t.hat will generate fl 
./f a [Q,1)-uniform devlat.e. :f./ 
if f.! 
if Description of constants and variables. Ii 
/f: A multiplier :f/ 
if C increment Ii 
/f M modulus f.:/ 
II Ii 
iffff.fff.fffff.ff.f:ffffff:-ffffffff-f.fffffffJ:fffffffffffJ:fffJ:ffl/ 

float linear_congruential_'3eneratorGong int fseed) 
( 

long int A = 25173;
 
long int C = 13849;
 
long int M = 65536;
 
fseed = (AJ:(f:seed) + C) % M;
 



63 

return\(floaUJseed/(floa t)/'1);
 

}
 

IJJ•••••••••••••••••••••••J.*••••••••I ••••••••••f ••I •••••••f •••1 
If .1 
;. Purpose of f'-Jnction. II 
If II 
/i: elapsed_time is a function that ~'~ill determine the time it takes .1 
.If: for t.he program to generate a known number ':If random variables. .i 
.I. .1 
.I. Description of constants and variables.I. .1
 

II 
/. timereci : Record that contains the time wrlen random varlate .; 
;. generation begin. .; 
;f timerec2 : Record that contains the time when random variate .i 
/f generation ended. .1 
Ii: time_elapsed : Record that contains the time t.:iken to generat.e .1 
/f the random varlates. II 
Ii: fl 
IJ: fields of the records. .i 
if rlour : Time m hours of random variate generatlon. iU 
/J: min : Time in minutes of random variat.e generation. fl 
/. sec : Time in seconds of t~andom variate generation. .1 
If hund : Time in hundredths of a second of .1 
I. random variate generation. .1I. .1
 
/ ••••••••••••••ff:••••••••••••••••••••••••••••*•••••••••••••••••1 

void elapsed_time(struct time .timereci.strl.Jct time *timerec2.time_dif 
ftime_elapsed) 

( 

if <timerec2->ti_flund >= timereci->t.i_rlund)
 
time_elapsed-:>hundred = timerec2-:>ti_hund - timereci->tChund;
 

else
 
( 

timerec2-}ti_sec --I 

time_elapsed->hundred = 100 + timerec2->ti_hund - timereci-}ti_hund; 
} 

if (timerec2->ti_sec )= timereci-)ti_sec)
 
time_elapsed->seconds = timerec2-}ti_sec - timereci-}ti_sec;
 

else
 
( 

timerec2-}ti_min 
time_elapsed-)seconds = 60 + timerec2-}ti_sec - timereci->ti_sec; 
) 

if (timerec2->ti_min :>= timereci-}ti_min) 
time_elapsed->minutes = timerec2->tCmin - timereci->ti_mini 

else 
( 

timerec2-}ti_hour --; 
time_elapsed->minutes = 60 + t.imerec2->t.i_mm - timereci->tCmin; 
) 

if (timerec2-)ti_hour >= timereci-:>ti_hour)
 
time_elapsed->hours = timerec2-}tCrlour - timereci->ti_llour;
 



{ 

~..JnOlrn{-Toa,JaWn -..JnOlCTi{-ZOa..JaWn + vZ = s..JnoLj{-paSCleIa-aWn 
aSIa 

v9 



APPENDIX C 

Program listing of a program that generates random variates using the 

inversion method. The function to invert is the exponential function. 
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1********************I*************f*****I*********************11* Jd
i* This is a program to test the speed of generation of random *1 
/* variates. The pdf is e"(-y). This program uses inversion. *1 
/* *1 
;****************1****1**1*****1*******************1*********f*1 
#include <stdio .h}; 
#include <math.h}; 
#include <dos.h}i 
#include <conio.h); 

typedef struct 
{ 

unsigned char hours; 
unsigned char minutes; 
unsigned char seconds; 
unsigned char hundred; 
} time_diffi 

'/oid gettime(struct time Itimep);
 
void elapsed_time(struct time *timerac1,struct time ltimerec2,time_diff
 

ftime_elapsed)i 
double acceptance_rejection( long fseed); 
float linear_congruential_generator<long *seed); 
double approximate_cdf_inverse(double u); 

/fffff*I**ffflffflff*flfl***fff**I***f*I**llfff***fl***1*****1*1 
II II 
/1 Description of main function. II 
II II 
II The function main ~ill cont-rol the number of random variates *1 
II generated. It uses inversion to generate a random variat-e z *1
1* from an exponential function. *1 
/* II 
II Description of constants and variables. II 
1* *1
1* repts : the number of random variates to be generated. II 
.II seed : the initial seed value used in the linear *1 
.1* congruential generator. *.1
1* u : [0, 1> uniform deviate. II 
il z : random variate from an exponential distri- II
1* bution. II 
II timerec1 : the time ~hen started to generate random variates. II 
II timerec2 : the time when finished generating random variates. f:1
1* time_elapsed: the time used to generate the random variates. II 
il :f/ 

.l1*11**************f**I**f*********f***************************1 
mainO 

{ 

struct time t-imerec1; 
struct time t-imerec2i 
time_diff time_elapsedi 
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int repts; 
double U,Z.; 

long *seed; 
seed = (long I) malloc(sizeof(1ong»i 
clrscrO; 
printf("Input the value of seed ==> "); 
scanf(""l.d",seed); 
gettime(&timereci); 
for(repts = i; repts{=10000; repts++) 1* random variate generation *i 

{ i* loop .1 
u = linear_congruential_generator(seed)j 
z = -log(IJ)j 

} 

} 

gettime(&timerecZ); 
elapsed_time(&timereci,&timerec2,&time_elapsed) j 

printf("\n\n elapsed time for "l.d trials.",repts-1); 
printf('!\n hours minutes seconds hundredths"); 
printf("\n "l.3d ", Ume_elapsed.hours)j 
printf(""l.7d ", time_elapsed.minutes); 
printf('··f~7d ", time_elapsed.seconds); 
printf("~'.8d ", time_elapsed .hundred); 
} 

1**.****•••••**.************1*••****.********************.****.1

1* *1

1* Purpose of function. *1 
1* *1 
I' linear_congruentiaLgenerator is a function that will generate II
i* a [D,U-uniform deviate. *1 
1* II
1* Description of constants and variables. *1 
1* A multiplier *1
i* C increment fl
1* M modulus .1 
1* .1 
i**************************************I*****.*.*II**1*********1 
float linear_congruentiaLgeneratorGong int Iseed) 

C 
long int A = 25173; 
long int C = 13849; 
long int M = 65536; 
.seed = (AI(*seed) + C) "I. M; 
return«float)*seed/(floa t)I'1); 
} 

1I'******••I*I'.****I********••I***••*fl.*••*.**••f ••' •••*f.**.i 
1* *i
1* Purpose of function. .1 
I' *1
1* elapsed_time is a function that II-Jill determine the time it t.akes Ii
i* for the program tr:J generate a known number of random variables. ill 
II ill 
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/1 Description of constants and variables. f:1 
If: f:1 
If: timerec1 Record that contains the time when random variate f:1 
II generation begin. II 
/1 timerec2 Record that contains the time Ii~hen random variate II 
If: generation ended. II 
If: time_elapsed: Record that contains the time taken to generate II 
/f: the random variates. II 
If: il 
/f: fields of the records. f:1 
Ii hour : Time in hours of random variate generation. II 
II min : Time in minutes of random variate generation. II 
.If: sec : Time in seconds of random variate generation. II 
II hund : Time in hundredths of a second of II 
II random variate generation. II 
If II 
11111111111111111111111111f:f:llflllllllll••III.IIIII.I*Ilflllllll 

"loid elapsed_time(struct time :Himerec1,struct time ftimerec2,time_dif 
iftime_elapsed) 

C 
if (timerec2-}tLhund )= limereci-}ti_hund) 

time_elapsed->hl.mdred =timerec2-}tLhund - timereci->ti_hundi 
else 

C 
timerec2-}ti_sec --; 
time_elapsed-}hundred = 100 + timerec2-}ti_hund - timerec1-}ti_hundi 
} 

if (timerec2-}ti_sec )= timereci-}ti_sec) 
time_elapsed->seconds =timerec2-}ti_sec - timerec1-}ti_seci 

else 
C 
timerec2-}tLmin 
time_elapsed->seconds =60 + timerec2->ti_sec - timerec1-,ti_sec; 
} 

if (timerec2-}ti_min >= timerec1-}ti_min) 
time_elapsed-}minutes = timerec2-}ti_min - timerec1->ti_min; 

else 
C 
timerec2->ti_hour 
time_elapsed->minut.es = 60 + timerec2-}ti_min - timerec1->tLmini 
} 

if (timerecZ-)tLhour >= timereci->ti_hour) 
time_elapsed->hours = timerec2-}ti_hour - timerec1-}tLhour; 

else 
time_elapsed->hours = 24 + timerec2-}tLhour - timerec1->ti_hour; 

} 



APPENDIX D 

Program listing of a program that generates random variates from the 

exponential distribution using the acceptance rejection method. 
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111111••I ••*I•••••IIII.II••I*I.flf*II.***I****II***f*f*****f*f*1 
1* *1 
il This is a program to test the speed of generation of random fl 
If variates. The pdf is exponential and the acceptance fl 
1* rejection method is being used. fl 
II fl 
.lff***lf***f***ffffff*f**I*f***f*ff***ff*f*ff****f*f***f*f*lfffl 

#include <stdio.h}; 
#include <math.h)j 
#include <dos .h>; 
#include (conio .h); 

typedef struct 
( 

unsigned char hours; 
unsigned char minutesj 
unsigned char seconds; 
unsigned char hundred; 
) time_diff; 

void gettime(struct time ltimep);
 
void elapsed_time(struct time ftimerec1,struct time ~Himerec2,time_diff
 

ftime_elapsed); 
double acceptance_rejection( long .seed)i 
float linear_congruential_generator<long fseed); 
double approximate_cdf_inverse(double u)j 

Ilf*ff**fffffff••ffffff.fff*ff*fffff.ffffff.fffff.fl••f ••••**.fl 
If fl 
I. Description of main function. fli. fl 
II The function main will control the number of random variates II 
I' generated. It a will generate a (0, 500> uniform deviate u and use II 
/. and set z = g(u>. Main will also generate a (0, i) uniform deviate II 
If ':I and use it to compare y (= z. If y (= z then accept it. Else f:1 
If: reject u. 1/ 
If: .1 
If Description of constants and variables. .1 
I. II 

I'I. repts : the number of random variatss to be generated. II 
seed : the initial seed value used in the linear II 

if congruential generator. 1/ 
/. u [Q, 50001) uniform deviate. II 
II z g(u) fli. y value between 0 and max g(u). .1 
/. timerecl : the time when started to generate random variates. fl 
il timerec2 : the time when finished generating random variates. f:1i. time_elapsed: the time used to generate the random variates. JI 
II II
 
If.f.f....f ....ff.....fflf••ff•••••••••••f ....ff••f.lfl.ff•••••If•••1
 

mainO 
( 
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struct time timerec1; 
struct time timerec2; 
time_diff time_elaosed; 
int reots; 
double IJ,'::l,Z; 
long fseed; 
seed = (lang *) malloc(sizeofUong)); 
clrscrO; 
orintf("Inout the value of seed =="> "); 
scanf("~~d" ,seed); 
gettime(&timereci>; 
for(reots = 1; reots(=10000i reots++) If random variate generation il 

( If 1000 II 
int done = 0; 
while( !(done» 

{ 

u = linear_congruential_generator(seed); 
IJ = u1500; 
'd = linear_congrIJential_generator·(seed); 
z = exo(-u)j 
if lid <.= z) 

,jone=1; 
} 

} 

gettime(&timerec2); 
elaosed_time(&timerec1,&timerec2,&time_elaosed); 
orintf("\n\n elaosed time for "I.d trials." ..reots-i>; 
orintf("\n hours minutes seconds hundredths·"); 
orintf("\n ";.3d ", time_elaosed .hours); 
printf("~~7d ", time_elaosed .minutes); 
orintf(",%7d ", time_ela.psed .seconds); 
orintf("'%8d ", time_elapsed.hundred); 
} 

/J.*****-*-I***f*-*fJ.J.fffffJ.*f*f*fffJ.J.J.f*J.J.f*J.fJ.J.ffJ.**fJ.ffJ.fJ.**fJ.f*1 
/J. f./ 
/* P'Jroose of flJnction. 'til 
/J. *1 
If linear_congruential_generator lS a function t.hat will generate J:/ 
/f: a m,D-uniform deviate. :fI 

1* f/ 
/* Description of constants and variables. II 
/J. A multiolier *1 
/f: C increment +;1 
I J. M modulus J. / 
If fl 
IJ.fffffffJ.fffJ.fffJ.*J.f*fJ.fffJ.**-fJ.fJ.J.ffJ.ff*J.**-J.*J.ff*-*J.J.fffffJ.J.fffl 

float linear_congrIJential_generatorllong int fseed) 
( 

long int A = 25173;
 
long int C = 13849;
 
long int M = 65536;
 
J:seed = (Af(fseed) + C) ~!~ H;
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return«float).seed/(floaOM)i 
} 

/.*•••••••*•••*••••••*•••••••••••••••••••*••*•••*••••••*•••••••1

.I" II 
/. Purpose of function. .1 
/. .1.I. elapsed_time is a function trlat will determine the time it takes *1.I. for the program to generate a known number of random variables. .1 
I. II 
II Description of constants and variables. II 
.If "I 
.II timerecl : Record that contains the time when random variat·eI. .1
 

generation begin. II 
I. timerec2 . Record that contains the time ~'IIhen random variate II 
II generation ended. .1 
il time_elapsed: Record that contains the time taken to generate .1i. the random variates. ifl 
~ V 
iit fields of the records. .1 
./1 hour : Time in hours of random variate generation. II 
;. min . Time in minutes of random variate generation .; 
/. sec : Time in seconds of r.3ndom variate generation. .1 
/f hund Time in hundredths of a second of III. random variate generation. III. .1
 
l * *••••••1 

void elaosed_time(struct time .timerecl,struct time iftimerecZ,time_dif 
iftime_elapsed) 

( 

if (timerec2->tLhund )= timerecl-)ti_hund}
 
time_elaosed-}hundred = timerecZ-}tLrJund - timerecl->ti_hund;
 

else
 
{ 

timerec2-}ti_sec
 
time_elapsed-}hundred = 100 + timerec2-}tLhund - timerecl-}ti_hund;
 
} 

if (timerec2-}tLsec >= timerecl-}ti_sec)
 
time_elapsed-}seconds = timerec2-}ti_sec - timerecl->ti_seci
 

else
 
( 

timerec2-}ti_min
 
time_elaosed-}seconds = 60 + Umerec2->ti_sec - Umerecl->ti_seci
 
)
 

if (timerec2-}ti_min )= timerecl-)ti_min)
 
time_elaosed-)minutes = timerecZ->U_min - timerecl-)U_mmi
 

else
 
{
 

timerecZ->ti_hour --;
 
Ume_elapsed->mmutes = 60 + timerecZ-)ti_min - timerecl-)ti_mini
 
}
 

if (timerecZ-)ti_hour )= timerecl-}tLhour)
 
time_elaosed->hours = timerec2-}ti_hour - timerecl-')U_hcur;
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